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PREFACE TO FIRST EDITION 



Experience has suffidently shown that the facts of human nature 
can be made the material for quantitative science. The direct 
transfer of methods originating in the physical sdencea or in com- 
merical arithmetic to sciences dealing with the complex and variable 
facts of human life has, however, resulted in crude and often fal- 
lacious measurements. Moreover, it has been difficult to teach 
students to estimate quantitative evidence property or to obtain 
and use it wisely, because the books to which one could refer them 
were too abstract mathematically or too spedalized, and omitted 
altogether much of the knowledge about mental measurements 
most needed by the majority of university students. 
' It is the aim of this book to introduce students to the theory of 
mental measurements and to provide them with such knowledge 
and practice as may assist them to follow critically quantitative 
evidence and argument and to make their own researches exact 
and logical. Only the most general principles are outlined, the 
special methods appropriate to each of the mental sciences being 
better left for separate treatment. If the general problems of 
mental measurement are realized and the methods at hand for 
dealing with variable quantities are mastered, the student will find 
no difficulty in acquiring the special information and technique 
involved in the quantitative aspect of his special science. The 
author has had in mind the needs of students of economics, sociology 
and education, possibly even more than those of students of psy- 
chology, pure and simple. Indeed, a great part of the discussion is 
relevant to the problems of anthropometry and vital statistics. 
The book may, with certain limitations, be used as an introduction 
to the theory of measurement of all variable phenomena. 
^Teachebs College, 

CoLTWBU Universitt, 1904. 
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PREFACE TO SECOND EDITION 



Since the first edition of this book appeared the literature relating 
to methods of measuring mental and social facts has been enriched 
by a number of general accounts of such methods and by many 
reports of investigations in which- they have been used. In par- 
ticular, Brown's The EaaentiaU qf Mental Meamrement, Yule's 
Introduction to the Theory cff StaOatica and Whipple's Manual of 
Mental and Phyncal Testa, make available for the English reader 
the same facts (and many more) as were outlined in this book. 

I had hoped, consequently, that this book, having played a part 
in stimulating intelligent quantitative work in the mental and 
sodal sciences, would suffer a natural death. It is the case, how- 
ever, that for the great majority of students of psychology, sociology 
and education, the abstract mathematical treatment, characteristic 
of the first two books mentioned, is out of question. In fact, an 
elementary introduction to the theory of mental measurements, 
treating the simpler general problems in the logic of quantitative 
thinking, is needed now more than ever. The increased use of 
modem methods in measuring conditions, differences, changes, and 
relations, including correlations or resemblances, requires that even 
those students of the mental and sodal sciences who will themselves 
never undertake original quantitative work should be able to 
interpret such results aa the modem methods present. So this 
book is reissued. 

It has been revised, and the greater part of it entirely rewritten, 
to fit the new conditions — that is, to introduce the students to the 
literature on mental and social measurements which is now avail- 
able — and also to fit the abilities and needs of 'students. In general, 
the treatment is made much clearer and somewhat more elementary; 
the parts of the book ^ven up to teaching a student what a certain 
procedure really measures are much amplified; more care is taken 
to make sure that the student understands each statistical problem 
itself, as well as the method to be used in solving it; the order of 
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Viii PREFACE TO SECOND EDITION. 

presentation is changed to one which experience has shown to be 
more convenient and illuminating to the student. I hope that it 
will lead whoever reads it to study modern statistical theory in far 
more refined and elegant presentations. To compete with any of 
these is the exact opposite of my intention. 

TXACBEBB COLLZQE, 

Columbia Utn 
March, 1912. 
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CHAPTER I 

Inthodoction 

Mathematics and Measurements. — The power to follow abstract 
mathematical ai^umeots is rare, and its development in the course 
of school education is rarer still. For example, few of us are able 
to understand the symbols or processes used in the following quo- 
tation:' 

The chance of r successes is greatest when r Is the greatest integer in pn; 
this is found by the ordinary method of detenoining the mfudmum term in a 
Innomial expanuon. 

Let P be this maximum value — "C,,-?"^, taking the suppofition for 
brevity that pn is integral, which will not e^ect the proof. 

K . 



- pr^", for jm + gn — ». 



Let P. be chance of pn + i whit« balls. Then 

P P V f^^'v'" ■ ^^ ~ 1) ■ ■ • (gn - J + 1) 
' ^U^ ''(pn"+l)Cpn + 2)-.-(jm + x) 

V gn/\ qn) \ 



Taking logarithms of both sides 
lo8P,.logP+l0B(l-i) + l0B(l-A) + 

+ '°' {'-'-it) - "«(•+ i.) - '■■'('+I.) 

-■■■-'-('+^)-'-(' + ^) 

• Yet this is a rather easy sample of the discussions from which 
the student has hitherto been expected to gain insight into the 
theory of measurement appropriate to the variable phenomena with 
which the mental sciences have to deal. 

It would be unfortunate if the ability to understand and use the 
> A. L. Bowley, "Elements of Statistics," p. 275. 
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2 ■ '•' _, ^f'^TAL ;iiPl>. SOCIAL MEASUREMENTS 

roVer methods of measurement were dependeDt upoa the mathemat- 
ical capacity and training which were required to derive and formu- 
late them. The great majority of thinkers would then be deprived 
of the most efficient weapon in investigations of mental and social 
facts, and adequate statistical studies could be made only by the 
few students of psychology, sociology, economics and education who 
happened to be also proficient mathematicians. 

There is, happily, nothing in the general prindples of modern 
statistical theory but refined common sense, and little in the tech- 
nique resulting from them that general intelligence can not readily 
master. A new method devised by a mathematician is likely to be 
expressed by him in terms intelligible only to those with mathe- 
matical training, and to be explained by him through an abstract 
derivation which only those with mathematical training and capac- 
ity can understand. It umy, neverthless, be possible to explain its 
meaning and use in common language to a common-sense thinker. 
With time what were the mysteries of the specialist become the 
property of all. To aid this process in the case of certain recent 
contributions to statistical theory is one of the leading aims of this 
book. Knowledge will be presupposed of only the elements of 
arithmetic and algebra. Artificial symbols will be used only when 
they are reaUy convenient. Concrete iUustrations will always 
accompany and often replace abstract laws. 

Let DO one suppose that the foregoing statements imply that 
mathematical gifts and training are useless possessions for a student 
of quantitative mental science. On the contrary, the assumption 
of their absence in "the reader" will necessitate long descriptions, 
round-about ailments and awkward formulae. If this book were 
written by a mathematician for the mathematically minded it would 
not need to be one fifth as long. If it is read by such a one, it 
may well seem intolerably clumsy and inelegant. 

General Infoimatioo about Measurements. — There are, in addi- 
tion to the recent studies of the general theory of mental measure-* 
ments, a number of matters concerning the quantitative treatment 
of human nature which sufficient experience teaches thoughtful 
workers everywhere, but which have not been stated simply and 
conveniently in available form for study and reference. At pres- 
ent one must learn these gradually and with difficulty by himself, 
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INTBODUCTION 3 

or acquire them from the oral traditions of the laboratory or class- 
room. They are, for the most part, extremely simple. But that 
one sees them at the first glance when they are presented does not 
imply that he would not in nine cases out of ten fail to discover 
them if they were not presented. To put these at the service "of> 
all who need to know about them is the second aim of this book. 

The Technique of Measurements. — Although the formula used 
in expressing and computing mental measurements are in most 
cases straightforward and simple, they are often so foreign to the 
habits acquired in connection with the arithmetic and algebra of 
one's school days that ready and sure use of them can be acquired 
only by practise. Convenient and accurate manipulation of 
figures is one of the many things which one leams to do by doing. 
A mere statement of a rule leaves one uncertain. Only after apply- 
ing it a number of times does he really possess it. For example, I 
doubt if any one of my readers is sure that from a hasty reading 
he understands the following, which is an accepted short method 
of determining the arithmetical average of a series of numbers: 
"Arrange the numbers in the order of their magnitude; choose any 
number likely to be nearest the average; add together, regarding 
signs, the deviations from it of all the numbers; divide this result 
by the number of the measures the average of which you are obtain- 
ing: add the quotient to the chosen number." To secure full 
mastery of every procedure taught, many model examples and. 
sets of problems to be worked are presented. 

The Application of the Theory of Measurements. — A sense of 
when and how to use statistical methods is even more important 
than knowledge of the methods themselves. The greatest benefit, 
therefore, will come to those who, in connection with every prin- 
ciple established in the text, call to mind some concrete case to 
which the principle should be applied. The insight into the actual 
use of the theory of measurement thus obtained may be increased 
by a critical examination of the quantitative studies referred to in 
Appendix I. 

This book, as the title announces, deals primarily with the 
theory of mental and social measurements. But with a few excep- 
tions the principles and technique which it presents are applicable 
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4 MBNTAL AND SOCIAL MEASUREMENTS 

to all the sciences which study variable phenomena. Physical 
anthropology was the first science to take advantage of them, 
and in medicine they will perhaps find their greatest usefulness. 
If one alters the language and replaces the illustrations from the 
realms of psychology and education by similar ones from economics, 
vital statistics, medicine, physiology, anthropometry or biology, 
as the case may be, he will find the principles to hold, with an 
occasional obvious modification to fit the special data. The de- 
scriptions of technical procedure similarly may, after a few obvious 
alterations, be applied to variable measurements in general. 

The author may be permitted to express his hope that those 
who use the book will regard its subject matter as something more 
than a means to the end, convenient handling of measm^ments. 
One can use ingenuity in manipulating measurements as well as in 
devising experiments; can use logic in working with measures as 
well as in working with evidence of a more impressive and dramatic 
sort. Skill in expression is nowhere more required than in the task 
of making quantitative arguments brief, clear and emphatic. Sta- 
tistics are, or nt least may be, something beyond tabulation and 
book-keeping. 

The Special Difficulties of Mental Measuiements. — In the 
mental sciences, as in the phydcal, we have to measure things, 
differences, changes and relations. The psychologist thus measures 
the acuity of vision, the changes in it due to age, and the relation 
between acuity of vision and ability to learn to spell. The econom- 
ist thus measures the wealth of a community, the changes due to 
certain inventions and perhaps the dependence of the wealth of 
■communities upon their tariff laws or labor laws or poor laws. 
Such measurements, which involve human capacities and acts, are 
subject to certain special difficulties, due chiefly to (1) the absence 
or imperfection of units in which to measure, (2) the lack of constancy 
in the fads measured, and (3) the extreme complexity of the measure- 
ments to be made. 

If, for instance, one attempts to measure even so ^mple a fact 

as the spelling ability of ten-year-old boys, one is hampered at the 

• start by the fact that there exist no units in which to measure. 

One may, of course, arbitrarily make up a list of ten or fifty or a 

hundred words, and measure ability by the number spelled correctly. 
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INTRODUCTION 5 

But if one examines such a list, for instance the one used by Dr. 
J. M. Rice in his measurements of the spelHng ability of some 
eighteen thousand children, one is, or should be, at once struck by 
the inequality of the units. Is "to spell certainly correctly" equal 
to "to spell became correctly"? In point of fact, I find that of a 
group of about one hundred and twenty children, thirty missed the 
former and only one the latter. All of Dr. Rice's results which 
are based on the equality of any one of his fifty words with any 
other of the fifty are necessarily inaccurate, as is abundantly shown 
by Table 1 (page 8). 

Economists have not yet agreed upon a system of units of meas- 
urement of consuming power. Is an adult man to be scored as 
twice or two and a half or three times as great a consumer as a 
ten-year-old boyf If an adult man's consuming power equals 1.00, 
what is the value of that of an adult woman? 

If we measure a school boy's memory or a school system's daily 
attendance or a working man's daily productiveness or a family's 
daily expenditures, we find in any case, not a single result, but a 
set of varying results. The foree of gravity, the ratio of the weight 
of oxygen to the weight of hydrogen in water, the mass of the H 
atom, the length of a given wire — these are, we say, constants; and 
though in a series of measures we get varying results, the variations 
are ^ery slight and can be attributed to the process of measuring. 
But with human affairs, not only do our measurements give varying 
results; the thing itself is not the same from time to time, and the 
individual things of a common group are not identical with each 
other. If we say that the mass of the O atom is sixteen times the mass 
of the H atom, we mean that it always is that or very, very near it. 
But if we say that the size of the American sibhng-group is two 
children, we do not mean that it is that alone; we mean that it is 
sometimes zero, sometimes one, etc. 

Even a very elaborate chemical analysis would need only a 
score or so of different substances in terms of which to describe and 
measure its object, but even a very simple mental trait — say, arith- 
metical ability or superstition or respect for law— is, compared with 
physical things, exceedingly complex. The attraction of children 
toward certain studies can be measured, but not with the ease 
with which we can measure the attraction of iron to the magnet. 



Digitized byGOOgle 



6 MENTAL AND SOCIAL MEASUREMENTS 

The rise and fall of stoeks is due to law, but not to any so simple a 
law as expluns the rise and fall of mercury in a thermometer. 

The problem for a quantitative study of the mental sciences is 
thus to devise means of measuring things, differences, changes and 
relationships for which standard units of amount are often not at 
hand; which are variable, and so unexpreasible in any case by a 
single figure; and which are so complex that, to represent any one 
of them, a long statement in terms of different sorts of quantities is 
commonly needed. This last difficulty of mental measurements is 
not, however, one which demands any form of statistical procedure 
essentially different from that used in science in general. 
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CHAPTER 11 

Units and Scales 

§ 1. Common Defects in Seaiesfor Measuring MetUal and Social Fads 
Subjectivity. — When any scale of amount is used, one's natural 
tendency is to interpret it as we have learned to interpret the 
common scales for number, time, length, weight, area and the like 
— ^to regard every unit in the scale as equal to any other unit and 
to regard the zero of the scale as measuring just barely not any of 
the quality in question. But in the case of many of the scales 
used in the mental and social sciences we cannot thus take it for 
granted that 8-7=7-6'=6-5=72-71 = 40-S9; or 
that 8 means twice as far from just not any of the quality in question 
as 4i Aod 40 four times as far therefrom bls 10 and half as far there- 
from as 80. The first necessity in the scientific treatment of any 
measure is to be aware of the meanings of the units which it repre- 
sents and of the zero point from which it is reckoned. 

Let us therefore examine some samples of the units and scales 
which have been used in the mental and social sciences. It is the 
custom to measure intellectual ability and achievement, as mani- 
fested in school studies, by marks on an arbitrary scale; for instance, 
from to 100 or from to 10. Suppose now that one boy in Latin 
is scored 60 and another 90. Does this mean, as it would in ordinary 
arithmetic, that the second boy has one and one half times as much 
ability or has done one and one half times as well? It may by 
chance in some cases, but the fact that the best one and the worst 
one of thirty boys may be so marked by one teacher, and during 
the next half year in the same study be marked 70 and 90 by the 
next teacher, proves that it need not. The same difference in 
ability may, in fact, be denoted by the step from 60 to 90 by one 
teacher, by the step from 40 to 95 by another, by the step from 
75 to 92 by another, and even, by still another, by the step from 
90 to 96. Obviously school marks are quite arbitrary and their 



Digitized byGOOgle 



8 MENTAL AND SOCIAL MEASUREMENTS 

uae at their face value as meaaupes is entirely unjustifiable. A 
' ninety' boy may be four times or three times or six fifths as able 
as an 'eighty' boy. 

It is the custom to measure the value of commodities and labor 
by their money price, but since a dollar in one year is evidendy not 
necessarily equal to a dollar twenty years before, systems of index 
values have been established to give a better unit. Even these 
index values, as arranged by different economists, differ somewhat. 

TABLE 1 
The Sslativx FRBqirBtiCT or MieTAKxe within tbb Same Group of 



Childrxn for Each of 49 Words taken bt Dr. Ricb to be of 
Equal Auouvt ab Mbabdrkb or Sfkllino Abiutt 





Bje- 


BjB. 






Onda 


Gt»d» 
Boy. 




IKuppobt 


24 


13 


Frightened 


Neceasary 


23 


19 


Baking 




20 


22 


Peace" 




19 


14 


Laughter 


Certainly 


15 


15 


Waiting 


Loae 


15 


12 


Chun 


Slipped 


13 


9 


Thought 


Deceive 


13 


7 


Weather 


WhiBtHng 


11 


11 


light 


FiupoM 


9 


10 


Surface 




8 


IS 


Strange 


Receive 


7 


12 


Enough 


Looee 


7 


7 


Running 


Ustened 


e 


9 


IHslance 


Cbwm 


6 


6 


Getting 


Queer 


6 


5 


Better 


Hopping 


6 


5 


Feather 




5 


8 


Rough 


Writing 


6 


7 


Covwed 


Smooth 


fi 


5 


Always 


LKDguage 


5 


3 ■ 


Mixture 


Neighbor 


4 


7 


Driving 


Leam 


4 


2 


Becauae 


Changhtg 


3 


11 


Pictuie 



Bjf 



' Kece WM ac<H«d correct. 

For a unit of power of consumption Engel takes a child during 
its first year. He then calls a year-old's power of consumption 1.1; 
a two-year-old's, 1.2; and so on up to 3.0 for a woman 20 years o? 
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UNITS AND SCALES 9 

over and 3.5 for a man 25 years or over. In the United States 
investigation of 1890-91 the unit was taken as 100 for an adult 
man, 90 for an adult woman, 75 for a child 7 to 10 years old, 40 
for a child 3 to 6, and 15 for a child 1 to 3. The arbitrary nature 
of the scale of measurement is apparent. - 

The inequalities of the spelling words, treated by Dr. Rice aa 
of equal difficulty, are shown in Table 1. 

The risk of accepting subjective opinion, even in the cases where 
it is least hable to error, may be illustrated further by the variation 
in judgment, even among competent authorities, as to the relative 
difficulty of different parts of the following simple tests: 
iMy27 2 27 

B. How much is 5| + ij - 7i + 6jf 

C If a girl had two dollars, three five-cent pieces, two dimes 

and three quarter-dollars, how much money would she 

have in aJI? 

a How much is 37i + 87^+^-1- 6 + 1+6? 

Twelve individuals assigned to examples B, C and D the amount 
of credit due for the successful solution of each, on the basis that 
the successful solution of example A received a credit of 10. They 
estimated, that is, the achievement involved in solving B, C and 
in terms of the achievement involved in solving A. Their estimates 
varied from 8 to 20 for B, from 5 to 20 for C, and from 14 to 25 for 
D. Th^ ratings in detail were (Table 2) : 

TABLE 2 



These variations are due to two factors; first, the variations m 
the opinions of the difficulty of the standard (example A) and. 
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second, the variations in tlie opinions of the difficulty of B, C and 
D. We may, in part, eliminate the first factor and measure the 
variation which would appear if the different individuals compared 
their opinions ot B, C and D with some objective standard, by 
dividing their ratings for each single example by the average of their 
ratings for all three. When this is done their estimates still range 
from 6.7 to 13.7 for B, from 3.0 to 10.9 for C, and from 10.0 to 15.5 
for D. So, also, if we take four individuals whose ratings were such 
as to show that they were practically identical in their estimates 
of the difficulty of A, we find that even among just t!iese four the 
ranges are 10 to 20, 5 to 16 and 15 to 25 for B, C and D respectively. 

Carelessness. — In college registration statistics the tmit taken 
is commonly one student. The college with a score of 400 is 
supposed to be twice as large as the college with 200. But some 
students do four years' work in three, while some are present only 
a part of the year or take only a fraction of the full course during 
their time of enrollment. A university with 1,000 units, made up 
in part of teachers taking a course or two a year, of casual students 
that drop out to take positions and of other irregulars, might really 
have a smaller attendance in the true sense, a smaller influence on 
students, than one with only 800 imlts. One person equals one 
person as a name or physical unit, but one person studying all his 
time with regular and continued attendance does not equal one 
person taking university work as a secondary pursuit. 

In measuring the fertility, or rather the reproductivity, of human 
beings, it seems at first thought to be justifiable to use the number 
of children in the family as a measure. But is not the number of 
children who live a better measure? And may not the number of 
children who live through the reproductive period (say, fifty years) 
be a still better measure? And is not, perhaps, the number of 
children, each weighted in some way by the length of his life, 
another measure to be considered? Surely a child who dies in five 
minutes is not equal as a measure of reproductivity to a child who 
lives Mxty years. Is a child who lives only thirty years? 

In the case of the "college student" and the "child bom" we 
are misled by what Professor Aikins has called the "jingle" fallacy. 
The li'ords are identical and we tend to accept all the different 
things to which they may refer as of identical amount. A similar 
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untbinking acceptance of verbal equality as a proof of real equality 
makes one measure labor on the hypothecs that any one hour is 
equal to any other hour of it, forgetting that the step from 7 to 8 
hours per diem may be different from the step from 8 to 9 and 
is obviously different from the step from 20 to 21 hours. The 
fallacy may be emphasized by one final illustration. Dr. Swift, in 
studying the effect of practise, measured motor skill by the number 
of time two balls could be kept tossed in the ^r with one hand. He 
took as a unit of measurement one successful pair of tosses and 
regarded any one such pair as equal to any other. For him, that is, 
the step from 0, or inability to catch and toss again at all, to 5, or 
the ability to catch and toss 5 times with each ball, is equal to the 
step from 200, or ability to keep the balls in the air 200 umes with- 
out failure, to 205, or the ability to do so 205 times. But W course, 
if one can toss the baUs 200 times, he can, so far as mMor skill 
goes, toss them 205 times almost as easily, the step being'^ nearly 
zero. On the other hand, the step from to 5 is a very consider- 
able gap, one which some individuals can never pass. The result 
of Dr. Swift's system of units is that he gets the appearance of very 
slow improvement in early hours of practise and very rapid improve- 
ment in late hours, a state of affairs which contradicts what is found 
by other investigators. Of course, "tossing two balls once" sounds 
identical with "tos^ng two balls once," but it is not. 

§ 2. The Eaaentials of a Valid Scale 
Objectivity. — What science means by a perfectly " objective " 
scale is a scale in respect to whose meaning all competent thinkers 
agree. A perfectly "subjective" scale is one in respect to whose 
meaning all competent thinkers disagree (save by chance). These 
are limits between which the actual scales known to science lie. 
Near the former extreme is the scale of length, — one, two, three, 
. . . ,n miUimetera being understood by competent thinkers to be 
certain multiples of a certain rod kept in Paris at a certaia tempera- 
ture, or certain multiples of the wave-length of cadmium light. 
Near the latter extreme is the following scale: -posaeedng zero, or 
just not any, beauty, very beautiful, extremely beautiful. If a thousand 
competent students of esthetics should state just what each under- 
stood "extremely beavHfvl" to mean in terms of a fact which tb^ 
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could all observe and identify, they would disagree widely. One 
might say, for example "as beautiful as Milton's sonnet on hia 
blindness;" another, " as beautiful as Rembrandt's Milli"Bnother, 
" as beautiful as the Parthenon ; " and so on. Only by chance would 
any two hit upon the same observable fact to represent their 



In between these extremes are all degrees of objectivity — ^that 
is, expert agreement as to the meaning of the scale. Thus, the 
scale of cloudiness ranging from O,ora perfectly clear sky, to 10, or a* 
cloudy a day as it experienced, would be more objective than the 
scale for beauty given above, ance expert meteorologists would 
agree better in the observable facts which they would choose to 
express their interpretations of 0, 1, S, and the rest, than artists 
would in their choices for zero beauty and the rest. Thus the scale 
of illuminating power is somewhat less objective than the scale of 
length, but much more objective than the scale of cloudiness. A 
thousand expert illuminating engineers thinking of "eight candle 
power" would agree less than the physi<nsts would about eight 
millimeters, but more than the meteorologists would about eight 
degrees erf cloudiness- 
Scales in respect to whose meaning competent thinkers could 
agree rather closely were devised early in the case of number, time, 
length and weight. Similar scales for temperature, heat, force and 
"value in exchange" came later. Similar scales for measuring 
intellectual maturity, the standard of living, ability in prose com- 
position and other facts of intellect, character and sodal condition 
are being devised now. 

The gain for thought and practise that comes frem the mere 
definition of words that have been used vaguely and loosely as a 
crude scale is extraordinary. Suppose, for example, that students 
of esthetics made plates of twenty drawings ranging from very 
inferior up to excellent ones, from which identical series of plates 
and prints could be reproduced as we reproduce our millimeter, 
centimeter and the like from the rods in Paris. Suppose that the 
terms o, b, c, d, e, f, g, h,i,. . . , t, were used universally to refer 
to the amounts of beauty possessed respectively by these twenty 
prints. Artists, teachers of drawing, critics and dealers could, by 
this very easy device, each know what any other meant when he 



Digitized byGOO'^le 



UNITS AND SCALES 13 

gave an estimate of the general beauty of a drawing. Instead of 
unintelligible rhetoric or elaborate searching for some comparison 
to make his meaning clear, the speaker or writer could define what 
degree of beauty be meant as d, e or s, as he now defines the size of 
a drawing, the age of the man who made it, or the price at which 
it last sold. To replace the crude and vague comparatives and 
superlatives and other words descriptive of different amounts of 
various mental and social facts by references to scales of accepted 
meaning in terms of observable facts is indeed one of the first and 
greatest duties of the mental sciences. 

Consistency. — The series of facts used as a scale must be varying 
amounts of the same sort of thing or quality. This requirement 
needs no comment. 

Definiteaess of the Facts and Their Differences, One from 
Another. — An ideal scale, such as that for weight, is a series of 
perfectly defined amounts, the differences between any two of them 
being also perfectly defined, so that a series varying by steps of 
equal difference can readily be selected. 

It is not necessary, however, to have a scale arranged in equal 
steps, though it is very desirable. It is not even necessary to know 
whether or not the steps are equal, though it is very desirable to 
know it, and, if the steps are unequal, to know the exact degrees of 
the inequalities. 

A scale in the sense of a series of defined and accepted facts with 
which other facts may be compared is useful. If the mere order 
of magnitude of these facts is known the scale is still more useful. 
If the steps of difference are known to be equal or to be unequal, 
new utilities are created. If the amount of inequality in each case 
is roughly known, so much the better; if precisely, so much the 
better. If the steps are approximately equal, so much the better; 
for them to be exactly equal is best of all. 

These facts may be thought of conveniently in algebraic form. 
Suppose, in the case of drawings, that we have merely a series of 
defined facts, so that say drawings to be measured in beauty may 
be called equal to o or equal to b. We can define the beauty i of a 
drawing as, x = a. Similarly we can know that v = d, w = m, 
z = c, and the like. \iy = a, we can infer that x = y. 
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Suppose now that the mere order ai magnitude of the (acts is 
known so that the order of the alphabet is the order from least 
to most beauty. We have then a<b < c < d<e . . . < » < t. 
It X — a, V = d, V) = m, and z = c, we can infer that a; < z or t or 
w, that z < p or w, that v < w, and the like; that w — z > w — v, 
that 10 — z > 2 — X, and the like. Suppose that one knows further 
that the steps are rwt equal. The posdbihty of wrongly assuming 
equality by analogy with other scales is thereby prevented. We 
know, for instance, that t — x need not be three times v — z, that 
w — X need not be twelve times t — a or six times z— x, and the 
like. 

Suppose that the amount of inequality In each case is known. 
We then have the values of a, b, c, etc., all placed correctly on a 
scale so far as concerns all the relations of the distances between 
any two to the distance between any other two. That is, we have, 
letting K stand for the difference b — a and letting the letters a, fi, 
y, d, etc., stand for known fractions or multiples of unity: 
b~a = K, 
c-b-^aK, 
d-e = fiK, 
e- d= yK, 
f - e = dK,etxi. 
We may then know that, if ar = o, r = d, a = c, as before, 
z-x= aK+K, 
e-x = 0K+aK + K, 
t-z = pK, 

■B— X = a known multiple of b — a, or of z — x, etc., etc. 
Suppose finally that the differences are all equal. The relations 
just mentioned then all become convenient integral multiples of 
the difference between any one drawing and the drawing next to it 
in the scale series. 

b-~ a = K, c—b=K, d ~ c = K, etc., 
b~a = K, c- a=2K, d-a=ZK, etc., 
so that 

z-x=2K, 
i>~x=ZK, 
v~ z= K, 
V — x= Z{t~ z) or 1|(3 - 3-), etc., etc. 
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Comparability with the Facts to be Measured. — The time and 
skill required for comparing or matcHing a fact with the scale by 
which it 13 to be measured varies greatly, according to the scale. 
Other things being equal, it is much harder to measure the length of 
a man's head with an ordinary foot-rule alone than with calipers 
and a foot-rule. To measure the beauty of a drawing of an eagle by 
comparing it with the series a, b, c, etc., just described and observing 
to which point of the series it was nearest in respect to beauty, 
would be much easier if the series consisted of drawings of the 
same eagle, than if the series consisted of drawings of ships.' 

The accuracy with which a fact can be matched with its proper 
point on a scale also varies greatly with the scale. If the observer 
gave equal time and effort to the task in both cases he would make 
a larger error in measuring head-length with the ordinary foot rule 
than if calipers also were used; and a larger error in deSning the 
beauty of the drawing of the eagle by the series of prints of ships 
than by the series of drawings of eagles. 

This fact of the varying difficulty, as to time, skill and predsion, 
in the use of difiFerent scales is often distorted into the false notion 
that scales are of two sharply separated sorts — scales whose use 
does not depend at all, and scales whose use does depend greatly, 
on the observer using them. Really the differences are contin- 
uous gradations. Just as there is a continuous range from little 
to much agreement in respect to the meaning of terms or points 
on a scale, so there is in respect to the time or skill required and 
the precision obtained. In particular, to distinguish scales that 
can be used for comparison with other facts "objectively" in 
the sense of "with perfect agreement amongst competent ob- 
servers" from scales that can be used only "subjectively" in the 
sense of with a large disagreement or set of "personal equations" 
is very misleading. No comparison of anything in nature with 
anything else is errorless.* And every comparison of anything in 
nature with anything else is subject to an error if the facts are 

* Other things bong equal. 

> Simple couDting or comparing the number of objects in a given coUecUoa 
with a Beriee of integral numbera to locate the number that fits the Dumbw of 
objects in the collection may seem to be an exception, but it is not. The hundred 
moet competent obeerrers hving would not always agree in their counts of a 
tliouaond barrels of pennies. 
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specimens of continuous quantities like length, time, permanence 
in memory, beauty, and the like. With the best instruments to 
measure the weight of a given cannon-ball the best hundred experts 
would not agree within one hundred-thousandth of a milligram. 
With the best thermometers they could not do so well for tem- 
perature. Persona] equations always enter if the distinctions re- 
quired are made fine enough. The process of matching sticks with 
a scale for length is logically and statistically the same as that of 
matching drawings with a scale for beauty. The disagreements, the 
lack of precision, would merely be a few thousand or million times 
as great in the latter case. 

Minima for the time, effort and skill required and the errors 
made in matching a fact with a scale are then, though very desirable 
features of a scale, in no sense necessary. Scales for mental and 
social measurements can be of great service in spite of gross in- 
feriority, in these respects, to the common scales for physical facts. 

Reference to a Defined Zero Point. — Finally one must know 
what fact would, by the scale as used, be measured as zero or just 
barely above zero. The zero-point may be absolute, meaning "just 
not any of" the thing, or arbitrary, meaning a point caUed zero 
though actually designating some amount of the thing. Thus the 
thing being temperature, 20° C, is 20 degrees above the arbitrary 
zero — the melting point of ice — and 293 degrees above the supposed 
absolute zero of just not any molecular motion in a gas. 

This last requisite for a valid scale requires further comment. 
In the physical sciences, we can find or infer the place where a 
certain thing begins — the least amount of length, or mass, or 
velocity, or resistance and the like. Such absolute zero-points are 
indeed often obvious to any one. But absolute zeros for goodness, 
intellect, delicacy of discrimination, memory, quickness, courage, 
inventiveness, and the like are never obvious and, for the most part, 
are undiscovered. When one says that four pounds is "two times 
as heavy as," "or two times as much mass as," two pounds, he and 
his hearers know that he means that the former is represented by a 
point on the scale for weight twice as far from "just not any mass" 
as is the latter. But a similar proof that ^4*3 delicacy of discrimina- 
tion of length is twice B's, or that A has three times as much courage 
as B, is at present impossible. What "just not any delicacy of 
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discrimination" or "just not any courage" is, must first be dis- 



Wbeo absolute zero points are not available, it is imperative to 
consider what the arbitrary point is from which the scale in use 
starts. Thus, in the case of delicacy of discrimination of length, 
what is actually done is to measure on a scale of amount qf error 
made, zero meaning the limit of perfect discrimination, or on a scale 
of difference required for discrimination, zero meaning, as before, 
the limit of petfed discrimination. In the case of courage, what 
we in fact do is to calculate from a vague notion of zero, either as 
very little courage or as the courage of the averftge man. 

When the zero point has to be chosen arbitrarily it is well worth 
while to consider the meaning and utility of each of the different 
possible ones. Other things being equal, a point somewhere near 
"just not any of the trait in question" has great advantages over 
a point well up on the scale, such as the condition of the average 
man in the trait. 

The influence of the zero point of a scale upon measurements 
made by that scale will alter the interpretation of, but not the 
method of making, measurements of things and conditions; but 
when things or conditions are compared, that is, when measurements 
are made of differences, changes and relations, it becomes of the 
utmost importance. For, in the case of differences, changes and 

relations, it is usually desirable to be able to use the 'times as ' 

comparison. But such comparisons are subject to momentous mis- 
understandings unless the zero points are absolute. One of the 
common fallacies in the mental sciences is to compare directly the 
amounts of measurements made from different zero points. An- 
other is to use arbitrarily some point along the scale as if it were 
an absolute zero point. Silly as it may appear, we often with mental 
measurements do such arithmetic as the following: 

"John, who weighed 4 lbs. more than 100 lbs., has added 2 lbs. 
to his weight; James, who weighed 100 lbs. more than 10 lbs., has 
added to his weight 50 lbs. Both gained 50 per cent, and so their 
relative gains were equal." 

"John weighs 10 lbs. more than 60 lbs. James weighs 2 lbs. 
more than 60 lbs. John is five times as heavy as James." 

It should be obvious that the discovery of even a rough approsd- 
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mation to an absolute zero point for any scale is of great advantage 
to thought and practise. For example, in the supposed case of a 
scale for beauty of drawings, as soon as we have found such a 
point — that is, a drawing of approximately just not any beauty — 
and have stated the difference between it and any one of the draw- 
ings of the scale in terms of any unit of the scale, all the facts of 
the scale become amenable to ordinary arithmetical procedure, 
including the "times" judgment. Thus, suppose a drawing, u, to 
be found of approximately zero beauty and six times as far below 
a as a is below b. Then the drawings a, b, c, d, etc., of the previous . 
illustration can be renamed 6, 7, 8, 9, etc., and, with only a very 
slight error, treated as we treat inches, dollars or pounds. 

The scales in actual use in psychology, education, sodology, 
history and the lite are often inadequate in respect to one or more 
of the essentials of a scale. The work of the student of mental and 
social measurements is then, to replace them by better ones so far 
as he can, to devise methods to make the most out of those which 
he does not replace, and to avoid attributing to a measurement 
properties which the scale by which it was obtained does not justify. 
The last two tasks need no further mention at this point. Concern- 
ing the first, it has already been suggested that in cases where quanti- 
tative study of human nature and achievement is balked at the 
very beginning by the lack of series of defined amounts, whose 
differences from each other and from defined zero points are known, 
this lack is due rather to lack of study than to any essential in- 
susceptibility of human behavior to rating in units of amount on 
intelligible scales. The following foot-rule for merit in En^ish 
composition may serve as an illustration of the principle that any 
varying facts which can be estimated at all in terms of the amount 
of some one thing, can be measured in terms of defined units whose 
distances from a defined zero are known. I quote this scale without 
any justification of its choice of a zero point, or of the facts taken 
to represent differences of 18, 26, 37, 47 and so on from that zero 
point. Such justification will be found in a full account of the 
scale by its author, Professor M. B. Hillegas, soon to be published. 



Digitized byGOOgle 



UNITS AND SCALES 19 

1 3. ^ Sample Scale 
A Scale for Merit in English CoMPOamON by Young People 

0. Dear Sir: I write to say that it aint a square deal Schools 
is I say they ia I went to a school, red and gree green and brown 
aint it hito bit I say he don't know his business not today nor 
yeaterday and you know it and I want Jennie to get me out. 

18. the book I refer to read is Ichabod Crane, it is an grate 
book and I like to rede it. Ichabod Crame was a man and a man 
wrote a book and it is called Ichabod Crane t like it because the 
man called it ichabod crane when I read it for it is such a great book. 

26. Advantage evils are things of tyranny and there are many 
advantage evils. One thing is that when they opress the people 
they suffer awful I think it is a terrible thing when they say that you 
can be hanged down or trodden down without mercy and the 
tyranny does what they want there was tyrans in the revolutionary 
war and so they throwed off the yok. 

Sulla as a Tyrant 

37. When Sulla came back from hb conquest Marius had put 
himself consul so sulla with the army he had with him in his conquest 
seized the government from Marius and put himself in consul 
and had a list of his enemys printy and the men whoes names were 
on this list we beheaded. 

De Quincy 

47. First: De Quincys mother was a beautiful women and 
through her De Quincy inhereted much of his genius. 

His running away from school enfluenced him much as he roamed 
through the woods, valleys and his mind became very meditative. 

The greatest enfluence of De Quincy's life was the opium habit. 
If it was not for this habit it is doubtful whether we would now be 
reading his writings. 

His companions during his college course and even before that 
time were great enfluences. The surroundings of De Quincy were 
enfluences. Not only De Quincy's habit of opium but other habits 
which were peculiar to his life. 

His marriage to the woman which he did not especially care for. 

The many well educated and noteworthy friends of De Quincy. 
Fluellen 

58. The passages given show the following characteristic of 
Fluellen: his inclination to brag, his professed knowledge of History, 
his complaining character, his great patriotism, pride of his leader, 
admired honesty, revengeful, love of fun and punishment of those 
who deserve it. 
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Ichabod Crane 

67. Ichabod Crane was a schoolmaster in a place called Sleepy 
Hollow. He was tall and slim with broad shoulders, long arms 
that dangled far below his coat sleeves. His feet looked as if they 
might easily have been used for shovels. His nose was long and 
his entire frame was most loosely hung to-gether. 
Going Down with Victory 

77. As we road down Lombard Street, we saw flags waving from 
nearly every window. I surely felt proud that day to be the driver 
of the gaily decorated coach. Again anci again we were cheered 
as we drove slowly to the postmasters, to await the coming of his 
majestie's mail. There wasn't one of the gaily bedecked coaches 
that could have compared with ours, in my estimation. So with, 
waving flags and fluttering hearts we waited for the coming of the 
mail and the expected tidings of victory. 

When at last it did arrive the postmaster began to quickly sort 
the bundles, we waited anxiously. Immediately upon receiving 
our bundles, I lashed the horses and they responded with a jump. 
Out into the country we drove at reckless speed— everywhere 
spreading like wildfire the news, "Victory!" The exileration that 
we all felt was shared with the horses. Up and down grade and 
over bridges, we drove at breakneck speed and spreading the news 
at every hamlet with that one cry "Victoryl" When at last we 
were back home again, it was with the hope that we should have 
another ride some day with "Victory." 
Venus of Melos 

83. In looking at this statue we think, not of wisdom, or power, 
or force, but just of beauty. She stands resting the weight of her 
body on one foot, and advancing the other (left) with knee bent, 
The posture causes the figure to sway slightly to one side, describing a 
fine curved line. The lower limbs are draped but the upper part 
of the body is uncovered. (The unfortunate loss of the statute's 
arms prevents a positive knowledge of its original attitude.) The 
eyes are partly closed, having something of a dreamy langour. The 
nose is perfectly cut, the mouth and chin are moulded in adorable 
curves. Yet to say that every feature is of faultless perfection is 
but cold praise. No analysis can convey the sense of her peerless 
beauty. 

A Foreigner's Tribute to Joan of Arc 

93. Joan of Arc, worn out by the suffering that was thrust upon 
her, nevertheless appeared with a brave mien before the Bishop 
of Beauvais. She knew, had always known that she must die when 
her mission was fulfilled and death held no terrors for her. To all 
the bishop's questions she answered firmly and without hesitation. 
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The bishop failed to confuse her and at last condemned her to death 
for heresy, bidding her recant if she would live. She refused and 
was led to prison, from there to death. 

While the flames were writhing around her she bade the old 
bishop who stood by her to move away or he would be injured. 
Her last thought was of others and De Quincy says, that recant 
was no more in her mind than on her lips. She died as she lived, 
with a prayer on her lips and listening to the voices that bad 
whispered to her so often. 

The heroism of Joan of Arc was wonderful. We do not know 
what form her patriotism took or how far it really led her. She 
spoke of hearing voices and of seeing visions. We only know that 
she resolved to save her country, knowing though she did so, it 
would cost her her life. Yet she never hesitated. She was unedu- 
cated save for the lessons taught her by nature. Yet she ted armies 
and crowned the dauphin, king of France. She was only a girl, yet 
she could silence a great bishop by words that came from her heart 
and from her faith. She was only a woman, yet she could die as 
bravely as any martyr who had gone before. ' 

S 4. Tecknuxd Detaili Concerning Scales 
Discrete and Continuous Series. — Quantities to be measured 
may be in a discrete or in a contimwus series. A discrete series is 
one with gaps. Thus if we measure the number of children in a' 
class we can get only integral numbers. Sixth tenths of a man, 
ninety-two hundredths of a man, do not exist. There are gaps, 
between one man and two, two men and three, etc. A continuous 
series, such as time or velocity or intellect or wealth, is in theory 
capable of any degree of subdivision. Almost all mental traits 
and social facts due to human action are quantities in contiguous 
series. 

Any given measure of a continuous series means not a single 
point on the scale of measurement, hut the distance along that 
scale between two limits. Thus if we measure the time taken to 
perceive and react to a signal in thousandths of a second and get 
.14.3 sec. as the measure, the .143 means commonly that that was 
the nearest point, that the time was nearer to .143 than to ,142 or to 
.144; and this means, of course, that the time was between .1425 
and ,1435. The truer statement would be, "A'a reaction time is 
between .1425 and .1435." If we measure a man's wealth in dollars 
as 73,448, we do not mean that he Vs exactly that, but that that 
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13 the nearest dollar mark. At times a measure does not mean 
that the individual to whom it is given is nearer to that measure 
than to any other on the scale used, but that he is obore it and not 
up to the next measure. For instance, if a boy in 10 minutes gets 
the answers to 5 problems in arithmetic, we would commonly score 
him 5, but our 5 would mean, "at least 5 and not 6." The boy 
might, for instance, have almost completed the sixth in his mind, 
and really be, if we had a finer scale, 5.9. In mental measm«ments, 
any figure — say, 21 — may mean between 20.5 and 21.5, or between 
21 and 22. It might also mean between 20 and 21, if we measured 
people by the point which they just did not reach, but this is almost 
never a useful method. The second method of measuring by the 
last point on the scale passed is in many mental traits the natural 
one and often saves labor in all sorts of measurements.* 

In later operations with figures denoting measurements the 
method of obtaining them and their consequent meaning must be 
kept in mind. If each one of a set of measures means "from this 
number to the next on the scale," then the average calculated from 
them will, to represent a point on the scale, need to be increased 
by .5 the unit of the scale. A little experimentation and thought 
will create the useful habits of thinking of any number for a measure 
on a continuous scale as representing the quantities between two 
limits; of realizing that, for our ordinary arithmetic, it represents 
the space from a point half-way between it and the number below to 
a point half-way between it and the number above; and of under- 
standing that if our method of measurement makes it represent 
some other space, we must make proper allowance in calculation. 

Undistributed Measures. — In many continuous series the meas- 
ure (zero), which should mean a definite distance on the scale, 
either from —.5 to +.5, or from to 1 on the scale, means only 
an indefinite distance; namely, from a point above to an unknown 
lower extreme. Thus, if, in measuring arithmetical ability by a test 
of 20 examples, we should find out of fifty boys a dozen who did 
none at all and should mark them zero, we could not assume that 

t It IB earner to put a measure between two poiiita on the scale than to tell to 
wluch point it ia nearest. Moreover, in dropping insignificant figures it is earner 
to drop absolutely than to odd one unit to a given 'place' when the figure 
dropped is over .5 the unit of the »xt place. 
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they were as a group the same distance below the '1 to 2' group as 
the '1 to 2' group were below the '2 to 3' group. All that would 
be known about the dozen boys would be that they belonged some- 
where below 1. One of them might be really as far below a boy 
marked 1 as the latter was below a boy marked 20. In such cases 
we call the zero marks undistributed or indefinite. The same holds 
good, of course, for the upper as well as the lower extreme. If, in 
the illustration in question, a dozen boys had done all the examples 
perfectly and been marked 20, that score would mean, not that the 
boys were between 20 and 21, but that they were somewhere above 
20. One should always guard against undistributed measures at 
either extreme of a scale. 

The I&teipretation of Measures. — Tn using measures recorded 
by others, it is necessary to know by what method and to how fine 
a degree the measurements were made. Thus, suppose one worker, 

A, is using the scale for English composition to grade specimens to 
the nearest point on the scale, ' 0, 18, 26, 37, etc.'; suppose another, 

B, to grade them as nearest to the scale points, or to imagined 
quaMea halfway between— th&t is, as 0, 9, 18, 22, 26, 31j^, 37, 42, 
47, etc.; suppose a third, C, to grade the specimens as between the 
limits, to 18, 18 to 26, 26 to 37, 37 to 47, etc., using 0, 18, 26, 37, 
etc., in these meanings; suppose a fourth, D, to grade to a single 
unit, letting 0, 18, 26, 37, etc., stand for qualities indistinguishable 
from the qualities shown on the scale and letting 0, 1, 2, 3, 4, 5, 6, 
7, 8, etc., stand for qualities between and 18, etc. 

The grade of 18 would then mean from 9 to 22 if given by A; 
from 13.5 to 20 if given by B; from 18 up to 26 if given by C; and 
presumably from 17,5 to 18.5 if g^ven by D. 

In the same way a measure of 50 centimeters may mean from 40 
up to 60, from 49.5 up to 50.5, from 50 up to 51, or from 49.95 up to 
50.05. Afrequent error is to put the measures 50,5, 50.6, 50.7, 50.8, 
50.9, 51.0, 51.1, 51.2, 51.3, and 51.4 (all in centimeters), measures 
being taken to the nearest millimeter, when grouped, as equal to 
the measure 51 cm., measures being taken to the nearest centimeter. 
They are not, of course, since they cover the space from 50.45 up to 
51.45, while the latter covers that from 50.5 up to 51.5. 
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§ 5. Measurement by Relative Position 
,. Miiny ment&I phenomena elude altogether direct measurement 
|d terms of amount. How many thefts equal in wickedness a 
murderf If the piety of John Wesley is 100, how much is the piety 
of St. Augustine? How much more ability as a dramatist had 
Shakespeart; than Middleton? What per cent, must be added to 
the political ability of the Jewish race to make it equal to that of 
the Irish racef In these and ^milar cases the quality to be measured 
manifests itself objectively in so complicated and subtle effects 
that the task of expressing it in units of amount is almost hopeless. 

Nevertheless, such phenomena can be measured and subjected 
to exact quantitative treatment. Though we can not equate crimes, 
we can arrange them in a list according to their magnitude, and 
measure any one by its position in the list. Similarly St. Augustine, 
if placed in his proper rank amongst men for piety, is measured as 
exactly as if given a numerical score. The step from Shakespeare 
to Middleton in a series of dramatists ranked in order of ability is 
a definite measure. If a boy moves in English composition from 
the position of the 500th in a thousand to the position of the 74th 
in a, thousand his gain is measured as clearly and exactly as when 
we measure the inches he has grown in height. Measurement by 
relative position In a series gives as true, and may give as exact, a 
means of measurement as that by units of amount. Measurement 
by relative position in scientific studies is of course but an outgrowth 
of the common practise of mankind. The man in the street meas- 
ures things not only as being so many times this, but also as being 
"the biggest he ever saw" or "about average size." 

Measures by amount of some unit have been the subject of great 
development in the hands of physical science, while measures by 
relative position have been comparatively neglected, though for the 
mental sciences they are of the utmost importance. The use that 
has been made of them already by Galton, Cattell and others gives 
promise that the value of a measure to which the most subtle and 
the most complex traits alike are amenable will in the future be 
more appreciated. 

In measuring any product or person by position in a series, the 
chief desiderata are: 

1. That the arrangement of the series should not be the result of 
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any individual's chance bias, i. e., that the arrangement should rep- 
resent the general tendency of a number of observers. 

2. That it should not be influenced by a constant error, by biaa 
common to all, i. e., that there should be, on the whole, aa much 
bias in any one direction as in any other. 

3. That it should be on a sufficiently minute scale, — that is, 
include a large enough number of ' groups ' or ' grades ' or ' ranks.' 

Suppose, for instance, that we wish to find the position of a 
certain drawing amongst a thousand made by first-year high-school 
boys. No one person can, except by accident, be a perfect rater 
of these, for his momentary impulse or his peculiar ideals or training 
will overweight certiun features. The combined opinion of ten 
equally good judges will always be truer than the opinion of any 
one of theoL If, however, all the teu over-emphasized color or 
perspective, their combined rating would be false. Such a constant 
error in judgment is avoided as far as possible if judges are chosen 
at random from amongst those esteemed competent. 

The value of having the drawings arranged on a fine scale is: 
first, that the finer the scale the more precise the measure, and, 
second, that if a drawing is then misplaced by chance it will not be 
displaced so far. For instance, if drawings were rated simply Good 
or Bad, one near the dividing line, if put on the wrong side, would 
be put very far to the wrong side, m., one fourth of the total 
distance, whereas if they were rated in twenty divisions, one in the 
middle would, if put to the wrong side, be moved only one fortieth 
of the total distance. As a practical rule one should divide the 
series into as many groups as one can distinguish. 

Amongst school abilities, achievements in handwriting, drawing, 
painting, writing English, translation, knowledge of history, geog- 
raphy, etc., are readily measured by serial rating and the agreement 
of competent observers is such that great reliance can be put upon 
the results from the ratings of, say, twenty such. In the case of 
more general characteristics the service of the method will be greater 
still, though the readiness and accuracy of the process are less. 

Measures by relative position have one grave defect. Ordinary 
arithmetic does not apply to them. It is not possible to add ' 17th 
from top of 1,000 in wealth' to '92d from top of 1,000' as we can 
add ' fortune of $1,000,000 ' to ' fortune of $790,000.' We cannot 
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say that the 10th ability from the top in 100 plus the 20th ability 
from the top in 100 is equal to the 14th plus the I6th. We can not 
equate different positions in the series with each other as we can 
different amounts of the same thing. 

We can not, that is, on the basis of what has been so far said 
about measurement by relative position in a series. There are, how- 
ever, two possibly valid ways of transmuting a measure in terms of 
relative position into terms of units of amount. Given a certain 
condition of the series as a whole, and the statements of position 
can be expressed in terms of amotmt and made amenable to ordinary 
arithmetic. Given the truth of certain theories of the relation of 
the amount of difference to the ease of observing it, and the same 
result will hold. These possibilities will be discussed in a special 
chapter on measurement by relative position. 

Problems 

1. Why would the number of men giving instruction in a uni- 
versity not be a fair measure of the amount of teaching done? 

2. What are the faults of the following proposed as a measure 

Birth-rate _ 

of civilization: v^ \i. - . ' 
Death-rate 

3. How could you get commensurate units of amount of ability 
in addition? In what sense could you, after obtaining such units, 
say that A's ability in addition was twice or three times B's? 

4. In giving examination marks, the custom is to measure down- 
ward from a standard of perfection. Suggest a better starting point 
to take. 

5. Consider each of these ten sets of measmres. Describe each 
in respect to its (1) objectivity, (2) equality of units, and (3) zero 
point. 

Measdrkments of Threb Insitiditalb, A, B, and C 

ABC 

I. Stature 160 cm. 140 cm. 130 cm. 

II. Simple reactioa-time to sound 176 sec. .126 sec. .160 sec. 

III. Average error ia drawing a line to equal 

a 100 mm. line 3.2 mm. 2.8 mm. 22 mm. 

IV. Number of words (of a list of 12, heard 

at a rate of 1 per second) remembered 
long enough to write them immedi- 
ately afta the last word waBieod... .6 words Qwords Twords 
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V. Quality, or merit, or goodseea of hand- 
writing illegible Ic^le p^ect 

VI. School mtxrks in Hpelling 82 62 98 

VII. Efficiency in perception; the number of 
A'b marked in 60 eeconda on a sheet 
containing 100 A'a mixed mth 400 

other capital letters 48 A'a 60 A'a 82 A'a 

VIII. Criminality: number of timee convicted 

of a penal offense 1 

DC. Degree of intereat in muaic little moderate a great deal 

X. Age in days 5,080 d. 6,150 d. 5,615 d. 

6. Group the following measures by whole numbers, first, by 
using the whole numbers 14, 15, etc., to represent 13.5-14.499, 
14.5-15.499,- etc., and second by using 14, 15, etc., to represent 
14-14.999, 15-15.999, etc.: 

18.642, 17.39, 21.45, 14.81, 15.51, 17.23, 19.60, 18.42, 21.7, 
15.861, 16.5, 17.92, 14.4, 19.38, 20.6, 20.5, 18.39, 17.489. 

Which method would you expect to be the easier and least subject 
to error if one had equal amounts of practise with both? Why? 

7. Name five things or qualities or traits the different amounts 
of which vary by discrete steps. Name five which vary continu- 
ously. Name five which are now ordinarily measured by relative 
position. 
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CHAPTER ni 

The Measurement of a Variable Fact 

§ 6. TahUs and Surfaces qf Frequency 
Any fact in any human being or institution is a variable quan- 
tity. If we measure it a number of times with a fine enough scale 
of measurement we get, not one constant result, but many differing 
results. The amount of addition John Smith can do in a minute, 
the number of cubic feet of sand Tom Jones can dig in an hour, the 
food consumed by Richard Brown in a day, the weekly earnings of 
a particular factory — these and all facts depending on human nature 
and behavior are variable. 

The Total Distribution of a Fact. — A constant can be measured 
in a single number, but a variable for its complete measurement 
requires as many different numbers as there are varieties of the 
thing. Since John Smith can add now 20, now 21, now 22, now 23 
digits in a minute, his ability is not any one of these nor the average 
of them all, but is described truly only as "20 such and such a per 
cent, of the times, 21 such and such a per cent, of the times," etc. 
Any single number would be but an extremely inadequate repre- 
sentation of his ability in addition or of that of any variable trait. 
The measure of a variable quantity implies a list of the different 
quantities appearing, with a statement of the number of times that 
each appeared. Such a list and statement together are called a 
table of frequencies or a distribution of a trait. The measure of a 
variable fact is thus its entire distribution or table of frequency. 
Tables 3, 4 and 5 thus measure the three facts denoted by their 
titles. 

It is common to present a table of frequences in a diagram in 
which distances along a line represent the different quantities, and 
the heights of columns erected along it their frequencies. Thus 
Figs. 1, 2 and 3 represent at once to the eye the facta ^ven by 
Tables 3, 4 and 5. Such a figure is called a surface of frequency; 
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TABLE 3 

Mehobt Span of B. F. A. 

» of 12 letters read 1 was ooiiectly written and placed 2 times o 



There were 40 trials In a^. 

TABLE i 
Accn^ACY OF DtacKiMiMATiON of Lenoib of E. H. 
In drawing a line to equal a lOO-mm. line an error of — 7 mm. occurred 2 ti 



There were 100 triaU i 



+ 8 
+ 9 
H-10 
1 all; hence per cento. - 



TABLE 6" 
Feh Cent, per Ybas of Members of the Aualoauatgd Societt C 
iiEEHS IN Want of Empwituent During 31 Years 
Lees than 1 % lacked employment in 1 out of 31 yeoTB, 3.2 % 
1 %to 2 % ■■ " ■■ 



* Arranged from data given by Gera^e H. Wood on pages 040-642 of Vol. 6 
of the Journal <^ Oit Royal Slalittieal Society. 
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the compound line which, with the horizontal base line, encloses it, 
is called a diatribviion curve. Another method of presenting graph- 
ically a table of frequencies is to draw instead of the top lines of the 
columns a line joining the middle points of these top lines. Figs. 
1a, 2a and 3a repeat Figs. 1, 2 and 3 in this form. 







Fig. 1. Surface of frequency of the ^ility of B. P. A. in memory span. 
Number of letters correctly written and correctly placed, after one hearing of a 
eeriee of 12, Number of meaauremente — 40. 

Pio. 2. Surface of frequency of the ability of E. H. in diecnmination of 
length. Number of millimeters error made in drawing a line to equal a 100-mm. 
line. Number of measurements —.100. 

FiQ. 3. Surface of frequency of the opportunity for work in a trade. Num- 
ber of membera of the Amalgamated Society of Engineoa lacking employm^it. 
Number of measurementa — 31 (yeara). 

Fio. 1a. Same as 1, but drawn by joining mid-point« of columns, 

Fio. 2a. Same as 2, but drawn by joining mid-points of columns. 

Fio. 3a. Same as 3, but drawn by joining mid-pointa of columns. 
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Fio8. 4^11. 
For deeeriptirais oi Fioa. 4-11, see page 32. 
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Figures 4-11 give each the measurement' of some trait in one 
individual, the traits being as follows: 

FiQ. 4. ReacUon time of H, in tbousandtha of a second; 400 measuicments 

Fia. 5. Quicknesa of movemeDt of T, in seconda; 67 meBSuremrats made. 

Fio. 6. QuicknesB in addition of S, in seconds; 74 measurementa made. 

Pig. 7. Number of lett«re of a certain sort marked on a sheet of mixed 
letters, by £ in a ffvea time; 88 meaatirements made. 

Fia. 8. Percentage of men unemployed in the case of a certain trade; 32 
years' results measured.* 

Fio. Q. Attendance of school E (the number absent out of 139 enrolled); 
74 measurements. 

Fia. 10. Daily exchanges of a clearing-house, in S10,000,000e; 10 measure- 
ments made. 

Fia. 11. Radial pulae of B, in seconds required for 80 beats; 44 measure- 

Distributions Vary in Their Geometrical Form. — If it were neces- 
sary to pick some one kind of distribution as the best representative 




Fig. 12. Type of distribution to which variable truta in individuals often 
roughly approiiniate. The three diagrams represent the same geometrical form 
of surface, the only difference being in the variability, 
of all these, one would choose that approached by Figs. 1, 2, 5, 6, 7. 
In them we see the separate measures distributed somewhat 
symmetrically about a single central measure, and decreasing in 

'Friendly Sodety of Iron-founders' report, arranged from data ^ven by 
G. H. Wood, Joumal 0} the Royal SUUUliccd Society, Vol. 62, pp. 640-642. 
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frequency as we pass from the central measure toward either 
extreme, slowly at first, then more rapidly and then more slowly. 
They follow roughly the type shown in Fig. 12, But obviously 
there is no one kind that adequately represents all. The number of 
central types need not be one, and the variations from the central 
type may occur in all sorts of ways. Indeed, even in the same trait, 
there may occur among different individuals different types of 
distribution. Fig. 13 illustrates this in the 'case of the accuracy 
of 8 certain kind of perceptive process in eleven individuals. The 
individuals were chosen at random and so give an impartial repre- 
sentation of the fact. 

Skewness and Bimodality. — Before discus^ng further the treat- 
ment of a measure expressed in a table of frequencies, it will be well 
to examine some clearer cases of a hypothetical nature. Suppose, 
for example, that measures were at hand : (1) of the daily consump- 
tion of wealth by an individual, {2a) of the hours worked daily by 
an earnest laborer, whose union did not permit more than an 
eight-hour day, {2b) of the rate of adding of a practised accountant, 
(3a} of the amount of alcohol imbibed daily by a dipsomaniac, and 
(36) of the number of arrests daily for drunkenness in a city. 

Ad individual who most frequently consumes two dollars' worth 
in food eaten, clothes worn out, minor luxuries, etc., may consume 
five dollars' worth by an expensive dinner, ten dollars' worth by 
burning up his coat, or a hundred dollars' worth by breaking a vase 
or overdriving a horse. He can not consume less than zero. The 
range of distribution, limited below, runs out above a long way for 
practically every one. Letting the scale run from low amounts at 
the left to high amounts at the right, the form of distribution will 
be like that of diagram A in Fig. 14, a form skewed toward the 
high end. 

The laborer can not work over eight hours, but will less and less 
readily suffer a greater and greater decrease from that amount due 
to weather, employer's convenience, etc. The frequency of seven- 
hour days will be much below that of eight; that of six-hour days 
below that of seven, etc. I omit from consideration Sundays and 
holidays. Letting the scale run from at the left up to high 
amounts at the right, the form of distribution will be like that of 
diagram B in Fig. 14, being skewed toward the low end. So also 
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by one surface ol frequeocy, retrording one hundred aeasuremeDts of his ability 
in the trait in question. Thus, that for individual^, in thelower right hand comer, 
reads: "The rine drawn was 93 (or -7 mm. in error), once; 97 (or -3mm. in 
error), three times; 98 (or — 2 mm. in error), twice; 99 (or — 1 mm. in error), 
three times; and so on. 
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the practised accountant will work in most cases Dear Ms best rate; 
but while nothing can raise him far above his customary rate, 
distraction of attention by outside stimuli, fatigue or bewilderment 
may drag him far below it. 





FiQ. 14. 



The periodic dipsomaniac drinks either a great deal, or little or 
none, according to the presence or absence of the fit of craving. The 
distribution of the dally amount of liquor drunk by him will there- 
fore have two points of great frequency, with very slight frequencies 
for intermediate points, somewhat as shown In diagram C of Fig. 14. 
The city's daily arrests for drunkenness will show a similar, though 
not so pronounced, composition of great numbers due to Saturdays, 
Sundays and holidays, and smaller numbers due to ordinary days. 
The distribution will verge toward that of diagram D in Fig. 14.* 

These hypothetical cases emphasize types of clear departure from 
the common symmetrical, bell-shaped form, and illustrate the 
importance of giving, to describe a variable fact, all the measures 



' The scale ie, m before, 
to larger amounta at the right 



nipposed to run from small amounts at the left 
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of it that have been made, not simply some one measure that repre- 
sents their central tendency. 

These considerations lead to two simple rules for practise: (I) 
Many repeated measurements are necessary to measure a variable 
fact.* (2) Turn a series of measures into a distribution table or 
surface of frequency and examine this before inferring anything 
from the series. 

§ 7. Meagures qf Ceviral Tendency 
Nothing short of the entire distribution table is a complete 
measure of a variable fact, but two features of such a distribution 
are of special importance: first, the cejUral tendency or typical per- 
formance or amount about which the separate measures cluster, if 
there is such; and, second, the variability or dispersion of the 
separate measures around their central tendency. 

Thus in Table 6, A and B differ in central tendency, but are 
alike in variability; C and D differ in variability, but are alike in 
central tendency. 

TABLE 6 
HonRLT Eaeninos of Four Men, A, B, C, and D 



1^^ 
18 

\15 



Average, Median and Mode. — The Average — that is, the sum 
of a set of measures divided by their number* — is the measure of 
central tendency in most common use. The Median or 50 per- 
centile or Mid-measure is the place on the scale reached by counting 
half of the measures, in the order of their magnitude, or the place on 

< The number needed will be discussed in Chapter Xll. 
* Average will be used throughout this book for the arWimetical mean or 
average, unless special notice is given to the contrary. 
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thescsle above and below which are equal numbers of the measures. 
Thus in the series 5, 6, 7, 20, 22 the median is 7. An amount which 
appears more frequently than the other amounts on either side 
of it in the distribution of the measures of a vaiTable fact may be 
called a. Mode, or better, a Crude Mode. Thus in Table 4 (page 29) 
100, or error, is the crude mode, and in Table 5, 1-2 and 6-7' 
are the crude modes. In Table 6 (page 36) 26 cents is the mode for 
both C and D, and also for A. 

The arithmetical average is often unwisely used as the sole 
measure of central tendency. But it is clear that the average of 
the man's daily consumption oi wealth figured in Fig. 14 A not only 
does not distinguish him from some one less given to extreme 
prodigality who in general lives on a higher material plane, but also 
gives no idea of his common daily expenses. So also the average 
performance of an accountant (see Fig. 14, B) may not tell what is 
really desired, namely, what the man can do under proper conditions. 
With a case like that of the dipsomaniac (see Fig. 14, C) the average 
grossly misrepresents the facts to all readers who follow the common 
habit of expecting an average to be approximately the individual's 
typical performance. An average is mathematically only the sum 
of a set of measures divided by their number. It represents the 
typical measure of the set only when there is but one typical measure 
and when the set of measures are symmetrically disposed about it. 
There may be more than one type of measure prominent, and the 
distribution may be, and often is, skewed instead of symmetrical. 

Central Tendencies in Unimodal Distributions. — When the 
different measures of a variable fact cluster around one and only 
one such point of notable frequency or typical amount of the fact 
(as in Figs. 5, 6, 7 on page 31, or Fig. 12 on page 32, or Fig. 14, A 
and B, on page 35), their distribution is called unimodal. When 
they show two or more such modes (as in Fig. 14, C and D, on page 
35), their distribution is called multimodal. 

In a unimodal distribution the different measures may be dis- 
,tributed along the scale symmetrically with respect to the mode or 
place of greatest frequency, or approximately so, so that the two 
portions of the surface of frequency on either side of a vertical 
erected at the mode are approximately alike; or the different 
measures above the mode may be distributed differently from those 
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below it, 30 that the two portions of the surface of frequency differ, 
the distribution being skewed. Perfectly symmetrical distribu- 
tions are shown in Fig. 12 (page 32) and in Figs. 17 and 18 (page 
66). Fig. 7 (page 31) is approximately symmetrical. Figs. 4 and 
8 (page 31), Fig. 14, A and B (page 35), and Figs. 19 and 20 (page 
68) show clear skewness. 

In a distribution that is unimodal and symmetrical the average 
is identical with the mode and represents the typical performance of 
the individual. The 50 percentile or median (that is, the point on the 
scale — or the amount of the trait — above which and below which 
are equal numbers of the different measures) wili also be identical 
with the average and the mode. In a distribution that is approxi- 
mately unimodal and approximately symmetrical, the average or 
the mode or the median will represent approximately the central 
tendency about which all the varying measures cluster. Thus, in 
the case of the eighty-eight hours' earnings of C, recorded in Table 6, 
the average is a trifle under 26, the median is 26 and the mode is 26. 
In a distribution that is unimodal and skewed the mode often gives 
much more useful information than the median or average. In 
the case of skewed distributions it is specially important to bear 
in mind the meaning of whichever means of representing central 
tendency is used. The average tells the general weight of the fact, 
the mode telts its usual or "typical" amount and the median, or 
50 percentile, gives a mongrel result, often useful just because it 
pretends to be neither the type nor the general weight of the fact, 
but only a certain unambiguous feature of it. 

The following further characteristics of the different measures 
of central tendency may help to decide which is the best to use in 
any g^ven case: 

The crude mode is the most easily and quickly determined. It 
is not so reliable a measure as the others. That is, the actual mode 
obtained from a given number of cases will not be so near the 
true mode as will the actual average to the true average. It is 
hardly at all influenced by extreme measures or erroneous meas- 
ures. It is unambiguous and does not mislead a reader into think- 
ing that all the individual measures of a group are very closely 
near it. 

The median is more easily determined than the average. It is 
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not so precise as the average, is very little influenced by extreme or 
erroneous measurements and ia unambiguous. 

The average is determined more precisely than the crude mode 
or the median because the amount of every measure plays a part 
in determining it, but for this very reason it is more influenced 
by extreme or erroneous measures. The average is the measure in 
common use and has the advantage of being a familiar term, and 
at the same time the disadvantage of leading untrained readers to 
think that the abilities of which it is the average are closely clustered 
about it. 

In the case of skewed distributions the crude mode has the 
obvious special advantage of being closest to the "typical" amount 
of the trait. 

If the measures of an individual are not in terms of amount, but 
are simply a series ranked in relative position, the only measures 
of central tendency available are the mode and median. 

Central Tendencies in Multimodal Distributions. — A multi- 
modal distribution almost always means that two facts have been 
measured that need to be kept separate in thought. So the dif- 
ferent modes should be kept separate, and, if possible, the total 
distribution should be analyzed into separate distributions, whose 
central tendencies are then treated separately. 

§ 8. Meamirea of Variability 

Measures of the variability or dispersion of the individual 
measures are of two sorts. There are measures obtained by averag- 
ing the deviations of the individual measures from their central 
measure, and measures of the limits which include a certain pro- 
portion of all the individual measures. 

Measures by Averaf^. — Of the first sort we have the Average 
Deviation or Mean Variation (A.D. or M.V.), which equals the 
average of the deviations (all treated as positive quantities) of the 
individual measures from their central tendency (average, median 
or mode); and the Mean Square Deriatiorfi (S.D. or <r) which equals 

■The mean aquaie derialioD is someUmes colled the SUaubtrd DemtUion, 
though its right to be considered a standard measure of variability is by do means 
secure, S.D., a, or Mean Square Deviation will be used indifferently to lefer 
to it throughout this book. 
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the square root of the average of the squares of the deviations of 
the individual measures from their central tendency. Thus, calling 
the series of measures mi, m^, . . ., m„ and their deviations from 
the measure ta ken a s central tendency xi, x^, . . ., Xn, A,D. = 2x/r 
and S.D. = VJ^3^/n, 2 being a symbol for 'the sum of the' and n 
equalling the number of measures. The m*s being, for example, 
8, 9, 10, 10, 11, 12, 12, 12, 12, 13, 13, 14, 15, 17, the x's are -4 -3, 
f - 2, - 2, - 1, 0, 0, 0, 0, + 1, + 1, + 2, + 3, + 5; the A.D. is 24/14 
or 1.7; the x's are 16, 9, 4, 4, 1, 0, 0, 0, 0, 1, 1, 4, 9, 25; the S.D. is 
1/74/14 or 2.3. 

Measures by Limits Required to Include a Specified Percentage 
of the Cases. — There are many possible measures of the second 
sort. For example, in the case just used, all the measures are 
between 7^4 and 17J^, 86 per cent, are between 8H and 16, 71 per 
cent, are between 9H and 143^, 50 per cent, are between 10)-^ and 
13H- Two measures of this sort are in common use. One is the 
Q, or ' Semi-Interquartile-Range,' or ' half the distance between the 
25 percentile Toeaaure {here 10) and the 75 percentile measure (here 
13).' It is 1}-^ in the present case. The other is the Med. Dev. 
or P.E.,'' the median of the deviatums from the centred tendency (all 
being considered as positive quantities). In the present case, this 
is il4i since there are four deviations of 0, three of 1, and seven of 
2 or more. 

Such measures by limits have the advantages of economy of time 
in calculation and of being only sHghtly influenced by extreme or 
erroneous measures. They lare the only measures of variability 
available when the measiu^s are of relative position. They have 
the disadvantage of being less precisely determined (the same data 
being given) than the A.D. or S.D. 

If the distribution is symmetrica!, an A.D., S.D., Med. Dev. 
or the like suffices to summarize the variability or dispersion of the 
separate measures about their central tendency. If the distribution 
is skewed the variability above and that below the central tendency 
need to be measured separately. 

Variability in Multimodal Distributions. — If the distribution is 

'.The P.E. BtandH for Probable Error, the traditional, but very misleading, 
name fw the median deviation, which is not specially pr<^able and not an erroi 
at all. 
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multimodal it should be analyzed into separate distributiona and tte 
variability of each should be measured separately. 



. Problems 

B. Express in tables of frequencies and surfaces of frequency the 
following facts: 

■ !, -A«? being measured with respect to his memory span for letters 
40 times, showed the following abilities, in terms of the number of 
words remembered in their correct positions: 7, 6, 7, 5, 8, 2, 10, 6, 7, 
8, 3, 8, 6, 9, 6, 10, 6, 8, 6, 4, 9, 6, 10, 8, 6, 8, 5, 6, 4, 8, 10, 7, 4, 7, 
6,9,1, 11,7,7. 
■ ^ "©Cbeing measured in the same trait 40 times, showed records of: 
5, 4', 1, 6, 5, 5, 8, 4, 6, 6, 5, 5, 4, 6, 4, 4, 5, 7, 2, 5, 5, 4, 5, 4, 6, 9, 
4, 3, 0, 5, 5, 6, 5, 6, 3, 8, 4, 5, 5, 3. 
^. Judge by inspection which is the more variable, Ar. or D.? 
'V -^ In which case is it most cleariy a matter of indifference 
whether the general tendency is expressed by the average or by the 
median or by the modef 

y, —U.- Find the Crude Mode, the Median, the Average, the Aver- 
age Deviation {A.D.) from the Median, the S.D. from the Median, 
the Median Deviation (P.E.) from the Median and the Q, in the 
case of each of these two series of measures: 



SebixsU. 11, 21, 21, 22, 19, 23, 
21, 24, 22, 24, 22, 20, 

^} ,J2a. What are the closest limits which will include 75 per cent, 
of Series L? 

, 12b.- What are the closest limits which will include 75 per cent, 
of Series 11. f 
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CHAPTER IV 

Ibe Arithmetic of Calculating Central Tendencies and 
Vabiabilities' 

§ 9. Calcidatioiu from Measures Taken ai Their Face Value 

Consisteacy in Units. — The arithmetic of calculating averages, 
medians, modes, quartiles, A.D.'s, S.D.'s, P.E.'s and other measures 
of central tendency and of variability from a series of measures 
taken at their face value is simple and straightforward, if one bears 
in mind (1) that mental and social quantities are commonly con- 
tinuous, so that any number given as a measure means not a point, 
but a distance on the scale, and (2) that this distance is often that 
from the given number to the next number, so that the real value 
of the number is itself plus one half of the difference between it and 
the next number. 

Thus, in measurements of a quantity that varies continually, 
8 wUl mean either from 7.5 to 8.5 or from 8.0 up to 9.0; 8.2 will 
mean from 8.15 to 8.25 or from 8.20 up to 8.30; 8.27 will mean 
from 8.265 to 8.275 or from 8.270 up to 8.280— in each case accord- 
ing to the fineness of the scaling and according to whether the 
persons obtaining the data measured 'to the nearest number of 
the scale' or 'between two neighboring numbers of the scale.' 
7, 8, etc., are sometimes used carelessly for 7.0 and 8.0 or 7.00 
and 8.00. The real space on the scale meant by the number is 
usually evident in such cases from inspection of the series as a whole. 

Short Methods. — Some of the calculations, though simple, are 
very tedious unless short methods are used. Command of these 
methods is indeed essential for anyone who is to use his time intelli- 
gently in quantitative work. Since they are in some respects 
foreign to the mathematical habits of one's school days they re- 
quire comment and illustration. It is also well to make acquaint- 

' This chapter coaceroe only unimodal dist^utjone and multimodal (&• 
tributions whose modee are not very p^onounc^d — distribufions, that is, which 
may fairly be cotuddered in each case aa varying around a typical condilion. 
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ance with certain justifiable methods of attaining approximate 
results in eases where the worker's time is worth more to science 
than slightly increased precision. 

Defimtions Restated and Illustrated. — Before describing and 
illustrating the technique of the simpler short methods and approxi- 
mations I will repeat the definitions of the measures to be calcu- 
lated and illustrate them in the case of the following series of meas- 
ures: 9, 10, 12, 13, 13, 14, 14, 14, 15, 15, 15, 15, 16; 16, 17, 17, 17, 18 
— the quantity measured being a continuous variable. 

The scale runs from 9 to 18 by steps of 1. We will suppose the 
measurements to have been taken to the nearest point on the scale. 

The number of measures, n = IS. 

The Crude Mode is the most frequent measure, here 15. 

The Median or 50 percentile is the measure above and below 
which are equal numbers of the measures,^ here 15. 

The Average ia the sum of the measures divided by their number, 
Sm/a, here 14.44, 
y^ The Average Deviation, A,D., is the average of the differences 
(regardless of signs) between the separate measures and their cen- 
tral tendency. 

The A.D. from the mode is here 32/18, or 1 .78. 

The A.D. from the median is here the same, 1.78. 

The A,D. from the average is here 33.1/18, or 1.84. 

The Mean Square Deviation, S.D. or a, is the square root of the 
average of the squares of the differences between the separate 
measures and their central tendency. 

The S.D. from the mode is here l/l04/18, or 2.4. '' 

The S.D. from the median is here th e same, 2 .4. 

The S.D. from the average is here 1^98.4/18, or 2.34. 

The 25 percentile is the measure with three times as many 
measures above as below it,* here 13. 

The 75 percentile is the measure leaving one third as many 
measures above as below it,* here 16. 

' Or the mesBure reached, aa the (n + l)/2th, in counting the measuree in 
the order of their maf^tude. 

' Or the mesBure reached by counting one f«urth of the ineasun» in the order 
of thdr magnitude beginning with the lowest. 

* Or the measure reached by counting three fourths of the n: 
order of Uteir magnitude from the lowest. 
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The Quartile, or Q, is half the difference between the 25 percentile 
and the 75 percentile, here 1.5. 

The Median Deviation or P.E. ia tie median of the differences 
(regardless of signs) between the separate measures and their 
central tendency. 

The Med. Dev. or P.E. from the Mode is here 1.5, four of the 
differences being 0; five, 1 ; and the other nine, 2 or more. 

The Med. Dev. or P.E, from the median is likewise 1.5. 

The Med. Dev. or P.E. from the average is 1.5 (between 1.44 
and 1.56), three of the differences being .44; four, .56; two, 1.44; 
and the other nine, 1.56 or more. 

If the measure 9 meant 9.0 up to 10.0, the measure 10, 10.0 up 
to 11.0, etc., the measures of central tendency, and also the 25 
percentile and 75 percentile, would each be raised by .5. The 
A.D., S.D., and Med. Dev. or P.E. would be unaltered. 

Short Methods in General. — To save eye-strain and reduce 
errors, use paper ruled into squares of about \ inch by light blue 
lines for all computations. In all cases arrange the measures as a 
table of frequency, scale values to the left. Treat one 'step' 
of the scale as I, no matter what its real value is, reducing answers 
back to the real value. Thus suppose the distribution to be: 



110 to 118 2 

118 to 126 ■ 4 

126 to 134 7 

134 to 142 ftr, 

142 to 150 6 

150 to 158 3 

158 to 166 1 

and the problem to be: To get the A.D. from the Crude Mode, 
The Crude Mode is at the 134-142 step. There are then nine 
deviations of steps, 13 (7 + 6) of 1 step, 7 (4 + 3) of 2 steps, and 
3 (2 + 1) of 3 steps. The A.D. is then 36/32 steps, or 1.125 steps. 
But each step is $8, so that the A.D. is 89, 

Calculation of the Average. — ^The labor of calculating averages 
can be much reduced by adopting the method which most of us 
would probably use in a case like this: To get the average of 54, 
52, 64, 56 and 50, Remembering that the average is such a figure 
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that the sum of differences between it and the measures above it 
is equal to the sum of the differeaces between it and the measures 
below it, oue takes 5C as a guess. The differences below are 
2, 4 and 6, that above is 8. If the average was altered by — .8, or 
to 55.2, the differences below would be 1.2, 3,2 and 5.2, and those 
above would be 8.8 and .8. This common procedure consists in 
guessing at an approximate average and then correcting it from 
knowledge of the sums of the minus and plus deviations from it. 
It lets us add small numbers instead of large and, as will be seen, 
gives us at the same time as the average, an approximate measure 
of the average deviation from it. 

The choice of an approximate average is commonly easy after 
an inspection of the total distribution, and one soon acquires skill 
in making a correct choice in any case. 

Suppose the measures to be as follows: 

REAcnoN-TtUBS OP V. H. 
Qantltr: 
Seconds FrfqiuDor 

« .120 to .12499 or .1225 2 

.126 to .12699 or .1275 3 

.130 to .13499 or .132") 11 

.135 et? 13 

.140 11 

^145 13 

•■.ISO 7 



.IBS 

.190 

.196 to 19999 1 

In this and all following calculations from measures taken at 
their face value, any unit distance on the scale (that is, the "inter- 
val" or "step") is to be represented by its mid-point. That is, 
of course, its face value. 

Either .1450-.I499 or .1500-.1549 would do for a guess. I will 
use .1450-.1499. We have then to obtain the minus and plus 
differences of all the separate measures from the ".1450-.'l499" 
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step. To save labor in multiplication and addition we measure 
these In terms, not of units of the scale, but of steps of the scale — 
t. e., using five thousandths of a second as imity. We have then 
13 deviations of and, for minus and plus deviations: 

2 devifltitxis of —6 or —10 7 devi&tioiu (rf + 1 or + 7 

3 deviations of —4 or —12 8 devutiona <A + 2 w + 16 
11 deriationa of —3 or —33 13 devi&tions of + 3 or + 30 
13 deviations of —2 or —26 8 deviatiooB of + 4 or + 32 
11 deviations erf — 1 ot — U 1 deviations of + 5 or + 6 
40 —92 3 deviations of + 6 or + 18 

3 deviations of + 7 w -f- 21 
deviations of + 8 
deviations of + 
Ji deviations of +10 or + 10 
44 +148 

The approximate average is evidently too low. It can be cor- 
rected by adding to it the algebraic simi of the deviations divided 
by the number of cases. In the illustration this will be + ^ or 
+ ,58. .58 of a step = 2.9 thousandths of a second. The corrected 
average is then the mid-point of the M45 to .1499' step + .0029, or 
.1475 + .0029, or .1504 sec. Calling the algebraic sum of the devia« 
tions from the approximate average divided by the number of cases 
d.* .i.-.pima. n., OT simply d, and calling the approximate, or guessed, 
average G.A., we may summarize this whole calculation in the 
formulae: 

Av. = G.A. + d, 
d = (S dev. (alg.) from G.A.)/n ^ 

Calculation of the Average Deviation from the Average. — The 
procedure here is to use the sum of the deviations of the separate 
measures from the approximate average (G.A.), correcting it to 
what it would be had the deviations been reckoned from the actual 
average. The procedure is simple. In the illustration the sum of 
the deviations {all treated as positive quantities) from the G.A, was 
240 {i, e., 92 + 148), the unit being one step of the scale. Since 
the actual average is .58 step higher than the approximate average, 
53 of the separate deviations from the G.A, (13 zero and 40 minus 
deviations) will be increased, each by .58, when measured from the 
Av., and 44 of them will be decreased, each by .58. The sum of the 
deviations (regardless of signs) from the Av. will then be 240 
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+ (53 X -58) - (44 X .58), or 245.22. The A.D. from the Av. will 
then be 245.22/97 or 2.528 (still in units of a step), or .0126 second. 

The procedure for cases where d < 1 'step' is: 

Call the separate measures the m's. 

Call the total number of measures n. 

Call the approximate or guessed average G.A., and the actual 
average Av. 

Call Av. — G.A., d. Let d be given its algebraic value, + or — . 

Call the sum of the deviations of the separate measures, regard- 
less of signs, from G.A., S{, 

Call the sum of the deviations of the separate measures (again 
regardless of signs) from Av,, Si. 

Call the number of m's which are less than the Av., L 

Call the number of m's which are greater than the Av., n— I, 

Then, further use of signs being algebraic, 

S« = Sf-|-[/.d]-[(n-Odl, 
and 

A.D.tro.nAv.- ^^+-"'^ -""-"■« 

R 

The A.D. from the Mediaa. The A.D. from the Mode. — 

The procedure in calculating the average deviation from the median 
or from the crude mode is simply that used in calculating the 
average deviation from the general average, the median and crude 
mode being, by the face-value or mid-point method, always at the 
mid-point of some step of the scale. 

Calculation of the Mean Square Deviation (S.D. or <t) from 
the Average. — Find the sum of the squares of the deviations of the 
separate measures from the approximate average. Call this sum, 
S£*, Infer the S.D. from it as shown below. Since the deviations 
themselves have been computed in the calculation of the average, 
the sum of their squares is obtainable by easy multiplication, by 1, 
2, 3, 4, with — or -|- signs as the case may be, etc. Thus in our 
illustration we have already the first column below. 

UlDU* IXTUlloni Ualtlpllar SquuHof Darlttlona 

-10 -5 50 
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JO 10 K(0 

148 664 

S^, the sum of the square of the deviations of the m's from G.A. 
= 260 + 6 64, or 924. The S.D. from the actual average = 

'_ -vf — - — tfi ,' d equaling, as before, Av. — G.A, S.D, from the 



actual average therefore = -v -^ — (.58)*, or 3.03 (in units of one 
step), or .015 sec. 

The Calculation of Percentile Values. — The 25 percentile, 50 
percentile or median, 75 percentile, and Q for a series of measures 
taken at their face value can be obtained most conveniently by 
writing down the necessary sums of the mimbera of the measures 
(not of their amounts) from the beginning. Thus, all that is 
necessary in our illustration is to list, sums beside the column of 
frequencies and do the simple computations, as shown helow. 

Quinllty: 6dbi) from tht 

ThODBkDdibaarBSvo. FrequandM Bsilnnliig 

120-124.99 2 2 

125- 3 5 

130- 11 Ift^ 

135- 13 2qf. / 

« 140- 11 40; 

146 13 53. 



' The Btudent may take thia formula on tnist; or verify it empirically; or, 
if po68eseed of the lequimte knowledge of algebra, deduce it. 
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97/4 - 24.25, 97/2 - 48.5, 3/4 of 97 = 72.75. 
The 25 percentile is obviously in step 135 up to lift or, using 
its mid-point, at 137.5 of the scale, or .1375 sec. 

The median percentile is obviously in step IJ^ up to 150 or, 
using its mid-point, at 147.5 of the scale, or .1475 sec. 

The 75 percentile is obviously in step 160 up to 165 or, using its 
mid-point, at 162.5 of the scale, or .1625 sec. 

.1375 sec. „,„, 
or .0125 sec. 

The Calculation of the Median Deviation from the Average. — 
The Median Deviation or P.E. from the average is obtained either 
by relisting the measures in the order of their amount of deviation , 

from the average, as shown below for our illustration, or by simple \/ 
inspection. 

»'■ ■■'« from the Baglnntaf 

+ .42 step 7 7 

- .58 8tep 13 20 

+1.42 "8 28 

-1^ " 11 39 

+2.42 "13 .62 

-2.58 " 13 etc. 

+3,42 " 8 

etc. -3.58 " 11 

The median of the deviations is thus at 2.42 (in units of a step), or 
.0121 sec. 

The Median Deviation from the crude mode is got similarly, 
but more easily, since the deviations are all in integral multiples of 
a step. The Median Deviation from the Median is the same as Q. 

ApprozimationB. Grouping. — ^Time can be saved by grouping 
measures in a distribution more coarsely than by their face value. 
Thus the series of our illustration may be distributed by steps of 
ten thousandths of a second instead of by the steps of five in which 
the measures at their face value appeared. We then have: 

QaMtltr : 

SmodiU '^nqumoj 
.120 up to .130 6 

.130 " ■ .140 24 

.140 " .150 24 
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la general, in mental and social measurements, in the calculation 
of averages, average deviations and mean square deviations, when 
the face value of the series gives a grouping of 40 to 60 steps, it is 
allowable to group by double steps, and, when the face value of the 
series gives a grouping of 60-80 steps, to group by triple steps. 
But it should be observed that coarse grouping saves little time 
except in the calculation of the average, average deviation and 
mean square deviation. In the case of the calculation of the median, 
25 percentile, 75 percentile, and median deviation, it is the author's 
opinion that the gain in precision from the finer scale is greater 
than the loss in time, if one economizes time in recording the 
measures in the finer grouping by some such method as the following: 

Suppose the measures to be: 411, 432, 444, 451, 456, 463, 471, 
477, 480, 484, 492, 495, 495, 501, 507, 512, 513, 516, 519, 525, 527, 
532, 533, 544, 552, 566. The range of the distribution is 155 units. 
All can, however, be recorded easily thus; 
41 I 



1, 6 
3 

1, 7 

0, 4 

2, S, JJ 

1, 7 

2, 3, 6, I 



In getting the Av., A.D. and S.D., the series can ea^ly be treated 
as one of 16 steps of 10, but In getting the Med., Med. Dev., Q or 
other percentile values, advantage can be taken of the full detail. 
Approziniations for the Median Deviation or P.E. — Time can 
be saved in calculating the Med. Dev. or P.E. by using Q as an 
approximation to it. If the distribution is symmetrical, Q has the 
same value as the median deviation, and if the distribution is not 
symmetrical Q approximates to, and is at least as useful a measure 
of variability as, the median deviation. 
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§ 10. Calculations of Vtiitiea More Probable than those Got from 
Meaaures Taken at their Face Value 

So far computations have been considered on the principle that 
any measure should be taken at its face value, the face value of 
a measure in the case of a measure covering a certain distance 
on a scale being the mid-point of that space. 

It is possible in the case of continuous quantities' to estimate 
central tendencies and variabilities more precisely by considering 
certain other possibilities for the treatment of a measure like 19.4 
(measuring from 19.35 up to 19.45) than to replace it by its mid- 
point, 19.40000 etc. For example, consider the calculation of the 
50 percentile or median in our illustrative case whose data for 
convenience I repeat below. 

.120 up to .125 2 



Inferences from Continuity. — The number of measures being 97 
we have to count in 48H measures. 40 measures reach to the end 
of the ".140 up to .145" step. 48H measures will then reach to 
the ninth measure of the 13 which are in step " Jj^B up to .160." 
What is absolutely known is that the median is somewhere from 

• It should be noted that the prinriplefl in Sectiona 10 and 11 apply not only 
to Burfocea of frequency of truly continuoua voiiablee Huch aa time, legibility of 
haDdwriting, value in exchange, amount of leal, stature, knowledge of German 
and the like, but also to surfaces of frequency of discrete variables, when the 
"tUpa " in vshidt the meamrea are reported include each more than one of the uUimoto 
dUenU lUpt by less than which the actual fact cannot vary. Call all such caaes 
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.145 up to .150. By the face-value methods we locate it at the 
point .1475, which stands for the measure ".14^ up to .ISO." But 
suppose that the measures had been teported to a ten-thousandth 
of a second. It is not likely that 8 of the thirteen would have been 
below .1475 and only 4 above it. The median would, with fine 
enough scaling of the data, probably have been nearer .150 than 
.145, since it should be the point on the scale between .145 and .150 
leaving S}^ of the 13 measures below it. If, instead of merely 
accepting the mid-value for all the ' .14^ up to .150' measures, we 
use probahihties to estimate how the thirteen measures trould be 
spread from .145 to .150 we may make a probable estimate of the 
median for the distribution more precisely than as "somewhere in 
the .145-.150 space, call it at the mid-point." For example, an 
estimate of the median as .145 -|- 8}^/l3 of the step — that is, as 
,1483 sec. — is probably truer than .1475 sec. 

Consider further the calculation of the median in this same 
distribution, but arranged with a coarser grouping, as follows; 

QDkatlt)' Fnquenoj Snmi from Bagtnaing 

.120 up to.l30 S 6 



of Papili EDitiUtd 


Number of D*l]TlC>Eiilcn 


410-419 


1 


420-m 


3 


43(M39 


7 


4«M49 


12 


4S0-U8 


16 


4ao-uo 


22 


470-479 


27 


480-489 


33 


490-499 


28 


W0-GO9 


22 


SlO-519 


17 



The fact, as reported, is pKodo-eonHnwnM and the treatment will be that of a 
continuoiu variable. 
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Counting in 48}^ measures, we locate the median in the " .I4O-JSO" 
step and, if we replaced this step by its mid-point, should call the 
median .145. But if we used probabilities in placing the point to 
be reached by counting 19J^ of the 24 cases in the " .I40 up to .150" 
step arranged in order of magnitude, putting it at 19^/24 of the dis- 
tance from .140 to .150, that is, at .1481, we should obviously come 
nearer the truth as shown by the finer grouping. 

Inferences from the Form <A the Distribution. — Consider finally 
the calculation of the 75 percentile from this coarser grouping. It 
is required to count in 72^ cases from the low extreme. This 
brings us into the " .160 up to .170" step, 68 cases being below .160. 
Now .165, the mid-point of the ' .160-.170' group, would be an 
inferior estimate for the 75 percentile not only because only 4^ 
out of 21 cases need to be taken but also because the general slope 
of the distribution thereabouts (24, 15, 21, 4, 3, 1) shows that 
probably the cases would be much more frequent, if reported with a 
fine grouping, toward .160 than toward .170. 

There are then two sorts of facts that may help in estimating 
central tendencies and variabilities with a greater probable exacti- 
tude than is secured by treating each step of the scale arithmetically 
as its mid-point. First, the cases located within that step may be 
thought of as spread over it, and, second, the general form of the 
distribution may be used as a means of judging how they will 
probably be spread. We may, that is, calculate central tendencies 
and variabilities with the aid of estimates of how the separate 
measures within each step would be spread over it if the scaling 
had been very, very much finer. 

The value of using these probabilities to refine our estimate of 
central tendencies and variabilities depends evidently on the fineness 
of the grouping of the measurements as they are. The coarser the 
grouping, the more desirable it becomes to consider these two lines 
of facts. 

The following notes give the technical procedure desirable in 
calculating probable central tendencies and variabilities with the 
aid of an estimated spread of the cases over the distance denoted 
by any step. 

The Average. — No change from the face value or mid-point 
method is necessary. 
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The Median. — The cases within the step where the median lies 
may be considered as spread evenly' over the whole distance of the 
step, and the median point placed accordingly. Thus in our illustra- 
tions, since 483^ cases reach to the end of the 8^ cases of the 13 
between .145 and .150 the median point may be placed at .145 + 

^(.005). 

The Mode. — ^The queation here is troublesome. By the defini- 
tion of the crude mode as ^ven, " the most frequent measure," the 
crude mode in the case of a continuous quantity is not a point but a 
distance. To replace this distance by any point, whether the mid- 
point or one more suitable, is not so necessary as with the average 
or median, since the mode is used oftener to describe a type than as 
a single number to compute with. It may, however, be necessary 
for the calculation of variabilities from the mode and for exact 
comparison with other facts. 

The student may use common sense in picking a point to repre- 
sent the mode or he may follow certain fixed rules, which are however 
valid only for certain sorts of distributions, so that in the end 
common sense must decide whether to follow them, or he may make 
elaborate calculations of the location, on the scale, of the probable 
point of greatest frequency of the fact. 

The use of common sense consists chiefly in observing the neigh- 
boring frequencies, so as to pick a point which they make probable. 
The best fixed rule for general practise is: 

Mode = Av, — 3(Av. — Med.) (calculation being algebraic). 

The A.D. — The average deviation calculated by the mid-point 
method tends to be too large since, with fine grouping, more than 
half the cases within any step would as a rule be within the half 
of that step toward the central tendency. This may be corrected 
for as follows: 

' This is not exactly true for any Retribution, save by chance, but the dif- 
ficulties ot eatimatjng juat how the cases would, for any given diHtribuUcn, be 
spread, would be very great and the resulting greater precision trifling. 

* Let dit. stand for dUtribuHon here and later. 
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APFROXIliATK CJOBHBCTION JOS COABSII Gboupin(i — A.D. 
To estimate the probable A.D. from a very, vay fine grouping: 

U tbe die.' ranges over 20 steps or more the correction is negligible 

U the dis. ranges from 15 to 20 steps subtract .005 step 

If the dis. ranges over 14 steps subtract .005 at«p 

If the dis. ranges over 13 steps subtract .005 step 

If the dis. ranges over 12 steps subtract .01 step 

If the dis. ranges over 11 steps subtract .01 step 

If the dis. ranges over 10 steps subtract .01 step 

If the dis. ranges over 9 steps subtract .015 step 

If the dis. ranges over 8 steps subtract .015 step 

If the dia. ranges over 7 steps subtract .02 step 

If the dis. ranges over 6 steps subtract .02 step 

' If this correction is to be made, it is still easier to get an approximate 
A.D. from whatever mid-point of a step is nearest the actual average, 
counting the measures within that step as all deviating by zero, 
and then to add, according to the coarseness of grouping, as 
follows: 

If the dis. ranges from 20 to 50 steps add to A.D. app. .01 step 
If the dis. ranges from 15 to 19 steps add to A.D. app. .015 step 
If the dis. ranges from 10 to 14 steps add to A.D. app. .02 step 
If the dis. ranges over 9 steps add to A.D. app. .025 step 
If the dis. ranges over 8 steps add to A.D. app. ,03 step 
If the dis. ranges over 7 steps add to A.D. app. .035 step 
If the dia. ranges over 6 steps add to A.D. app. .04 step 
If the dis. ranges over 5 steps add to A.D. app. .05 step 

The S.D. — The mean square deviation as obtained by the f ace- 
value or mid-point method^may be given a probably more accurate 
value by correction as follows: 

Approximate CoaaEcnON for Coarse GROUPmo — S.D. 

To estimate the probable S.D. that would be got from a very, very fine 
grouping: 

If the dis. ranges over 40 steps or more the correction is <. 001 step 

If the dis, ranges from 30 te 39 steps subtract from the obtained S.D. .001 step 
If the dis. ranges from 25 to 29 steps subtract from the obtuned S.D. .002 step 
If the dis. ranges from 20 te 25 steps subtract from the obtained S.D. .003 step 
If the dia. ranges from 15 te 20 steps subtract from the obtained S.D. .005 step 
If the dis. ranges over 14 steps subtract from the obtained S.D. .007 step 
If the dis. ranges over 13 BtepB subtract from the obttuned S.D. .008 step 
If the dis. ranges over 12 steps subtract from the obtained S.D. .01 step 
If the dia. ranges over 11 steps subtract from the obtuned S.D. .01 step 
If the dis. ranges over 10 steps subtract from the obtuned S.D. .01 step 
If the dis. ranges over 9 steps subtract from the obtained S.D. .02 step 
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If Uie dig. r&ngee over 8 Bteps Bubtract from the (rf}Uuiied 8.D. .025 step 

If the dia. r&ngefl over 7 steps subtrftct from the obtaioed S.D. .03 step 

If the dis. ranges over 6 steps mibtract from the obtained S.D. SH step 

It wi]l be observed that with a. fairly fine scaling, resulting in 20 or 
more steps in the distribution's range, the S.D. is, to the second 
dedmal, the same as it would be, with very fine grouping. It is 
customary to make a less complete correction by the formula' 



3.D. - -^(S.D^ 



l)^- 



12 



in which S.D-niu. = S.D. calculated by the face-value or mid-point 
method. 

The 25 Percentile, 75 Percentile and Other Percentile Values. — 
In such unimodal dbtributions as are in question, the cases within 
the scale-interval or step wherein the 25 percentile lies will probably 
be fewer toward the extreme of the distribution than toward the 
median. Similarly for the cases within the step wherein the 75 
percentile lies. 

If the student does not take account of the slope of the fre- 
quency curve but simply treats the cases within each step or interval 
aa spread evenly over that step, he will probably improve his 
estimates over what they would be by the face-value or mid-point 
method. If he does wish to take account of the slope, the most 
convenient way to do so is by spreading the n* cases over the 
interval, " a U> a + k," putting for each successive tenth of k the 
fraction of lu which is appropriate in view of the general slope. 

As practical rules the following will lead to adequate preci^on 
for any work which the student is likely to have to do. 

If the cases are so grouped as to have a range of thirty or more 
intervals or steps of the scale, treat the cases within one interval 
as spread evenly over it, 

If the grouping is coarser, consider the n* cases of the interval, 
'ato a + k' within which the 25 percentile lies, as if they were 
distributed as follows: 

a to a + ■1': <v to .1 step per ceat. of nt. 

a + .lkU>a + .2k or .1 to J2 step 9 per cent, of nt. 

a + .2k to a + Mat .2 to .3 step 9 per ceat. of m. 

elc. .3 to .4 Btep 10 per cent, of n», 

* Sheppard'e formula. 
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A to .5 Bt«p 10 per cent, of n*. 

.6 to .6 8t«p 10 p«r cent, of n*. 

^ to .7 step 10 per cent, of nt. 

.7 to .8 Btep 11 per cent, of n*. 

^to .9st«p 11 pel cent, of flk. 

•S to 1.0 step 11 per cent, of n». 

Or, more exactly, in dependence on the coarseness of grouping, 
consider the cases within the step where the 25 percentile lies, as 
if they were distributed as follows: 

IfthaB>ni*of If tha Bant* of Ifth>Bui(*of If thaBaogaof IfthaBuKOf 





theWitrlbu- 


thg Diilrlbn- 


OwWitPlbn- 




IhaDUtrtbu- 






tlon CoTen 


tloQ CoT«n 


Uon Co»*n 


tlon CoTan 
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.3 to .4 
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10 


10 
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.4 to .5 
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10 


.Sto .6 
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10 


10 


10 
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.6 to .7 
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10 


11 


.7 to 3 
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11 


11 


11 
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10.5 
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11 


12 


.9 to 1.0 
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11 


12 


12 



Consider the cases within the step where the 75 percentile lies 
as distributed as follows: 



Oto 


.1 


.1 to 


.2 


.2 to 


.3 


.3to 


.4 


.4 to 


.5 


.5 to 


.6 


.6 to 


.7 


.7 to 


.8 


.Sto 


.9 


.9 to 1.0 



Or, more exactly, in dependence on the coarseness of grouping, 
consider the cases, within the step where the 75 percentile lies, 
as distributed as follows: 
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§ 11. Estimaiing the Central Tendency and Variability of the EnHre 

Surface of Frequency, on the Basis of n Samples Taken ai 

Random from its Total Numbers of Measures, N 

Besides getting what will probably be more accurate estimates of 
central tendency and of variability in view of what the measures 
within any one scale-interval would have been with a finer grouping, 
it is often desirable to estimate the central tendency and variability 
of the fact, supposing that many more cases of it had been taken. 
Thus suppose that a record includes 100 reaction-times of individual 
A. We are less interested in these 100 cases ■per se, than in them 
as a random sampling of the fact, A'a reaction time. It is desirable 
to estimate the probable central tendency, variability and form of 
distribution of the indefinite group of reaction times of which these 
are a limited sample. 

Consider then the problem of estimating the central tendency, 
variability and form of distribution of the surface of frequency of all 
possible cases (iV) of a fact of which n cases only are actually 
reported. In the case of the average, median, A.D., S.D., and 
percentile measures there need be no change from the procedures 
of Sections 9 and 10. 

In the case of the mode, the issue changes from finding the 
measure of greatest frequency and choosing a point within it to 
best represent it. It is now to estimate that point on the scale at 
which the curve of frequency bounding the surface for the entire N 
cases is highest. This is too difficult a problem for exact solution 
by any save expert students of mathematics. A rough approxima- 



DigitizsdbyGOOgle 



METHODS OF CALCULATION 59 

tion toward such a solution may be got by drawing a smooth curve 
to fit the observed boundiug-line of the surface of frequency and 
noting the location of its highest point. 

In the case of the Med. Dev. or P.E., if the distribution is 
approximately of the form shown in Fig. 12 (page 32), the formula 
Med. Dev. (or P.E.) = .6745 S.D. may be used to give the probable 
median deviation from their central tendency of the entire N cases 
of which the n cases observed are a random sample. 

§ 12. Summary qf Procedurea for Ordinary Statistical Work 
It is more important for the worker with measurements to know 
. just what he is doing in any case and why he does it than to follow 
any rigid conventions. But for the student who has mastered the 
reasons why, with a quantity varying continually or, if discrete, 
reported more coarsely than by its ultimate steps, it is profitable 
to take account of the probable spreading of the cases with finer 
grouping, the following recommendations as to general usages will 
be serviceable. 

1. For truly discrete meaaurea, so reported, use face- value 
methods." 

2. For continuous or ■pseudo-continuous measures: 

For the Av. — Treat the m's of each step as at its mid-point. 

For the A.D. — Treat the m's of each step as at its mid-point, cor- 
recting for coarse grouping by the table on page 55 if necessary." 

For the S.D. — Treat the m's of each step as at its mid-point, cor- 
recting for coarse grouping by the table on page 55." 

For the Median — Treat the m'6 of each step as spread evenly over it. 

For the 25 percentile — Treat the m's of each step as noted on page 
57. 

For the 75 percentile — Treat the m's of each step as noted on page 
58. 

For the § — Use the corrected values of the 25 and 75 percentile as 

" Beside the actual diBtribution and its crude mode, the moat probable dis- 
tribution for all cases of the fact (DiB.nr) &nd the most probable p(niit'inode for 
Dis-AT may be added. Such an addition is, however, inadvisable for such workers 
aa are likely to use this book, because of the great difficulty of estimating the 
most probable Dis.^ from the actual Dis.,. 

" Obviously the correction for coarse grouping need not be made, if it doee 
not affect the ugnificant figures in the result. 



Digitized byGOOgle 



60 MENTAL AND SOCIAL MEASUREMENTS 

obtained above, in the formula Q = (75 percentile — 25 per* 
centile)/2; or, in the same formula, use the values of the 25 per> 
centile and 75 percentile obtained by taking the m's of each 
step as spread evenly over it." 

For the Median Deviation or F.E.^Use Q as an approximation, 
stating the fact, or, in distributions of approximately the form 
ofPig. 12, use.6745S.D. 

For the Mode— Use Mode = Av. — 3 (Av. —Median). 

For the Skewoess — Use Skewness = "cTS " 

3. For continuous or pseudo-continuous measures it is entirely 
justifiable to neglect all correctiona for the form of disHhution. One 
may cltum that facts outside a measure itself should not be allowed 
to influence our interpretation of it, and that consequently in con- 
tinuous and pseudo-continuous measures, the measures within any 
one step should be treated as spread evenly over it. On this 
basis: 
For the Av. A.D. and S.D. — Treat the m's of each step as at its 

mid-point. 
For the Median, all Percentiles, Q and the Median Deviation — 

Treat the m's of each step as spread evenly over it. 
Correct the S.D. by the formula: 



S.D. - ^(S.D.„ui)^ 



12 



Problems 
13. Calculate the 25 percentile. Median, 75 percentile, Q, 
Average, A.D. from Av., and a (S.D.) from Av,, for each of the 
following series of measures, assuming that the measures are discrete, 
and supposing that step 1 = 21; step 2 = 22; step 3 = 23, etc. 
(See the instructions following problem 22.) 

" Since the error due to the form of the distribution acta in oppomt« direclions 
upon the 25 percentile and the 75 percentile, this much quicker procedure is 
precise enough in the case of distribuUons which are approximfitely symmetnc^J. 
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14. Change the values obtained above for Series I. to fit the 
supposition that steps 1, 2, 3, etc., of Series I. have the values 10, 
12, 14, etc. 

15. Change the values obtained above for Series I. to fit the 
supposition that the steps 1, 2, 3, etc., of the scale have the values 
60, 66, 72, etc., 

16. Change the values obtained above for Series I. to fit the 
supposition that the steps 1, 2, 3, etc., of the scale have the values, 
- 8, - 6, - 4, - 2, 0, + 2, etc. 
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17. Calculate the 25 percentile, median, 75 percentile and Q 
for each of the four series, assuming (1) that the measures are 
continuous, (2) that the m's within any step are spread evenly over 
it, and (3) that the steps, 1, 2, 3, etc., have the values 20.5 to 21.5, 
21.5 to 22.5, 22.5 to 23.5, etc. 

18. Change the values ohtained in problem 17 for Series I to fit 
these suppositions: (1) and (2) of 17, and (3) that the steps 1, 2, 3, 
etc., have the values 21.0 to 22.0, 22.0 to 23.0, 23.0 to 24.0, 
etc. 

19. Change the values obttuned in problem 17 for Series I. to fit 
these suppositions: (1) and (2) of 17, and (3) that the steps, 1, 2, 3, 
etc., have the values 30.0 to 35.0, 35.0 to 40.0, 40.0 to 45.0, etc. 

20. Record any necessary changes in the values obtained in 13 
for the Av., A.D. from Av. and a from Av. for each series, to fit 
the suppositions stated in 17. 

21. Record any necessary changes in the values obtained in 13 
for the Av., A,D. from Av. and tr from Av. to fit these suppositions: 
(1) and (2) of 17, and (3) of 18. 

22. Same as 21, save that the suppositions concerning the steps 
of the scale are to be as follows: 

In I., let steps 1, 2, 3, etc., be 17.0 lo 18.1, 18.1 to 18.3, 18.3 to 18.5, etc. 

" II., " " " " " 40.0 to 46.0, 46.0 to K.O, 62.0 to 68.0, etc. 

" in., " " " " " 8t to Si, 8i to 9, » to 9i, etc. 

" IV., " " " " " atoo+t, o+fctoo+2fc, o+attoa+3*. 

In problems 13 to 22, inclusive, be sure to work according to the 
short methods described in this chapter. Otherwise the computa- 
tions will be, very long. In choosing an approximate average, use 
the information gained in calculating the median. In recording 
results, follow a systematic arrangement, such as that reproduced in 
part on page 63. Make all answers to 13 and 17 accurate to the 
second decimal place. Accuracy to the first decimal place is all 
that is required for the others. 

In the work of computation a table of products and a table of 
squares are aids to speed and precision. Crelle's Rechentafeln and 
Barlow's TabUa are standard works. Shorter tables will be found 
in Ap[>endix II of this volume. 
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Technical Aids in Describing and Conbtructinq the Form 
OF A Surface of Fbequenct 

§ 13. Graphs and EquaHoru qf the Boundijig Lint 
The form of a surface of frequency is defined most easily by 
presenting it graphically, as has so far been done in this volume 
and as is done in Figs. 15 to 23 in this chapter. Such a graphic 
description is often the only measurement of the geometrical form of 
a surface of frequency that is practicable, especially for the non- 
mathematical student. 

The form of the surface of frequency is also definable by a geo- 
metrical or algebraical description of the line, which, together with 



Fia. IS. 



12 



the base-line, bounds it. Thus, if a: = any given point of the hori- 
zontal scale along which the tr^t in question is measured and 
y = the height of the surface of distribution at that point, the 
equation of the line bounding a rectangular surface of frequency is: 

y = KtoT values of x from Ato B, 
^ = for all other values of x, 

in which iC is a constant, the altitude of the rectangle, 

A is the distance from of the x scale to one extreme of the 

base of the rectangle, and 
B is the distance from of the x scale to the other extreme 

of the base of the rectangle. 
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Thus, Id Fig. 15, K being 5, A being 6, and B beiiig 14, the equation 
of the bounding line of the surface of frequency is: 
• y = 5toT values of x from 6 to 14, 

jf = for all other values of x. 
Similarly the equation of the line bounding the surface of fre- 
quency of a right triangle with base coinciding with the x scale, and 
with its highest point nearest to the zero-point of the a: scale, is: 
y='K{B~x) within the limits of a: = ^ and x = B, 
y = for all other values of X, 
in which ^ is a constant— the altitude of the triangle, divided by 
its base, 
A is the distance from of the * scale to the vertex of the 

right angle, and 
B is the distance from of the « scale to the other end of 
the base of the triangle. 
12- ' 




Thus, in Fig. 16, the altitude being 10, A being 2 and B being 6, 
and K consequently 2.5, the equation of the bounding line of the 
surface-t)f frequency is: 

y = 2.5 (6 — x) for values of x from 2 to 6, and 
y = for all other values of x. 
Similarly the equation of the line bounding the surface of fre- 
quency of an isosceles triangle with base coincident with the x scale is : 
y = K (x — A) for values of x from A toC, 
y = K {B ^ x) for values of x from C to B, 
y = Otoi all other values of x. 
in which X is a constant — the altitude divided by one half of the 
base. 



Digitized byGOOgle 



MENTAL AND SOCIAL MEASUREMBNTB 

A is the distance from of the ar scale to the end of the 
base nearest the zero-point of the x scale, 

B is the distance from of the z scale to the other end 
of the base, and ' 

C is the distance from of the x scale to the middle of the 
base. 



5- 




Fia. 18. Surfaoe <rf Frequeocy of Fram A. 

Thus, in Fig. 17, the altitude being 3, A being 3, B being 13, C being 
8, and K consequently being 3/5, the equation is: 

y = 3/5 {x — 3) for values of x from 3 to 8, 
y = 3/5 (13 - x) for values of x from 8 to 13, 
y = for all other values of x. 
The equation of the line bounding the surface of frequency of 
the form shown in Fig. 18 (see also Fig. 12 on page 32) is, the zero- 
point of the X scale being taken in this case, not at its absolute zero, 
but at the point where y is greatest: 



ffl/2T 
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This curve ia called the curve of error or the probability curve, 
and the surface of frequency which it encloses (with the base line) 
is called the "normal" distribution or "normal" surface of fre- 
quency or the surface of frequency of the normal probability 
integral. This last case is one of special importance to the theory 
of measurements for several reasons. One of these, which has 
already been noted, is that the distributions actually found for 
variable facts often approximate more dosely to it than to a rec- 
tangle, an isosceles triangle, or any other simple geometrical form. 
Other reasons will appear later in this volume. I shall refer to 
this form of distribution — that defined by the equation 

as Form A^ 

In this form of distribution the Average, Median and Mode coin- 
cide, for y is the same for any given — a; as for the same -f x, and 
is greatest when x=0. Constant relations hold between the differ- 
ent measures of variability, mz: 

a = 1.25331 A.D. 
ff = 1.4825 P.E. 
A.D. = .7979 <T 
A.D. = 1.1843 P.E. 
P.E. = .6745 ff 
P.E. = .8453 A.D. 
Between A v. — <r and Av. -I- w are 68.26 per cent, of the cases. 
" Av. — A.D. and Av. -|- A.D. are 57.5 per cent, of the cases, 

Av. - P.E. " Av. + P.E. " 50 " " " " " 
Fig. 19 shows a distribution much skewed, which we may call 
Form C. Fig. 20 shows a distribution still more skewed, which we 
may call Form D. The bounding lines of Fig. 19 and Fig. 20 can 
not be represented by any simple equations. 

g 14. Tables of Frequency 

The form of a surface of frequency is definable also by tables 
which give, directly or indirectly, the relative frequencies of different 

< The iitiideDt need not concern himself with this equation further than to ac- 
cept the fart that it b the equation of tJie boundlog line of figure 18. No me of 
the equatton itself win be required. 
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amounts of the trait. Titus Tables 7 and 8 tell in different ways 
the fact that the form of diatribution is a lectangle. They do 
not, it should be observed, tell whether the average is at 1, — 10, 
— 60 or 0-492, or anything else about the average, save, of course, 
that it is at the mid-point of the base. They do sot tell anything 



Fia. 19. Surface of Frequency of Form C. 



Fig. 20. Surface of Frequency of Fonn D. 

about the amount of variability or dispersion. The rectangle 
may stretch from 99 to 101 or from 60 to 6,000 or from .92 to .925. 
They tell only its geometrical form. 

These tables for showing the form of distribution of a rectangle 
are of no utility, since anyone could quickly construct any one of 
them; but the tables which follow (Tables 9, 10 and U) are useful. 
They tell approximately in figures the facta represented graphically 
in Figs. 18, 19 and 20, and so give tabular representations of the 
normal probability surface, a surface much skewed, and a surface 
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very much skewed, all three bang foims to some one of which 
an actual distribution is likely to approximate. They repeat 
exactly Figs. 21, 22 and 23, which dupGcate, in approximations 
by rectangles, I^gs. 18, 19 and 20, in order. In each of these last 
three diagrams, the total area of the surface of frequency is 10 
square inches' and each small division of the base line is ,1 a (one 
tenth of the mean square deviation of the dbtribution in question). 



TABLE 7 



TABLES 
BXI.ATTVH Frbquenoeb (in Fir 
Cstnre.) OVER £acb Tzntb of a 



-2.1 Q to -2.0 Q 



-1.80 to -1.70 
-1.7 Q to -1.6Q 
-1.6 to -1.6 



-1.10 to -1.00 



- 7. to - .6 

- .6 to - .5 Q 

- .G to - .4 



- .2 to - .1 



+ .1 to + 5 6 



+ -aX 

+ -3% 

+ M 

+ -EC 



+1.01 

+1.1. 

+1,21 
+1.3 < 
+1.41 
+1.S. 
+1.61 
+1.71 
+1.81 
+1.91 
+2.0 1 
+2.1 



to + . ^ 
to + SQ 
to + .6 



+ .80 to + .9 



! to +1.0 
1 to +1.10 
' to +1.2 
I to +1.3 
' to +1.40 
I to +1.5 
' to +1.6 Q 
' to +1.7 
,' to +1.8 Q 
! to +1.9 
1 to +2.0 Q 
' to +2.1 
I to +2.2 Q 



-1.9 <r to 


-IS a 


.000 


-1.8T to 


-1.7 ff 


.038 


-1.7 # to 


-1.6 « 


2.886 


-1.60 to 


-1.5 » 


2.886 


-1.6f to 


-1.4 » 


2.886 


-1.4«r to 


-IZo 


2.886 


-1.3<r to 


~12<r 


2.886 


-1.2» to 


~l.l>F 


2.886 


-1.1 » to 


-1.0 » 


2.886 


-I.O0 to 


- .9» 


2.886 


- .9» to 


- .8- 


2.886 


- .8» to 


- .7 a 


2.886 


- .r<r to 


- .6<. 


2.886 


- .6<F to 


- .6» 


2.886 


- .6» to 


- .4* 


2.886 


- .4<r to 


- .3ff 


2.886 


- .3«r to 


- .2ff 


2.886 


- 2<r to 


- .Iff 


2.8S6 


- .If Ut 





2.886 


Off to 


+ .Iff 


2.886 


+ .1 ff to 


+ .2ff 


2.886 


+ .2r to 


+ .3ff 


2.880 


+ .3^ to 


+ .4ff 


2.886 


+ .4> to 


+ Jiff 


2.886 


+ .6» to 


+ .6ff 


2.886 


+ .6^ to 


+ .7ff 


2.886 


+ .7tf to 


+ .8ff 


2.886 


+ .8» to 


+ .9ff 


2.886 


+ .9t to 


+1.0 » 


2.886 


+ 1.0 »■ to +1.1 IT 


2.886 


+1.1 tt to 


+1.2 ff 


2.886 


+1.2 <- to +1.3 .r 


2.886 


+1.3 tf to 


+1.4 ff 


2.886 


+1.4 <r to 


+1.6 ff 


2.S86 


+1.5 » to 


+1.6 ff 


2.886 


+1.6* to 


+1.7 ff 


2.886 


+1.7 a to 


+1.8 ff 


.038 


+1.8 ff to 


+1.9 ff 





+ 1.9 » to 


+2.0 ff 






* Except that, in Fig. 21, .013 sq. in. Bt each extreme is Dot Bhown in the 
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TABLE e TASIM 10 TABLE 11 

BaliUr* Fnqnn- BalaUr* FTcqnra- S«UUt« Fraqnot- 

dei (Id PwcaDI- cl« (In PwwDt- dia (In P«nul- 

■«() Otst EMh aiMI Otu Euh us) Orar £uh 

^Dtb or r, tn > TtDtb oC r la > TtnUi of w, la > 

Burlkoa of Fi«- Surftcv of Fn- Burfkca of Fro- 

qUBDor ofFonn^ qD«u:rofFoniit7 4aauorofFi>nni> 
-*3 a to -4.1 » .001 



3.8 » to 


-3.7 » 


.004 






3.7 <r to 


-3.6 ^ 


.005 






3.6 a to 


-3.5 » 


J»7 






3.5 ff to 


-3.4 » 


.010 






3.4 IT to 


-3.3 »^ 


M^ 






3.3 «r to 


-3.2 IT 


.02 






3.2 » to 


-3.1 <f 


.03 






3.14 to 


-3.0* 


.04 






3.0 » to 


-2.9 <r 


.06 






2.9 r to 


-2S« 


xn 






2.8 ff to 


-2.7 » 


m 






2.7* to 


-2.6 » 


.12 






2.6 (F to 


-2.5 ff 


.15 






2.S0 to 


-2.4 » 


.20 






2.4 » to 


-2.3 »^ 


J» 






2.3 » to 


-2.2 ,f 


.32 






2.2 B^ to 


-2.1* 


.40 






2.1 .to 


-2.0 <F 


.49 






2.0 V to 


-1.9 r 


j60 






1.9 ff to 


-1.8 ff 


.72 






1.8 » to 


-1.7 » 


«J 






1.7 » to 


-1.6 » 


1.02 






1.8 <f to 


-1.5 » 


1.20 






1.5 » to 


-1.4 <r 


1.39 






1.4 IT to 


-1.3 «r 


1.60 


.01 




1.3 ff to 


-1,2 <- 


1.83 


.10 




1.2 ff to 


-1.1 <f 


2.06 


.28 




1.1 <r to 


-1.0 f 


2.30 


.60 




1.0 » to 


- Si<r 


2.64 


1.14 




.9(r to 


-So 


2.78 


1.76 




.8» to 


- .7» 


3.01 


2.38 




.7ir to 


- Aa 


3Ji3 


2.94 


.03 


.e<r to 


- .Sv 


3.43 


3.49 


1.38 


.6<r to 


- .4f 


3.60 


3.99 


3.34 


Ac U) 


- .3* 


8.75 


4.36 


4.S0 


.3<f to 


- .2<r 


3.87 


4.63 


6.34 


.2 a to 


- .Iff 


3.94 


4.80 


6.85 


.W to 


Off 


3.08 


4.89 


6.05 
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TABLES 


TABLE 10 


TABLE 11 




ificnUiMedi 


(amhBwrf) 


(«m«na«i) 




BtlBtlT* Fnqaeil- 


SslaUTB Fnquan- 


BilUlK Fn««*D. 




dM (Id FamiDi- 


elM (In FarocBt- 


cdM (In P^ol- 




?5rO> oVt, in a 


Vfm) Ow EMh 

■ftnth of r. Id b 


iK'i"i".^ 




Surfua at Ti*- 


BnrTuB of' F«- 


earttat of' Fiw 




qnano/ofFoiu^ 


quuiByoTFonnO 


qaaacTofFoimi) 


0<r to + .U 


3.98 


4.89 


6.05 


+ .1* to + ^<r 


3.94 


4.80 


5.92 


+ 5ff to + ^ir 


3.87 


4.66 


5.67 


+ ^ <r to + .4 ir 


3.75 


4.45 


5.36 


+ .4 f to + ^ f 


3.60 


4JW 


5.02 


+ .B <T to + ,6 <r 


3.43 


4.06 


4.66 


+ .6 .^ W + .7 » 


3.23 


3.80 


4.30 


+ .7 » to + .8 » 


3.01 


3.52 


3.M 


+ ^ ff to + .e IT 


2.78 


336 


3.62 


+ .9 <r to +1.0 Q 


2.54 


2.99 


3.31 


+1.0 ff to +1.1* 


2.30 


2.73 


3.00 


+1.1 IT to +1.2 <r 


2.06 


2.48 


2.69 


+1J2t to +1.3* 


1.83 


2M 


2.41 


+1J* to +1.4* 


1.60 


2.02 


2.19 


+1.4* to +1.5* 


1.39 


1.81 


1.05 


+1.5* to +1.6* 


1.20 


1.62 


1.73 


+1.6* to +1.7* 


1.02 


1.43 


1.66 


+1.7* to +1.8* 


.86 


1.26 


1.37 


+1.8* to +1.9* 


.72 


1.12 


1.19 


+1.9* to +2.0* 


.60 


.98 


1.05 


+2.0* to +2.1* 


.49 


.87 


.03 


■■2.1* to +25* 


.40 


.77 


.80 


■ -2.2 * to +2.3 * 


.32 


.67 


.99 


•-2.3* to +2.4* 


.25 


.58 


M 


- -2.4 * to +2.5 * 


.20 


.50 


.52 


+2.5 * to +2.6 * 


.15 


.44 


.46 


+2.6 * to +2.7 * 


.12 


.39 


.30 


+2.7 * to +2.8 * 


.09 


.34 


.33 


+2.8 * to +2.9 * 


.07 


39 


37 


+2.9* to +3.0* 


.05 


25 


33 


+3.0* to +3.1* 


.04 


.21 


31 


+3.1 * to +3.2 * 


.03 


.18 


.10 


+3.2 * to +3.3 * 


.02 


.16 


.17 


+3.3 <r to +3.4 * 


.015 


.14 


.15 


+3.4* to +3.6* 


.010 


.12 


.14 


+3.5 * to +3.6 * 


.007 


.10 


.12 


+3.6* to +3.7* 


.006 


.08 


.10 


+8.7 * to +3.8 * 


.004 


.07 


J)8 


+3.8* to +3.9* 


.002 


.05 


.07 


+3.9* to +4.0* 


.002 


.03 


JOS 


+4.0 * to +4.1 * 


.001 


.015 


.03 


+4.1 * to +45 * 


.001 


.005 


.015 


+4.2 * to +4.3 * 
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The form of certain obtained dbtributtons may then be defined 
roughly by means of graphic comparison with Figs. 18-20 or 21-23, 
or by means of a comparison of the table of frequencies in question 
with Tables 9, 10 and II. Graphic comparison by drawing the 
surface in question, so scaled that its total area equals 10 sq. inches 
and the <r approx, 1.225 inch, over one of the surfaces shown in 
Figs. 21, 22 and 23 is perhaps the more convenient for ordinary 
practise. The mode of the surface in question should be made to 
coincide approximately with the mode of Pig, 21, 22, or 23 as the 
case may be. (In the case of comparison with Fig. 21 the median 
will serve better than the mode.) Tabular comparison requires 
that the distribution in question be put in percentages (to a first 
decimal), and that a table be constructed from Table 9, 10 or 11, 
as the case may be, with approximately the same fraction of the 
variability as the step as is the case in the distribution in question. 
This may involve a tedious, though straightforward, set of com- 
putations. 

As an illustration of graphic comparison we may take the fol- 
lowing: Required to describe the form of distribution of the fact 
shown in Table 12. 

TABLB 12 

Ratio of Attkndancii to Ehbolluemt RxFoaTiD m Aherican CmxB in 

1902, 

QBuUt7 Jnnauaar 

43 to 47 1 .18 

47 to 61- 1 .IS 

51 to 56 2 .37 

65 to 59 5 .92 

69 to 63 6 1.10 

63 to 67 36 6.61 

67 to 71 78 14.3 

71 to 76 86 15.6 

76 to 79 154 28.3 

79 to 83 107 19.6 

83 to 87 44 8.07 

87 to 91 20 3.67 

91 to 95 3 .65 

96 to 99 3 .65 



The distribution of Table 12, being drawn to the same area as 
Fig. 21 and with its S.D. approximately equal on the base line to 
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the S.D. of Fig. 21, we have the dotted line of Fig. 24. When it is 
similariy fitted to Fig. 22 (first being reversed to get the better fit) 
we have the dotted Une of Fig. 25. For convenience, the gross di- 
men^ons are reduced in both cases. The form of distribution of 
Table 12 is obviously not a close fit to either Form A or Form C. 




Fig. 25. The form o( distribution of Table 12 compand with Form C. 



Nor would it be to a form intermediate between the two. It is so 
irregular as to be best left to stand as its own description. 

8 15. The Beconatruction of a Surface of Frequency from Knowl- 
edge of its Central Tendency, Variability and Form 
In certain cases two or three figures with a statement of the 
geometrical form of the surface of frequency enable one to recon- 
struct the entire surface of frequency or distribution table. Thus, 
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"Av. =- 10; Q — 2; form of distribution, a rectangle," tells us that 
the distribution is that enclosed by the continuous line of Fig. 26. 
So also "Av. = 10; Q = 2; form of distribviion, tkat cf the surface 
(^ frequency of the normal probability integral," tells the student 
who is acquainted with certain facts that the distribution is that 
enclosed by the dotted line of Fig. 26. 



--■■ I 



Sintilarly Av. 12; Median Deviation 2,4; form of distribution a 
square of Z base, with two squares of Z/2 base adjoining it on each 
side, tells us that the distribution is that enclosed by the dash line 
of Fig. 26. 

A change in the central tendency, variability and form being 
kept constant, pushes the whole distribution forward or back along 
the scale; a change in the variability, central tendency and form 
being kept constant, shrinks it in or expands it; a change in the form 
of the distribution, central tendency and variability being kept 
constant, makes certain measures more frequent and others less 
frequent without changing the point on the scale about which 
they cluster or their general amount of dispersion. 

§ 16. Skeumeaa and MvUinwdality 

SkewnesB. — For one partial feature of the form of a surface 
of frequency, its skewness, conventional measures have been pro- 
posed. These are: 

„, (25 percentile) + (75 percentile) — 2 (Median) 

2 (A.D,4„ - A.D.-„) 
'' A.D.+» + A.D,_« 
in which A.D..f4i = the average deviation from the median of the 
measures above the median and A.D_m = the average deviation 
from the median of the measures below the median. 
3 (Av. - Median) 



Skewness = - j,,. 
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These measures are all arbitrary, and any measure of the varia- 
bility or dispersion of the measures night be used in any of the 
denominators. Some such convention has to be adopted if one 
is to compare different surfaces of frequency with respect to shew- 
ness numerically. The last is the approved one. 

Multimodality.— Multimodal distributions may be merdy 
graphed — or may be analyzed into the separate unimodal distri- 
butions out of which the investigator has reason to think they are 
compounded. No fixed rules for such analy^ can be ^ven here. 

Problehb 
In Problem 23, use paper ruled horizontally and verticaUy 
with lines one tenth of an inch apart. Let one tenth of an inch 
linear equal always I unit of the scale for the quantity; and let the 
area of one square (.01 sq. in.) equal always one tenth of 1 per cent, 
of the frequendes. 

23. Using Table 13, construct in the shape of a series of rec- 
tangles each on a base of .25a approximations to 'normal' surfaces 
of frequency (that is, surfaces of Form A) to fit each of the following: 
I. Central tendency = 40; it = 8 
II. Central tendency = 40; ff = 16 
III. Central tendency = 40; (t = 4 
TABLE 13 
Onx op the SridUKTRiCAL Halves of the Surface or Fkbqcekctt or Foeu A, 
Girraa the Fbrcentaqe or tse Total Area fob Eacb Ihtkrval 
or 2b a, STABTiNa at tbe Centkal Tendenct 

Quaotllj Tnnamej 

to .26 > 9.S7 

.25 # to .50 » 9.28 



.60 V to .76 a 


8.19 


.76 » \o 1.00 » 


6.80 


1.00 r to 1.25 9 


6.30 


1.25-^ to 1^» 


3.88 


1.50 <f to 1.75 ff 


2.68 


1.76 a to 2.00 o 


1.73 


2.00 <f to 2.25 ff 


1.05 


2.26 -^ to 2.50 B^ 


.60 


2.50 to 2.75 a 


.32 


2.75 <f to 3.00 <r 


.17 


3.00 <r to 3,25 9 


.07 
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24. Draw, all on the same acale as base, the following surfaces of 
frequency, using different colors or kinds of lines to distinguish them. 
Make all surfaces have the same area by letting 10 square inches 
equal always 100 per cent, of the measures. 

I. Av. = 6; (? = 2; form of distribution; a rectangle. 
II. Av. = 6; Q = 3; form of distribution; a rectangle. 
III. Av. — 8; Q = 2.5; form of distribution; a rectangle. 
25(a). Assign amoimts to 100 measures so that their surface of 
frequency will show about + .5 skewness — by the formula: 
3 (Av. - Median) 



Skewness = ■ 



S.D. 



25(6). Assign amounts to 100 measures so that thdr surface of 
frequency will show about — .25 skewness. 

25(c and d). Arrange similarly a distribution of about -t~ -75 
skewness and one of about + 1.00 skewness. 
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CHAPTER VI 

The Causes pF Vamabiltit 

This chapter aims to introduce the reader to an understanding 
of the nature of the causes which make a trait vary, which determine 
the extent and relative frequency of its variations, and whidi con- 
sequently determine the form of its distribution. 

It has heen shown in Chapter III. that the measure? of a variable 
fact are often distributed approximately after the fashion of the 
surface of frequency enclosed by the probability curve and its 
abscissa. Brief mention has also been made of the properties of this 
form of distribution, acquaintance with which is a great assistance 
to convenient handling of mental measurements. The recognition 
of this type of frequency surface, the appreciation of its meaning 
and that of certain common departures from it, and the use of 
tables derived from it are all possible, at least to the moderate 
degree required for ordinary statistical work, without any knowledge 
of the abstract principles involved. ' But such knowledge is well 
worth obtaining for the sake of the additional in^gh't into the 
meaning of concrete facts thereby given, and even merely for the 
sake of the additional facility in the use and construction* of tables 
and the common formulie. The present chapter will therefore 
consider especially the causes of variability in the case of distribu- 
tions of Form A. 

5 17, The Effect of Chance Combinations from Equally Potent Cautea 
Let us begin with the consideration of a quantity which is 
dependent on the action of one cause which is as likely to occur 
as not, and call the cause a. For example, a may be the acdon 
of John's father in giving him a Christmas gift of a dollar. 

The condition of affairs resulting will be, of course, no action or 
a. The quantity in question, John's Christmas money, will be or 
$1.00. Its distribution will be 
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Its surface of frequency will be a rectangle, composed of two 
rectangles of equal base and altitude. 

Suppose now that two causes contribute to determine the quan- 
tity, a and b, tbe pos^ble actions of John's father and mother, and 
that all combinaUons of these causes are equally likely. The con- 
dition of affairs resulting will be, then, no action, a, b or ab, all being 
equally likely. If now a ■■ a gift of $1.00 and 6 likewise, the quan- 
tity in question, John's Christmas money, will be 0, $1.00, $1.00 
or $2.00. Its distribution will be 



Its surface of frequency is that shown in Fig. 27. If the condi- 
tions are kept the same but the number of causes increased to three. 



LJ 



I a 

Pia, 27. 



a 3 

Flo. 28. 



the condition of affairs will be, no action, a, b, c, ab, ac, be, or abc. 
If as before a = 6 = c in magnitude, John will get $2.00 as often as 
$1.00 and three times as often as nothing or $3.00. 

The surface of frequency of the quantity, John's Christmas 
money, will be four rectangles, as shown in Pig. 28. 

Keeping all the conditions the same, let the number of causes be 
increased to 4, then to 5, and then to 6. The condition of affairs in 
each case and the resulting distribution-schemes and surfaces of fre- 
quency are given in Tables 14, 15 and 16, and Figs. 29, 30 and 31. 
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In these tables ab, hde, abed, and the like mean (a + &),(& + <£+ e), 
(a + 6 + c + d), etc., nrf (o X 6), (6 X d X e), etc. 



A 



L 



■HL 




2 3 4 5 « 



TABLE 14 
CoKBiMA'noMB OF 4 Gaubxb, ( 



TABLE 15 
CouBiNATioHS OF 5 Causbs, O, h, I 



2.00 
3.00 
4.00 



oc, ad, ae, he, })d, he, ed, 
abd, abe, acd, aee, ode, bod, bee, 
ahee, abde, aede, bede 



abef, 
bcde, 





TABLE 16 


COUBINATIONB 


or 6 Caoseb, a, h 


U i 


•y 


, 


t, A 


e. 


/ 


t t 


t. 


5?; f 




Bed. 


i^ 



1.00 
2.00 
3.00 
4.00 
5.00 



obce, ofcg'; oMe, ^>dS\ 

aedt, acdj, aeeS, odi^ f 

beds, beef, bdef, edrf J 

abe^, (W. "W. «^. t«^ 



5.00 
6.00 
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It 13 apparent that the surface of frequency of a quantity depend- 
ent upon the action of caus^ equal in magnitude, any combination 
of which is equally probable, tends, as the number of these causes 
becomes great, to approach Form A, the probability type. This * 
is emphasized by Table 17 and Figs. 32, 33 and 34, which give the 
results in our illustration if the number of causes is increased to 10, 
15 and 20 respectively. When the number of causes is infinite the 
result is exactiy Form A. 

TABLE 17 

CoKBINATIONa OP 10, Ifi AND 20 CaUBKS 
Qusntitjr : Fnqunier In Cua 

Dallm 01 10 Of IS Of 10 



1 



10 



15 



20 



5,005 
6,435 
6,435 



1,140 
4,845 
15,504 
38,760 
77,520 
125,970 
167,960 
184,756 
167,060 



16,504 
4,845 
1,140 



20 I 

The probability type of distribution may therefore be expected 
in the case of the different performances or measures of an individual 
in the same trait, if any one of his performances in the trait is due 
to the action of some one combination from a large number of 
causes of equal magnitude which are independent of each other, so 
that any combination is as likely to occur as any other; may be 
expected in the case of the different measures of individuals in a 
group, if the tendency of any individual in the trait is due to the 
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action of some one combination, characteristic of his make-up, from 
such a large number of causes. If, that is, we think of any single 
act of a person as a result of a chance combination from amongst a 
number of causes which determine acts of that sort characteristic 
of him, we shall expect his different manifestations of the trait of 
which that act is a sample to follow Form .il; so also, if we think of 
the quantity of a trait in any single individual of a group as a result 




of a chance combination from amongst a number of causes char- 
acteristic of the group as a whole which determine that trait, we 
shall expect the manifestations of that trait by the group of which 
he is a sample to be distributed in Form A. 

The clause 'so that any combination is as likely to occur as 
another' and its synonymous phrase 'a chance combination from 
amongst' need some explanation. They refer to the fact that the 
causes must be independent of each other if the distribution of the 
trait is to be of Form A. The need of this condition will be apparent 
from the facts of the next section. 
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§ 18. The Effect of Dependence and Unequal P<Aenry 
Suppose that in our previous case of John's Christmas money the 
six causes a, h, c, d, e and / were as before, except that no action 
was barred out, and that if a acted h and c must also, and d, e and / 
could not; while if d acted e and/ must, but a, h and c could not. 
Imagine, for instance, that it was agreed to take turns in preventing 
a penniless Christmas; that the father agreed to give his dollar if the 
mother and sister would always join with him and the grandfather, 
grandmother and brother would keep their money to themselves. 



Fia. 35. 




2 3 '1 
Fia. 36. 



while the grandfather agreed to give his dollar upon the condition 
that he be joined by grandmother and brother and that father, 
mother and sister refrain. The condition of affairs then could only 
be obc or def instead of the range of possibility of the illustration in 
its first form. Although there are six t^uses, the result is as if 
there were only one, and that always operative. 

Suppose the presence of a or 6 or c to always cause that of the 
other two of the three, and similarly for the presence of d, e or /. 
This means that whenever cause a appears it adds to itself h and c,. 
whenever 6 appears it adds to itself a and c, and so on. Every con- 
dition in Table 16 with a or 6 or c in it must then become ahc% 
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every condition with d or c or / must become def; every coDdition 
with one from the abc and one from the def group must become 
abcdef. Thu3 the condition of afiFaira would be, instead of that in 
Table 16, the following: no acHon, 1; abc, 7; def, 7; abcdef, 49. 
The distribution would then be (as shown in Fig. 35): 



3 U 

6 49 

Suppose tiie presence of a to imply always that of c, d, e and /, 
the presence of b to imply always that of d, e and /, the presence of 
c to imply that of e and/, and the presence of d that of/. The dis- 
tribution would be (as shown in Fig. 36) : 

QawtitT 1 
Dalian Fnqnnkqr 



Suppose the presence of a or 6 or c implies the other two of the 
three, and that the presence of e implies that of /, and vice vena. 
The distribution will be (as shown in Fig. 37) ; 



It is clear then that the interdependence of the causes determin- 
ing the quantity of a trait may cause ail sorts of departures from the 
normal type of distribution, skewnesses and multimodal conditions, 
etc.; may, in less technical terms, cause the amounts of it appearing 
in an individual's different records or in the different individuals of 
a group to vary in all sorts of ways. In the illustration only simple 
and total dependencies were considered. Complex and partial 
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dependencies would complicate the results to a well-nigh endless 
extent. 

It should, however, be noted that if the causes are numerous and 
their interdependences of a random, hit-or-miss character, their 
combined action may be practically identical with that of totally 
independent causes. Thus, to continue with the same illustration, 
if there were five hundred relatives they might plan together in 
groups on various ways to give or withhold, and yet the final 
resultant, the probable total of John's Christmas income, might 
show no considerable differences from the total in case they had all 
acted independently. 

The same infinite variety in the form of distribution may be 
brought about b^ inequality in the magnitude of the causes. Of 
this the reader may best convince himself by so varying the magni- 
tude of a, h, c, d, e and/in Table 16. For instance let a = 10, 6 = 5, and 
let c, d, e and / each equal 1. Then we have, as shown in Fig. 38, 

QBuUtjr 



Here again, however, with many causes and with a not too great 
variation in their amounts, the resulting distribution may approxi- 
mate closely to Form A, 

Finally, it should be remembered that the illustration taken is 
untrue to the common conditions of life in one respect. For these 
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show us, not a group of causes, a chance cobibination from which 
determines the event, but such a group, acting together with tome 
&matant cause or »et of cauaeg. Stature, strength, memory, wage- 
earning capadty, are due to certiun constant causes whidi always 
act on all, plus a group, the action of which may be regarded in the 
mathematical fashion of this chapter. The addition of such a 
constant set of causes does not, of course, alter the form of distribu- 
tion in the least, but simply adds the same amount to all its quan- 
tities, pushes them all ahead on the scale. In our illustration the 
a'a, b's, c's, etc., might more properly be the amounts which dif- 
ferent friends might or might not give in addition to minimum sums, 
k, ki, kt, etc., which they always give, or be the gifts of some friends, 
who could not be counted on, superadded to a set of inevitable 
gifts X, y, z, etc., from a few. 




The commoner method of describing the t^pe of causation re- 
sulting in the probability surface of frequency pf the amount of a 
trait starts with the presupposition that a certain amount tends to 
be and considers the causes as increasing or decreasing this. It is 
also common to use the frequencies, not of amounts of some con- 
tinuous quantity, but of different proportions of black and white, 
or the like, in a chance draw of balls. The principles involved are 
precisely the same as those which have appeared in the more readily 
understood cases used here. 

I have so far tried especially to show how the cooperation of a 
number of causes, each of which has a given likelihood of acting, 
may produce in the trait due to them a distribution of Form A. 
Incidentally, it has been noted that in general the form of distribu- 
tion of any variable trait is due to the number of causes that 
influence its amount, their magnitude and their interrelations. 

The form of distribution then is purely a secondary result of a 
trait's causation. There is no typical form or true form. There is 
nothing arbitrary or mysterious about variability which makes the 
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so-called normal type of distribution a Decessity, or any more 
rational than any other sort or even any more to be expected on 
a priori grounds. Nature does not abhor irregular distributions. 

On a ■priori, grounds, indeed, the probability curve distribution 
would be exactly shown in any actual trait only by chance. For 
only by chance would the necessary conditions as to causation be ful- 
filled. And in point of fact, as the reader will frequently be told 
by the adjective "approximate," the exact probability curve 
distribution does not appear in the facts or give signs of being at 
the bottom of the facts of mental life. The common occurrence of 
distributions approaching it is due, not to any wonderful tendency 
of a group of cooperating causes to act so as to mimic the combina- 
tions of mathematical quantities equal and equally probable, but 
to the fact that many traits in human life are due to certain causes 
plus many occasional causes largely unrelated, small in amount in 
comparison with the constant causes and of the same order of 
magnitude among themselves. 

It is the folly of the ignoramus in statistics to neglect the applica- 
tion of the algebraic laws of combinations to variable phenomena; it 
would be the folly of the pedant to try to bend all the variety of 
nature into conformity with the one particular case of the frequency 
of combinations which results in Form A for the total distribution.' 

Fboblems 
26. Suppose that, in Table 16, a = 6, 6 = 5, c = 4, d = 3, c = 2, 
and / = 1. Draw the resulting form of distribution for a chance 
selection from the combinations possible.* 

' It in a question whether Bludenti of mental meHSurement should not from 
the bet^nninK be tai^t to put the normal probability distribution in its proper 
place as amply one amongst an endless number of posrible distributious, each 
and all due to and explainable by the nature of the causes determinin); the vari- 
atiom in the trait. The frequency of the occurrenc; of distributions somewhat 
like it rould then be expluned by a vera ea-uta, the frequency of rertain Boris of 
causation. On general principles this seems desirable; but in order to make for 
the student connections with the common discuBnions of statistical theory and 
practise and with the concrete work that haf been done with mental messure- 
ments, I have compromised and, to some extent, subordinated the general ra(tim- 
ok of the form of distribution to the explanation of the probnbility curve type. 

■ Remember that oh, ode, and the other entries of Table 16 mean that the 
effect of a and that of b are added; that the effects of a, d and e are added, and 
similarly for every combination. 
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27. Suppose that, in Table 16, a = 10, 6 = 10, c = 10, d - 1, 
e = 1, and/ = 1. Draw the distribution as in 26. 

28. Suppose that, in Table 16, the presence of a and b together 
implied that of c and that the presence of d and e together implied 
that of /. Draw the resulting distribution, if a, b. e, d, e and / are, 
in each case, equal to 1. 
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CHAPTER Vn 

The Measurement of a Group 

§ 19. The Use of Measures (^ IndividuaU to Obtain Measures qf 
Groups 

The sciences of human nature often use measures of individuals 
only in order to get measures of groups. Not John Smith's spelling 
ability, but that of all fifth grade boys taught by a certain method ; _ 
not ^'s delicacy of discrimination of weight, but that of all men; 
not B'a wage, but that of all railroad enpneers during a certain 
period; not the number of C's children, but the productivity of 
the English race as a whole; not individuals, but groups, are often 
the facts to be measured, compared and argued about. 

Variations amongst the Individuals ai a Grotqt. — The customary 
expression of a trait or ability in a group is its average, and the 
use of an average here, as before, points to the variability of the 
fact. We do not seek the average law of gravity, or the average 
ratio of amount of oxygen to amount of hydrogen in an atom of 
water, or the average velocity of sound. It is because of the unlike- 
ness, the variability, of even the most similar individuals in even the 
most constant qualities that we are forced to use averages at all. 

An average no more represents the different members of a group 
than it did the different measures of a trait in a single individual. 
The thing, fact A in the individuals of group X, is a variable quantity 
and is measured only by a list of the different degrees of the trait 
found in all the individuals of the group, with a statement of the 
number of times each appears. A table of fluencies or surface of 
frequency will be the adequate measure here, as before. The 
measure of a fact in a group is its total distribution, and this total 
distribution is simply all the separate measures of the individuals 
making up the group. 

The measure taken for each individual may be his average, or his 
most frequent ability, or highest ability shown, or lowest ability 
shown, or ability exceeded in 50 per cent, of his trials, or ability 
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exceeded in 70 per cent, of his trials, or variability or any other 
characteristic of "individual in group X." 

Means of MeaBuiii^ the Central Tendency and the VaziabiUty 
at a Group. — Tie determinations of the central tendency and 
variability of a measure of a group are made in just the aame way 
as in the case of a measure of an individual, and the different 
measures of them have here the same characterisdcs. The formal 
and mathematical problem is identical whether we have varying 
records of one individual or varying individuals of one group. 

Instead of "central tendency of the different measures of one 
individual in respect to some trait" we have "central tendency of 
the different individuals of one group in respect to some trait." 
Instead of "variability of the different measures of one individual 
in respect to some trait" we have "variability of the different 
individuals of one group in respect to some trait." 

As in the case of individual measures, it is a safe rule never to 
replace the total distribution by any partial expressions of it until 
it is necessary. As in the case of an individual measured, the 
distributions may conceivably take all sorts of forms and be quite 
unrepresentable by any simple arithmetical constants. 

The Effect of Inadequate Measures <rf the Individuals. — An 
accurate representation of the central tendency of a group may be 
had from very inadequate measurements of the individuals in it-~ 
for instance, from records of only one or two of the varj-ing scores 
of each individual. The reason is, of course, that, the errors being 
chance errors, the too high rating of individual A is counterbalanced 
by the too low rating of B, and so on ; so that the central tendency 
for the group as a whole is substantially as it would have been had 
each individual in it been measured a hundred or more times. Thus, 
the first column of frequencies in Table 18 gives the distribution 
of the abilities of a hundred individuals, in a test of sensory acuity, 
twenty records from each individual being used. The second 
column of frequencies gives the distribution when only four records 
taken at random from the twenty, were used. The central tendency 
computed from the second column differs from that computed from 
the first by only one fourth of one unit of the scale, or about one 
per cent, of the total range. 
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Atiraos Erkor in Drawiko a Link to Eqcai. a 100-mu. Lins 
A — averages calculated from 20 trials foi each individual. 
B — averagefl calculated from 4 triab. 



-100 to -120 

- 80 to -100 

- 60 to - 80 

- 40 to - 60 

- 20 to - 40 

to - 20 
to + 20 
+ 20 to + 40 
+ 40 to + 60 
+ 60 to + 80 
+ 80 to +100 
+100 to +120 
+120 to +140 



The effect of inadequacy of the measures of the individuals iu it 
upon the variability of the group, is, on the other hand, to produce 
an error which acts in the long run to make the A.D., S.D., Q, or 
any other measure of the dispersion of the individual members 
about their central tendency, too large. That this is the case can 
be easily seen by comparing the dispersion of the measures of the 
group a-j got by taking for each individual in Table 19 the average 
of his ten scores, with the dispersion got by taking for each individual 
one or two scores at random. That it must be the case can be 
inferred from the following: Let A, B, C, D, etc., he the adequate 
measures of certain individuals in a certwn respect. Let Z be the 
dispersion of A, B, C, etc., around their central tendency. Let 
Oi, oa, Of, etc., be the separate scores from which the adequate 
measure A is derived. Let 6i, fcj, 5i, etc., have the same relation 
to B; let ci, d, cj, etc., have the same relation to C; and so on. 
Let wi be the dispersion of ai . . . On around wJ; let w^ be the 
dispersion of bi . . . bn around B\ and so on. 

Then V, the dispersion of the individuals around their central 
tendency when measured inadequately by say Oi and Oi, 6i and 
hi, Ci and d, etc., may be considered as the result of the combina- 
tion of the causes producing Z and those producing i^, m^, wtt 
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etc. Since Wj, Wj, wi, etc., are mutually uncorrelated and are 
uncorrelated with Z, the result of the combination of causes is to 
make V greater than Z. 

TABLE 19 

The Scobgs or Ten Inviyidualb Each at Twelve Independent Tests or 

THE TsATT IN QuxBTioN, AND THE AvERAQB OP THE TwBLVE roB Each 

iNDIVtDUAI. 



I I I I I I ^ ^ I I ! I li 

22 9 31 18 19 21 20 20 24 27 13 16 20 

18 20 24 21 33 15 23 11 22 29 22 26 22 
26 14 24 18 23 36 25 32 27 25 21 29 25 

19 37 34 28 23 30 30 41 28 32 29 31 30 
31 27 20 31 29 42 38 30 32 35 24 33 31 
33 20 25 43 31 36 21 32 30 28 32 34 32 

35 34 36 39 24 35 46 42 31 33 2S 37 35 

36 26 39 44 48 37 35 38 30 33 41 37 37 



§ 20. The Extent to Wktck the Surface qf Frequency of " Fact T in the 
Case of the Different Individuals in Group a . . . n,"Approxi- 
mtUes Form A, the So-called " Normal" Form 
The differences amongst individuals in certain groups, with which 
students of mental science ba^e to deal, in the case of meet anar 
tomical traits, of very many physiological traits, of many mental 
traits and of at least some institutional and social traits, are such 
as to produce in the measurement of the group an approximation 
toward a unimodal distribution the variability of which is of such 
a nature as to justify one in regarding the members of the group 
as representatives clustering about a type, departures from which 
show a certain regularity. In other words, distribution is often 
unimodal, the statistical average or mode very often represents a 
real central tendency or type, and, the departures from it occurring 
in an orderly way, one or two figures can often represent the real 
clustering of individuals about a type. 

In particular there is found often a form of distribution (1) 
approximating the symmetrical, with its mode approximately at the 
average, so that both are nearly coincident with the median, and 
(2) characterized approximately by a slow decrease in frequency 
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for a certain distance above and below the mode, a more rapid 
decrease from then on for a way, and finally & slower decrease until 
the limits are reached. This description the reader will recognize 
as the description of a distribution of approximately Form A, that 
of s quantity determined by the action of a large number of inde- 
pendent causes equal in amount; in other words, that of the surface 
bounded by the probability curve. 

In so far as this particular uniformity in distributions does exist, 
we are freed from the necessity of devising a separate means of 
quantitative expression for each group measurement studied, and 
permitted to express it at least approximately in two figures, one 
telling the general tendency or type, the other the variability, the 
form being assumed to be approximately Form A. 

I have represented graphically in the following pages distribu- 
tions of a number of anatomical, physiological, mental, social and 
institutional facts, drawing them so that a rough comparison with 
the surface of frequency of the probability integral can be made 
in each case.* The examination of these will give a concrete and 
reasonably accurate notion of the frequency with which the measure- 
ment of a group is again and again approximately the same statistical 
problem. 

In these diagrams (I^gs. 39 to 65) the continuous lines enclose 
the surface of frequency of the fact in question. The dotted lines 
give approximately the surface which would be found if the distribu- 
tion of the trait followed Form A, the probability surface. Where 
the actual distribution obviously is not even approximately of this 
form, the dotted lines are omitted. The exact nature of the trait, 
the number of individuals and the source of the data in each case 
are given in the list that follows. When no source is stated the 
author is responsible for the original data. Unfortunately, the 
equality of the steps taken as equal in the scales by which the facts 
of Figs. 49, 50 and 52 were measured, is far from certain. Conse- 
quently the diagrams may not represent the true form of distribution 
in these cases. 

■ In the dght yean since the first edition of tliifi bocdc appeared the practise 
recommended in it — of reporting the entire distribution of any varifkble fact 
instefkd of merely its average or average and vari^ility— has ttecome the customary 
one with many workers, and a very great number of further illustrations could 
now be printed. 
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Fia. 3S. Height of Americoa adult men. In iDcha. N (number of caaes) 
- 2537s. Drawn from the table ^ven by Karl Pearson on page 385 of Vol. 186A 
f4 the PhUaaojAiad TranaadioTu of tht Royal Soculy of LoruUm. He quotes from J- 
H. Baxter, Medical Statistics of the ProvoBt Marshal's Graieral Bureau. 

Fio. 40. Weight of EngUsh adult men. In pounds. N - 5,552. Dr^wn 
from the table (pven in C. Roberts' "Manual of Anthropometiy "; appendix. 

Fia. 41. Cephalic Index (ratio of width to length of head) of modem Alt- 
Baywische akulls. N — 900. Drawn from the table gjven by Karl Pearson in 
"The Chances of Death." 

Fia. 42. Length <rf male infants at birth. In incbea. N •■ 151. Source 
the same as for Fig. 40. 

Fia. 43. Girth of chest, empty, of T'^ £!'■>' army recruits. In inches. N — 
675. Source the same as for Fig. 40. 

Fia. 44. Strength of ann pull. English adult men. Pull exerted as in 
drawing a bow. In pounds. N — 1,497. Source the aame as for Fig. 40. 

Fia. 45. Body temperature at the mouth in American women. N — 158. 
I am indebted for the original measures to Professor T. D. Wood, of Teachers 
CoLege. 

Pio. 46. Heart rate (after vigorous exercise) in American students, young 
men 16 to 20. Number of bests per 60 seconds. N - 312. I am indebted for 
the original measures to Dr. G. L. M^lan, of Columbia Univermty. 

Fio. 47. R«action time of American college freshmen. ThcnjsandthH of a 
second. N - 252. I am indebted for the original measures to Dr. Clark Wisaler, 
of the American Museum of Natural History. • 

Fio. 48. Memory span for digits in American women students. Number 
of dijjts correctly written and correctly placed. N - 123. 

Fio. 49. Efficimcy in perception of 12.5-year-old boys. Number of A'b 
marked in 60 seconds on a sheet of 13 lines of capital letters (see sample below). 
N - 312. 

OYKFIUDBHTAGDAACDIXAMRPAGQZTAACVAOWLYXWABBTHJJAN 
EEFAAMEAACBSVSKALLPHANRNPKAZFYRQAQEAXJUDFOIMWZSA 
UCGVAOABMAYDYAAZJDAUACINEVBGAOFHABPVEJCTQZAPJLEIQ 
WNAHRBUIAS 

Fia. 50 Efficiency in controlled association of 12.5-year-olds. Number of 
correct minus number of incorrect oppoutes of the following words written in 60 
seccmds: Good, outmde, quick, tall, big, loud, white, light, happy, false, like, rich, 
sick, glad, thin, empty, war, many, above, friend. N " 239. 

Fio. 51 Accuracy of estimation of length in girls 13 to 15 years oH.* Aver- 
age variable error, in millimeters, in 30 attempts to draw a line equal to a 100-mm. 
line seen. N = 153. 

Fio. 52. EfBciency in complex perception of 12.5-year-old boys. Number 
of words containing a and 1 marked in 120 seconds in a sheet of words (see sample 
below). JV - 312. 

Dire tengo antipatia senorcs; esto eeria necedad, porque hombre wale mempre 
tantocomootrohombre. Todaa claseehambre8merito;rcsuniidaacucntaa, sulpa 
Buya vizxonde; pero dire sobrina puede contar dote viente cinco duroa menos, tengo 
apartado; pardiei tamado trabajo atesorar-los para enriqueccr-cstrano. 

Flo. 53. Ratio of attendance to enrollment in public schools of cities and 
towns of. over 8,000 iiihabitant« in Ohio, Indiana, Illinois and Iowa. N — 115. 

'The 13-, 14-, and 15-year old ^rls did not differ as groups. 
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Fio. 64. Wages of cotton operotiTee (b BhiUings per week). N is large, but 
not ^ven. The dst& are taken from Bowley'e "Elements of Statietica," p. 96. 

Fia. 56. Age of graduation from American colleges. Men only taken. 
If - U13. 

Fia. G6. Cott pw pupil erf public scliool education in American cities of over 
8,000 inhabitantfl. The cost is here taken per pupil actually present throughout 
the year. That is, the cost per pupQ equals amount spent divided by average 
attendance. In dollan. fif ~ 466. The amounts and average attendances are 
those pven in the Report of the U. S. ConunissioDer of Education for 1901. 

Fio. 57. Wages erf American workingmen per day. In cents. N — 6,123. 
The data are taken from Bowley's "Elements oF Statistics," p. 120. He quotes 
them from a U. 8. Senate report. 

Fio. 68. Fig. 39 with a coaraer grouping. 

Fio. 69. Ratio of att«idance to eorollment hi public schools of American 
cities of over 8,000 inhabitants. N - 646. 

Fia. 60. Incomes of American colleges for men and for both sexes. The five 
per cent, who in the year taken had incomes of over S150,000 are omitted. la 
thousands of dollars. JV - 438. 

Fio. si. Age at marriage of gifted American men. N — 744. 

Fig. 62. Frequency of divorces in different yeara after marriage. The cases 
aft^ twenty years are undistributed by the compiler and are here given a probable 
^stribution. N - 109,960. The data were taken from Karl Pearson's table, 
Phii. Tran*.oflheRo]/<dSocietj/,'Vo\. 186A, p.395. He in turn quotes them from 
W. F. Wilcox, "The Divorce Problem." 

Fio. 63. Siie of New England families, 1725-1800. The number of children 
bom to women during twenty years or over of married life. JV — 163. 

Fia. 64. Infant mortabty in ciUes and towns of England and Wales. 
Number of deaths per 1,000 births. N — 112. Arranged from data pven by 
Miss Clara Collet in the Journal <4 tht Boyal SuaUtiml SocUty, June, 1898. 

Fio. 65. Frequency of death at different ages. After Karl Pearson, 
"Chances of Death," Vol. I., p. 27, ^ is very large. 

In figures 39 to 65, the limits to whicJi the surface of frequency extends are 
shown by short vertical lines in those cases where the length of the columns of 
which it is composed is so small as to be unnoticetdile. See, for instance, l\ and Ji 
m Fig. 39. 

It appears from the illustrations given here and from the larger 
group from which they are a selection, that when the distribution of 
the individuals in a group is around one type, the form of the cluster- 
ing is more often like the normal form than like any other one form. 
Consequently when, in ignorance of the actual form, some form has 
to be assumed, form .4 or a modification of it is the best one to 
assume. On the other hand, the approximations are so imperfect 
that the assumption, though the best single one, is essentially unsafe. 

It is, of course, not desirable to have to make any assumption 
about the form of a surface of frequency. Whoever reported the 
central tendency and variability should have reported the entire 
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Flo. 39. Height of mm. 

Pio. 40. Weight of men. 

Via. 41. Cephalic index. 

Fia. 42. Length of infanta. 



Fio. 43. Girth of cheat. 

Flo. 44. Strength of arm puQ. 

Fig. 45. Body teTOperature, 

Fio. 46. Heart rat« after acettOK. 



Digitized byGOOgle 



THE MEASUREMENT OF A GSOUP 




Pio. 47. Reaction time. 

FlO, 48. Memory span for dipta. 

Fia. 49. Efficiency in perception of A'a. 

Fig. 60. Efficiency in association of ideas. 

Flo. 51. Accuracy ot eetimatjon of length. 

Fia. 52. Effidoicy in perception of words. 
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Fia. S3. Ratio of Bchool attendance to enrollment. 

FiO. 54. Wages of cotton operatives. 

Fia. 55. .^e of graduation from college. 

Flo. 56. Coet per pupil of education. 

Flo. 67, Wagee of American workingmen. 

Fig, 68, Wagee of American workmgmen. 

Fio. 59. Ratio of school attendance to enroUmeat. 

Fia. 00. Incomes of collegee. 
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Fia. 61. Age of maniage of gifted m«n. 

Fia. 62. Frequency of divorces at diSecent dates after marriage. 

Fio. 63. Sn of New England famiBM. 

Fio. 64. Infant mortality. 

Fta. 6&. Frequency of death at difierent ages. 
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table of frequencies or a graphic representation of them or a clear 
statement of their geometrical form. But until about 1900 such full 
reports of variable facts were rare in the literature of psychology, 
sociology, education, or the other mental and social sciences, and 
they are still f&r from universal. Hence many of the measurements 
that exist have to be interpreted by some more or less speculative 
supposition about the form of the surface of frequency if they are 
to be used in detail at all. It is also often necessary to make an 
assumption concerning the form of distribution in the case of 
traits where equality in the units of the scale is dubious. 

§ 21. The Ijiterpretation of Divergences from Form A in the DistrOni- 
fion cf a Group 

Such Divergences May Be Significant. — The form of distribution 
for any group deserves careful study. 

For instance, if in a measure of the scholarship of men one 
obtained a distribution like that represented in the upper diagram 
of Fig. 66, it might appear reasonable to say that intellect was 
distributed in a very irregular manner and in such a way that there 
were no grades very far below the commonest condition, but that 
grades above it existed over such a range that the highest ranking 
person was ten times as far above the mode as the lowest ranking 
person was below it, and that the grades up near the highest were 
more common than those a littie nearer the mode. Further con- 
sideration, however, might show that the infrequency of low grades 
was due to the fact that in our measurements we had tested only the 
better classes — had selected against the idiots, illiterates and incom- 
petents; and that the apparently greater frequency of very high 
grades than of moderately high grades was due to our having 
measured some thousands of indiv'iduals from the better classes 
together with a few hundred expert scholars. Scholarship in 
general might really be distributed normally as shown in the lower 
diagram of Fig. 66, and our result be due to the influence of selection 
and of mixing two species, untrained and trained men. On the 
other hand, if one obtained for scholarship a normal distribution, 
one could not be sure that in the natural group, men, scholarship 
was normally distributed, unless these same factors of elimination 
and mixture were excluded. For example, if one got a normal dis- 
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tribution from measuring 13-year-old boys in the next to the last 
grammar-school grade, he could be practically sure that for all 
13-year-old boys the distribution would not be normal. The duller 
13-year-oId boys would not have reached that grade and the very 
bright ones would often have passed it. The actual distribution 
may be in part the result of the mixture of species or of selection. 




FiQ. 66. An irregular distribution (upper diagram) possibly due to artifidal 
elimination and mixture in the course of the meaaurements, the true fact being 
that shown by the lower diagram, 

Homogeneous and Mixed Groups. — Homogeneity is in general 
not an absolute, but a relative, quality. A group of animals is 
homogeneous compared with a group of animals and plants mixed. 
A group of human beings is homogeneous compared with a group 
of men, dogs, worms and fishes. A group of college graduates is 
homogeneous compared with a group of college graduates, illiter- 
ates and idiots. Utler homogeneity would equal identity. We 
commonly mean by the homogeneity of any group with respect 
to any trait, such likeness amongst its members, with respect to the 
forces producing the trait, that there is no reason for separating 
them into several groups rather than leaving them in one. Thus 
the group 'a speaes' of the zoologist or botanist is homogeneous 
with respect to its anatomy. Thus the group 'children of the same 
race, sex and age' is probably homogeneous with respect to the 
trait 'maturity.' Thus the group 'wages of unskilled laborers 
under the same conditions of work and cost of living' is homogeneous 
to the economist. 
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of ibe influence of combination upon the fonn 



Four normal distributiona, E, F, and H, when combined, ^ve a flattened 
and positively skewed diatribution. 

Three nonnsl diatributioiu, /, J and K, when combined, give a markedly 
skewed distribution. 

Two dietributions, L and Af , of identical mode but differing variability, give, 
wben contained, a fonn midway between the two. 

Two diatributiona, ff and O, one positively and the other negatively skewed, 
pve, when combined, a normal diatribution. 
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The effect on the diatribution of a trait of putting together 
groups different as groups with respect to the trait can be seen from 
the diagrams of Fig. 67. 

It is obvious, in general, that ^ven any form of distribution, it 
might be accounted for, so far as the bare fact of its existence went, 
by any one of a practically infinite number of different compound- 
ings of groups. The mere form of distribution does not itself tell. 
Recourse must be had to a study of the real facts about the group. 

I shall consider further only the case of the compounding of two 
or more groups, each of which by itself shows approximately normal 
distribution, which differ in respect to the amount of the trait. It 
is clear from the diagrams that the result on the form of distribution 
of the total group will be multimodality or a flattening of the top of 
the surface of frequency at some point. If one has reason to beUeve 
that the trait he is studying would in a homogeneous group show 
normal distribution, the existence of such multimodality or flatten- 
ing may properly lead him to suspect the mixture of two groups or 
species and to examine the cases with a view to separating them 
into more homogeneous groups. 

One special case of importance is that where the total group is a 
compound of a very large number of groups so differing that their 
central tendencies form approximately an arithmetical series. 
Such total groups would be, for instance, measurements of children 
eight to twelve years of age in some physical or mental trait subject 
to growth, or of teachers' salaries over a period of years during 
which there was a steady rise in values. 

The Effect of Selection and Elimination. — Only very infre- 
quently does the measurement of any trait in a group include all 
the members of a group. It is, on the contrary, the result of 
measurements of relatively few sample individuals. These repre- 
sent the group as a whole justly only in so far as they include the 
same percentage of each grade of ability in the group. 

In general, it can easily be shown that by the right combina- 
tions of selections from a group, a group with any form of distri- 
bution can be derived, no matter what the form of distribution of 
the trait in the original group was. 

Selection may occur (1) as a result of natural forces upon a 
group, or (2) as the result of unproportional sampling by the meas- 
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xaei. The group, living human beings 40 years old, is thus the 
selection by natural forces from the group, all human beings bom 
40 years ago, a selection, to some extent at least, of the physically 
more vigorous, morally less murderous, and so on. The group, 
seventeen-year-old boys measured in school, is a selection from 
all boys seventeen years old, due to the measurer's willingness to 
take boys not absolutely at random, but as found conveniently. 
The selection is, to some extent at least, of the more ambitious and 
gifted intellectually. 

Consequently an examination of the form of distribution with 
an eye to evidence of selection is often very profitable. The influ- 
ence of nature in changing the distribution of a trait in a group 
by selecting for survival on the basis of the trait's amount is one 
of the most important topics for science, and the influence 
of circumstances in providing the student with a set of selected 
samples the distribution of which is unlike that of the total group 
the student takes them to represent, is an important cause of fallacies 
in the mental and social sciences. 

Although any form of frequency surface may be derived from 
any other by the proper method of selection of cases, and although, 
consequently, from the actual form of a surface of frequency nothing 
can be concluded concerning the group from which it represents a 
selection unless the method of selection is known, yet certain appear- 
ances may well serve ta awaken suspicion and lead the student to 
investigate the measurements. In particular, skewness is so often 
connected with picking for study extreme cases of a group, which 
as a whole would give an approximately normal distribution, that 
it is certainly advisable always, when confronted by a group 
measure showing skew distribution, to ascertain whether the group 
is not a partial picking from a normally distributed total group. 

On the whole it may be said that the interpretation of the form 
of distribution of a group is a most valuable element in statistical 
procedure, if one does not expect too much from it. To the student 
who is acquainted with the nature and meaning of the trait 
measured and with many of the characteristics of the group in 
which it is measured, the form of the distribution may suggest 
other characteristics of the group — in particular, the characteristic 
of being a mixture requiring analysis into separate groups, or a 
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selection not representative of the total which it pretends to sample 
fairly. These suggestions can then be tested. 

The form of distribution, taken alone, does not, however, 
demonstrate anything concerning individual differences in general, 
or the mixed or selected composition of the group, or anything else 
beyond the mere fact that such and such individuals gave such and 
such measures showing such and such differences in respect to the 
trait in question. The form of distribution should then be examined 
with intelligent consideration of all the facts known about the 
units of measure, the trait and the group. 
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CHAPTER Vni 

The Transmutation of Measubes by Relative Position into 
Measures in Units of Amount 

S 22. TranimulaHon by Means of Knowledge qf the Form qf the 
' Distribution 

For the sake of simplicity, only the case of individuals measured 
by their relative position in a group will be discussed in this chapter. 
The theory and technique described apply ec^ually to any series of 
facts ranked in order for their amounts of any one trait. 

If a group of individuals are ranged in order according to the 
amounts which they severally possess of a trait, we can, even when 
ignorant of what the amounts are for each and all of the individuals, 
assign to each the amount of bis deviation from the average, pro- 
vided the form of the group's distribution is known. For instance, 
let 100 boys rank with respect to scholarship as shown below, and 
let the form of distribution be that of Fig. 68. 

100 BoTS — a, b, c, ktc. — Ranked by Relatitx PofiinoH 
a ifl the Ugheet raokiiig boy. 

b, c, d aie next in ruik and are rated equal, 

e, f, g, h, i, j are next in rank and aie rated equal 

k, 1, m, n, o, p, q, r, ■, t are next in nu)k and are rated equal, 

u, V, w, X, y, I, a, 6, c, d, e, f, g, h, i are next in rank and are rated equal. 

J, k, I, m, n, 0, p, q, T, «, I, u, b, to, x, y, t are next in r&nk and are rated equal, 
p,' q.'^'a"' ^' '■ "' "' '' '■ "' "^ "' "' *'*}»« next in rank and are rated equal- 
T, v, V, w, X, T, E, a, 0, y, ),),{', V are next in rank and are rated equal. 

e, 1, K, X, ft, v, £, are next in rank and are rat«d equal. 

X, p, a, r are next in rank and are rat«d equal. 

(r, #, X are next in rank and are rat«d equal. 

If we build up approximately the surface of Fig. 68 by a series 
of forty rectangles of equal base, the result is Fig. 69. This, the 
reader should observe, is done graphically by dividing the base line 
arbitrarily into forty equal parts, and by erecting a rectangle on 
each division of the base line — of such height that the mid-point 
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of its top is at the intersection of its top with the bounding line of 
the distribution of Fig. 68- There is no reason for the division of 
the base into forty rather than 60, or 70, or 120, equal parts. 




Fio. 68. 

Call the distance of the low extreme from the absolute zero, A ; 
and call the length of base of each of the rectangles, K. Then the 
upper extreme is at ..4 + 40X, and the relative frequencies for the 
fortieths of the range — that is, the relative heights of the forty 
rectangles — are as noted in Table 20, the total area being taken to 
be 1,680. These relative frequencies can, of course, be reckoned 
on the basis of any arbitrary value for the total area. There is no 
reason, save convenience, for assuming the area to be 1,680 rather 
than 2, 16,000, 1,820, or any other number. The 1,680 was an 




accident of the particular scale used to measure the area of Fig. 69. 
If the reader will construct an approximation made up of 60, or 80, 
or 100, rectangles, and call the total area 1, 2, 500, 10,000 or any 
other number, he will still get the same final values for the distances 
of a, b, c, d, etc., from any defined point along the base-line, within 
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the range of the distribution, in terms of any defined feature of 
the distribution, say its range, A.D., <r (S.D.), or Q, 

TABLE 20 

Qnsntltr FnqDancr 

A to A+ K 7 

A+ Kto A+ 2K aOJ 

A+ 2K to A+ aK S3 

A + aK to A+ iK 44 

A + 4KtoA+ 5K B2^ 

A + 5K to A+ 6K 60.6 

A + 6K to A + 7K 67.6 

A+ 7K ta A+ SK 73.5 

A+ SK to A+ 9K 77.6 

A + 0£ to A + 10£ 80 

A +10K to A + UK 80 

A + 11£ to A + 12/^ 70.6 

A + 12ii: to A + 13K 78Ji 

A + 13K to A + 14K 77 

A + liK to A +1&K 74.6 

A + 15K to A + 16K 72.6 

A + ICK to A + 17K 70 

A + 17K to A +18K SfU 

A + 18iC to A + 19K fl3J» 

A + i9ii: to A + 2ok: eo 

A + 20JC to A + 21K 66 

A + 21ii: to A + 22K ^ 

A + 22Ji: to A + 23£ 47 JS 

A + ZSK to A + 24£ 42 

A + 24£ to A + 25£ 38 

A + 25Ji: to A + 26JE 34 

A + 26ii: to A + 27X 30 

A + 27Ji: to A+ 28K 26 

A + 2SK to A + 29JC 22.5 

A + 2QK to A + 30K 19.6 

A + 30£ to A + 31JC 16.5 

A + 31X to A + 32iC 14 

A + 32K to A + 33K 11.5 
A + S3K to A + 34X 0.6 

A + 34iC to A + 35K 7.5 

A + 35K to A + 36X 6.6 

A + 36^ to A + 37K 4 

A + 37Ji: to A + 38K 2.5 

A + 38K to A+ 39K 2 

A + 39ii: to A + 40K 0^ 
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This table of frequencies is like those hitherto described in this 
volume, save that two as yet unknown quantities, A and K, appear 
in the scale for quantity. This difference makes no difference in 
any formal respect. The table can be treated like any other. 
Thus its median is in the step "A+ liK to ^ -J- 15K," at approxi- 
mately A + 14.12Jf. The mode may be taken as just between the 
steps, "A + 9iC to ^ + lOK" and "A + lOK toA+ UK," or at 
A + lOK. The 25 percentile is at ^ + 8.8K. The 75 percentile 
is at ^ + 20AK. 75 percentile - mode - 10.4K. Mode - 25 pei- 
centile = 12K. Q = 5.8K. 




Fia. 70, 



The highest-ranking boy, a, will then he represented by the 
16.8 of the 1,680 frequency-units at the top, that is, toward A + 40X. 
His ability ranges from A + 40^ to A + U.7K (16.8 = 0.5 -{■ 2.0 
+ 2.5 + 4 + 5.5 -I- 2..3; and 2.3 == .3 of 7.5). 

The next three — b, c and d — will occupy the next 50.4 of the 
1,680 frequency-units, and be included between the limits, A 
+ 34.7Xand^-h30.4X(7.5-2.3= 5.2; 50.4=5.2 + 9.5 4-11.5 
+ 14.0 -I- 10.2; 10.2 = .6 of 16.5). 

Similar calculations can be made for the next six — e, t, g, h, i 
and j — and so on. The results are shown graphically in Fig. 70. 
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The average ability of each division may he calculated roughly 
from the facta obtained in this way. Thus the highest boy, a, being 
represented by 0.5 (A + 39.5K), 2 (A + 38.5K), 2.5 (A + Z1.5K), 
4 (^ + 36.5JO. 5.5 {A + 35.5*0 and 2.3 {A + 34.5iO,' has as an 
average A + 36.4X.' 

A table caA thus be formed as follows: 

Boy a has as his approximate ability A + 36.4^; 
Boys b, c, d have as their approximate ability A + Z%2K* 
Boys e, f, g, h, i, j have as their approximate ability A + 28.0^; 
Boys k, 1, m, n, o, p, q, r, 3, t have as their approximate ability 
. A + 2Z.%K; etc. 

So far we have defined or measured the scholarship of each boy 
as his distance above the low limit {A) of the whole group in terms 
of £ as a unit. All of these measures can be turned into distances 
minuB from the upper limit or pliu and minru from the mode, 
average, median, or any other percentile point on the scale. They 
can be put in terms of any measure of the variability of the scheme, 
or of any part of it, instead of K. For instance, the best boy is 
+ 36.4Jf or + 4.6Q from the mode. 

The scholarship of every boy in the group can thus be represented 
in definite quantities of some unit of amount of difference K from 
some point of reference. This unit itself is definable as " the dif- 
ference between this given person and that given person." The 
standard is similarly definable as the scholarship of such and such 
a given individual. 

' A probably more exact value could be aamgned to this 2.3, which it tbe 
upper three t«nths of the rectangle on base A + 34£ to A + 35iC, but the mid- 
point is accurate enough for our purpose. 
' 0.5A + 19.75ii: 
2.0A + 77.0 K 
2.5A + 83.75K: 
*SiA + 146.0 K 
S.SA + 195.2fiiC 
2.3A + 79.35g 

16.&1 + 611 .ioj: 

16.8A + eil.lg . , «,j5. 

*\h2 M+34.5Jn + 9.5 (A+33.5K) + 11.5 (A +32.6/0 +140 (A+31.5K) 
+ 10.2 (A+30.5K)], when divided by 50.4, pves A+'Si2K. 
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By this method the obscurest and most complex traits, such as 
morality, enthusiasm, eminence, efficiency, courage, legal ability, 
inventiveness, etc., can be made material for ordinary statistical 
procedure, the one condition being that the general form of dis- 
tribution of the trait in question be approximately known. 

If now one has a group of individuals ranked by their relative 
position in the group, his first task before he can transmute the 
series of relative positions into a series of units of amount is to ascer- 
tain the form of distribution. This may be done (1) by measuring 
enough sample individuals objectively in units of amount, or (2) if 
the trait can not be measured in units of amount, by inferring the 
form of distribution from that of similar traits which can be. 

1. Suppose one had 2,000 ten-year-old boys measured with 
respect to intellect by relative portion.* If now one measured 200 
of them objectivdy with tests scorable in units of amount, he could 
properly transmute the 2,000 on the basis of the type of distribution 
found for the 200. 

2. Suppose one had 1,000 individuals measured with respect to 
delicacy of discrimination of sound by relative position. (It is well- 
nigh impossible to measure sensitiveness to sound in objective units 
which another observer can duplicate, because of the influence of size 
of room, resonance, etc.) It is fairly certain from studies of the 
delicacy of discrimination of length, weight, etc., that delicacy of 
discrimination of sound is distributed in something approximating 
sufficiently to a probability surface, with range of from + 3<r to 
— Str, to prevent calculations on that ba^s from being more than a 
little wrong on the average. We may, therefore, transmute the 
1,000 measures by relative position into units of amount, on the 
hypothesis that such is the form of distribution. 

The labor of transmutation for cases which follow the probability 
type of distribution may be rendered almost nil by the use of tables. 
If the probability surface of range + 3ff to — 3ff is divided up into 
100 equal areas repifesenting the 100 successive per cents, from the 
highest to the lowest of the total group, and the average distance 
from the average in terms of <r is calculated for each per cent., the 
result is Table 21. 

* Such meuures, at leaat approximately correct, would in fact be eatry to 
obtain through school marka, teachers' opinionB, pereonal confoeocea, etc. 



Digitized byGOOgle 



THE TRANSMUTATION OF MEASURES 



YuxBB, m TsBMB OF THE M EAM SguARE Deviation, ?, of each SiHaLs Pes 
Cmst., the DwrRiBTrnoM Beino of Foui A. Beoinnino vtth the 

£XTEKIU1 



■c «nU la Ordn 




IhimHIgtiMRulk 




or from LowHt 




Kaok lowud th* 


IdTMdu 


Caatnl Tandoney 


ot> 


iBl 


2.7 


2d 


2.18 


3d 


i.go 


4d> 


1.81 


6th 


l.fiOS 


6th 


1.598 


7th 


1.614 


8th 


1.439 


0th 


1.372 


IDth 


1.311 


11th 


1J60 


12th 


1.200 


13th 


1.160 


14th 


1.103 


15th 


1.058 


leth 


1.015 


17th 


.g74 


18th 


.036 


imh 


.806 


20th 


.860 


2lBt 


.824 


22d 


.789 


23d 


.756 


24th 


.722 


26th 


.600 



ar oeou in Otder 




fnmHlgh»tRufc 




or from Lowwt 


VllDO 


Buk W*u4 Iha 


in Term. 


CMtnl TeDduoT 


ofr 


26th 


.660 


27th 


,628 


2Bth 


.60S 


20lli 


Jt6S 


SOUi 


J>38 


SM 


JHO 


32d 


.482 


S3d 


.454 


84th 


.06 


85tli 


.309 


Mtb 


.372 


37th 


.345 


38tb 


.319 


39th 


.203 


40th 


.266 


4lBt 


.240 


42d 


.210 


43d 


.180 


44th 


.164 


4Eth 


.130 


46th 


.113 


47th 


.087 


4SUi 


Mi 


40th 


sm 


Both 


.018 



If now we ask, " What will be the average ability of the highest 
6 per cent.? " we have only to add the figures for the first 6 per cents, 
and divide by 6 (the result being 1.99). Similarly to get the 
average ability of any consecutive series of unit percentages. Table 
22 gives the results of such computation for every consecutive 
series in the upper half of the total group. If the signs are changed 
to minus it serves for the lower half. 

The figures along the top stand each for the percentage already 
made up in counting in from the extreme. The figures down the 
side stand for the percentage in the group for which a measure in 
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terms of amount is to be found. The entries in the body of the 
table stand for the average amount, in terms of a, of any percentage 
counted in from any point toward the average. When a percentage 
passes the average {e. g., 30 per cent, after 40 per cent, have been 
used up in counting in from the top) it is necessary to take from the 
table two entries, one for the plus cases down to the average, the 
other for the minus cases, up to the average, of which the percentage 
is made up, and from these two entries to compute the average for 
the given percentage. Thus, 40 per cent, from the upper extreme 
having been used up, the next 30 per cent will average 

(+ .13 X 10) + (- .26 X 20) 

30 ' "^ ~ ■^^' 

Illustrations of the simpler usage in cases not passing the average 
are as follows: 

The first 1 per cent, of a group averages + 2.7 

The " 8 " " " " average + 1.86 

The 9th and 10th per cents, of a " " + 1.34 

Per cents. 6, 7 and 8 from the bottom " - 1.52. 

With the aid of Table 22 one can turn measurements by relative 

position into measurements in units of + or — « almost as fast 

as one can read. 

For instance, of 800 schoolboys, 

8 per cent, received a m&rk of B 
20 per ceDt. received a mark of VQ 
38 per cent, received a mark of 
24 per cent, received a mark of F 

8 per cent, received a mark of P 

2 per cent, recuved a mark of V 

The table tells us at once that, in so far as the distribution of the 
ability in the group in question follows the form described above 
(Form A), 

B - + IMv 

VG= + M<r 

- + .08» 

F .80* 

P - - 1.69* 
U 2.«* 
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9 14 11 

10 13 

For any given form of distribution, a table like Table 22 can be 
constructed, by wbich any defined position in a series can be trans- 
muted into terms of amount -{-or — from tbe mode, in units of 
the variability. 

I 23. TraTUmtttaiion by Meant of Kjiowledge of the Equality of the 
Steps of Difference 

The Equality of the Lea&t Noticeable Difference. — There is still 
another possibility of turning measures by relative position into 
units of amount and so making them available for common scientific 
usage. In certain cases it may be justifiable to suppose that the 
least noticeable difference is a constant quantity for any one trait 
for any one observer; in simpler words, that if I say that John, 
James and Peter are to me indistinguishable, say, in literary merit, 
but that Henry and William are a shade better, and that George 
and Fred are a shade better than Henry and William, the actual 
difference between JJP and HW equals that between HW and GF. 
In so far as this were true, we could, with a lai^e group of individuals 
varying continuously from the low to the high extreme, make groups 
on the basis of the least noticeable difference and call the steps of ■ 
ability from group to group always the same. 

The measures are then identical in form with those by ordinary 
units of amount. The only difference is that the amount of the 
quantity at the starting-point of the whole group (A) and the 
amount of the step from one subgroup to the next {K) are unknown 
except from the things measured themselves, and are undefinable 
except in terms of them. The question, " How much are A and K? " 
can be answered only by pointing to the achievements of the lowest 
group and saying, "That is A," by pointing to the differences be- 
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tween that group and others and saying, " This much difference is 
K, this much 4JC, this much 20K and so on/' K being the least 
noticeable difference- 

The hypothesis that the least noticeable difference in a trait is 
for the same observer a constant quantity has not been tested 
sufficiently to decide how far its use is justifiable, but there can 
be no doubt that some modification of the prindple involved will 
some time be a valuable resource of the theory of mental measure- 
ments. 

The Equality at Equally Often Noticed Differences. — Suppose 
specimens a, b, c, d, e, f, etc., to be ranked in order for trait X a 
hundred times. The hundred rankings may comprise a hundred 
judgments by one judge, or one judgment by each of a hundred 
judges, or ten judgments by each of ten judges, etc., etc., without 
alteration in the general procedure. Suppose that a is placed below 
b 74 times, and above b 26 times; suppose that b is placed below c 
74 times, and above c 26 times; suppose that c is placed below d 
74 times, and above d 26 times. Then if "equally often noticed" 
can be assumed to mean "equal," the differences, 6 — a, c — i, and 
d — c, are equal. Let A = the difference between the amount of 
trait X possessed by a and the absolute zero for X. Let K = the 
amount of difference which the observer in question notices 74 times 
out of a hundred. Then the measure of a is ^ ; that otb\sA-\-K; 
that ot CIS A-\- 2K, etc. The measures are now identical in form 
with those by ordinary units of amount. For this method to be 
applicable, the percentage of observations of a difference must be 
less than 100, since if two differences are always noticed, one may be 
very small and one very great. The method as a whole presupposes 
that the observations are made by judges of some competence. 
Its precision depends upon how competent they are. 

§ 24. TransmxtiafioR by Meant (jf the Amount of Agreement of Dif- 
ferent Judges in Respect to the Relative Positions 
Suppose that, in the case quoted in Section 23, the percentages 
of judgments of difference had been: 

a below b, 74 
b below c, 74 
e below d, 74 
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d below e, 70 

e below /, 80 

/ below g, 60 

t below A, 90 

Now, for the same reasons which make it allowable, the judges 
being competent, to infer equality in the differences b — a, c — b 
and d — c, v/e can infer that e — d and g — f are less than b — a, 
c — i and d— c; and can infer that f — e and k— g are greater 
than i — a, c — fe, and d — c. We can infer, that is, that (A — g) 
>(/-c)>(6-a)= (c-i)= (d-c)>(e -d) >(?-/). 

It is possible, by making a further assumption, to infer how much 
greater y — A is than e — f, and so on for the other differences in the 
series. The assumption to be made concerns the relation between 
the amount of a difference and the percentage of times that it will 
be noticed. The theories at the basis of any such assumptions are 
beyond the scope of this book, but the probably best relation to 
assume is that shown in Table 23. In this table, 1.00 is taken 
arbitrarily to equal such a difference between two facts, a and b, 
that b will be judged > a in 75 per cent, of the judgments and < a 
in 25 per cent, of the judgments. That is, 1.00, or 6 — a,ispositive; 
and is the amount of difference whose direction is noted correctly 
in 75 per cent, of the judgments. If then the fact q is judged 
greater than p in 51 per cent, of the judgments, 9 — p, by the table 
equals .04; if w is judged greater than v in 52 per cent, of the judg- 
ments, w — c = .07; and so on through the table. 

TABLE 23 
The Auountb or Ditferxnce (z — y) CoRRESPONDiNa to Given PERCEMTAOEfl 

or JUDOUENTB THAT X > y. % f ^ THE PEUCBNTAGE OF Jin>QUi:NTS 

THAT x> y. A/P.E. = X — y, in Multiples of 

THE DiFTERENCE SUCH THAT % r 18 ?&• 



»r . 


ft/P.E. 


*r 


4/F.E. 


fr 


i/P.E. 


*r 


A/P.E. 


fr WP.E. 


50 


.00 


00 


38 


70 


.78 


80 


1.25 


90 1.90 


51 


.04 


61 


.41 


71 


.82 


81 


1.30 


91 1.99 


62 


.07 


62 


.45 


72 


.86 


82 


1.36 


92 2.08 


53 


.11 


63 


.49 


73 


.91 


S3 


1.41 


93 2.19 


54 


.15 


04 


.53 


74 


.95 


84 


1.47 


94 231 


55 


.IS 


65 


.57 


75 


1.00 


86 


1.64 


96 2.44 


60 


.22 


66 


.61 


76 


1.05 


86 


1.60 


96 2.60 


57 


J26 


67 


.65 


77 


1.10 


87 


1.67 


97 2.79 


58 


JO 


68 


.69 


78 


1.14 


88 


1.74 


98 3.05 


59 


M 


69 


.74 


79 


1J20 


89 


1.82 


99 3.45 



■e elaborate t&ble for tbia same purpose is given in Appendix II. 
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Id our illustrative case, we have, from Table 23: 

b-a - .96 
c -b - .93 
d- e - .95 
e - d - .78 
/- « - IJM 



«!'- 



1.90 



and, letting A equal the difference between a and the absolute zero 
for the trait in question, 

a -J 

6 = ^ + .96 

e - J + 1.90 

d - A + 2.86 

e - .4 + 3.63 

/ - ^ + 4.88 

a =-A +526 

h-A+ 7.16 

wherein 1.00 equals a difference a trifle greater than b— a,c — b.oi 
d— e, or such a difference as 75 per cent, of the judgments in 
question would note correctly. 

For reasons not to be stated here it is best to avoid relying on 
this table outside the limits of 65 and 85 for the percentages of 
judgments that one fact is greater or less than another (per cent, r) . 



29. Using Table 21, calculate the measure in terms of units of 
amount: (1) of the highest four per cent, of a group normally 
distributed; (2) of the six per cent, just above the mode; (3) of the 
three per cent, from the end of the seventeenth down — that is, 
of the 18th, 19th and 20th per cents. Verify the results from the 
entries for these groups in Table 22. 

30. Construct the be^nning of a table like Table 22 for the form 
of distribution (Form D) shown in Fig. 23 and Table 11, putting in 
the entries for percentages 1, 2, 3, 4 and 5, for each of the three cases 
of 0, 1 %, and 2 % already used. Begin at the extreme of greater 
skewness. Be accurate to the first decimal (tenths of <r). 

31. Suppose 100 individuals to be ranked in order as follows: 

a b the best 

b, c, d, t are the next, and are indbtinguiahable in merit. 

/, g, h, j are the next, and are indiatinguishable in merit. 

, I, ^' "' ° I are the next, and are indlBtinguishable in merit. 
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Supply the approxim&te values in the following: 

aiB + -Q from the mediaii if the distribution is a rectangle. 
6 IB + _Q from the median if the distribution ia a rectangle. 
/ is + _Q from the median if the distribution is a rectangle. 
a is + _Q from the median if the distribution is a rectai^e. 
ais + —9 from the median or Av. if the distribution is of Form A. 
hia + _«- from the median or Av. if the distribution is of Form A. 
/ is + — from the median or Av. if the distribution is of Fonn A. 
a IS + _cr from the median or Av. if the distribution a of Form A. 
o is + — o from the mode if the distTibution is of Form D. 
6 is + _ff from the mode if the distribution is of Form D. 

32. On the hypothesis that the distribution of darkness of eyes is 
of Form A, use Table 22 and transmute into terms of units of 
amount the following measures by relative position: 

Et* Color For Cents, of EDgllthnun • 

Ijght blue 2.9 call 3 

Blue. Dark blue 29.3 call 29 

Gray. Blue green 30.2 call 30 

Dark gray. Hasel 12.3 call 12 

Light brown. Brown 11.0 call 11 

Dark brown 10.8 call 11 

Very dark brows. Black 3.6 call 4 

It is possible, by interpolating, to use the table for a finer scale than 
to a single per cent. But it is hardly worth while. 

33. Suppose a group of individuals to receive grades as follows in 
a trait in which variation is continuous: 2 per cent, received A; 
22 per cent, received B; 44 per cent, received C; 25 per cent, re- 
ceived D; 6 per cent, received E; 1 per cent, received F. Suppose 
that this grouping is by equally often noticed differences and that 
the differences can be assumed equal. Calculate the approximate 
values to complete the following: 

• a grade ot A •* uQ from the Median, 
a grade of B — _Q from the Median, 
a grade of C — —Q from the Median, 
a grade of D — -Q from the Median, 
a grade of E " —Q from the Median, 
a grade of ^ •• _Q from the Median. 

34. Suppose that a certain man, Z, whose life was fully known, 
was, by the average opinion of a hundred statesmen, scientists and 
men of general wisdom, rated as having just barely contributed a 

*From Gallon's "Natural Inheritance." 
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balance of one trivial satisfaction to a balance of one person in the 
world, past, present and future. Suppose that by the same hundred 
expert judges of the services performed by human individuals, we 
have ths lives of twenty-five men, Y, X, W, V, etc., up to A, A 
being Pasteur, rated as having performed services such that A — B, 
B- C,C~ D,D~ E, etc., are all equal. 

Suppose that you knew the lives of two men — a and b. How 
would you answer the question: How many times aa great waa a'a 
service to the world as b'st Under what conditions would your answer 
be true? What factors would work to make it depart from the 
truth? 



-dbyGoogle 



CHAPTER IX 

The Meabuhemekt of Differences and of Changes 

The chief questions that concern the measurement of differ- 
ences in the mental sciences arise in the case of (1) comparisons of 
groups in respect to the amount of some trait which they display, 
(2) the comparison of individuals or groups in respect to variability, 
and (3) measurements of changes. Instead of any general abstract 
treatment of the measurement of differences, therefore, I shall 
present the special applications of it to these three problems. Only 
a very brief outline of the problem as a whole will be given as an 
introduction. 

§ 25. The VarieHss (^ Differences to he Measured 
The difference between any two amounts of the same kind of 
fact may be measured. The amounts may be: 

1. Two single figures, each standing for a central tendency, e. g., 
averages, medians or modes. 

2. Two single figures, each standing for a variability, e. g., A.D.'s, 
a'i or P.E.'s. 

3. Two single figures, each standing for a difference itself. 

4. Two single figures, each standing for a relationship. 

5. Two total distributions, each standing for a general tendency 
plus the deviations from it. 

The central tendency may be to the possession of a certain 
amount of variability, of difference or of relationship, as well as of a 
thing or quality. It will, however, commonly be the latter. 

The classification above could, of course, be extended ad ivr 
finiium with such complexities as: "The measurement of the dif- 
ference between two variabilities, each being of the amounts of 
relationship between the amount of difference between (1) 10-year- 
olds and ll-year-olds in motor ability and (2) 10- and 11-year-olds 
in sensory discrimination." 

The difference between two single figures will be measured (a) 
by the gross difference, or (6) by the percentage which the gross 
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difference is of the amount of one of them, or (c) by the percentage 
which it is of some other feature of one of them. The difference 
between two total distributions will be measured fully by comparing 
them item by item; the difference may be summarized in various 
ways. 

The difference between two facts, each of which is measured by 
its relative portion in a series, may be measured most satisfactorily 
by transmuting the series into measures in units of amount and 
then using regular methods. 

§ 26. The Comparison t)f Groups 

The Importance of Measuring tiie Amount of Overlapping. — 
The common custom of comparing groups by stating only their 
central tendencies is inadequate because, for both practical and 
theoretical purposes, the meaning of a difference between the two 
central tendencies depends upon the variabilities of the groups. 
The mere fact, for example, that, in a test in cancelling the ^'s on a 
page of .mixed capital letters, the averages for 12-year-old boys 
and for 12-year-oId girls respectively were 41 and 46, might 
mean (1) that the lowest ranking girl was above the highest boy — 
i. e., that boys and girls were in this trait totally distinct species — 
or (2) that only 5 per cent, of girls were better than the highest 
ranking boy, or even (3) that no girl was equal to the highest ranking 
boy. It might mean,in fact, all sorts of conditions, some of which 
are pictured in Figs. 71 to 76. ■ 

It is of no great advantage to estimate the difference as a per- 
centage rather than a gross amount. One group may, in ten 
different tests, have always an average twenty per cent, higher than 
the other, and yet the differences in ability may really be equal in 
no two of the ten cases. Since, in mental and social traits, there are 
rarely absolute zero points at which to start the scale, the meaning 
of each percentage will depend upon the number chosen as the 
starting>point in measuring. We can always make a difference so 
expressed seem less by starting the scale at 10 or 40 or 100 instead 
of at or 4 or 10. For instance, if the A test is scored by the num- 
ber of .^'s marked, the percentage superiority of girls to boys is 12.2; 
if by the number marked more than the lowest 12-yearKild record, 
it is 18.5; if by the number of A's omitted, it is 8.5. Clearly the 
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figure depends on an entirely arbitrary factor. Also, a given per- 
centage in a case wliere the vaiiability of the trait is great will 
always mean for practical purposes a less difference than it does 
in a case where the variability is small. 




Fi(». 71-76. Graphic comparisons of s 
betweeD the averages being ir 



In addition to the difference between the two central tendencies, 
we need some measure which will inform us of the extent to which 
the two groups overlap— the extent, therefore, to which treatment 
applicable to one group will or will not be applicable to the other. 

Such a measure is got by comparing the two total distributions 
or, approximately, in the case of traits similar in their form of 
distribution, by stating the variabilities of the two groups as well 
as their central tendencies. Thus, to use our previous illustration, 
the distribution of 12-year-old boys and of 12-year-old girls in the 
A test as given in Table 24 and Fig. 77, tells us at once that the 

10 
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difference between the averages is 5.2, that over 99 per cent, of the 
girls are contained between the same Limits of ability as the boys, 
that only 31 per cent of boys reach the median mark for prls, 
that the sex difference is far less important practically than indi- 
vidual differences within either sex, that between 28 and 62 are 
89 per cent, of the boys and 87 per cent, of the girls. These 
same measures could be obtained approximately from the theoret- 
ical properties of the surface of frequency of Form A, if the vari- 
abilities of the groups were given instead of the total distributions. 




M IS aO 49 M 7« 

Fia. 77. The contiauous line etvn the distribution of ability in perception 
(A teat) in 12-year-old boys; the dotted line that for prXe. The cases are grouped 
more coarsely than in Table 24. 

The Importance of Obtaining Commensurate Measures of 
Difference. — ^The comparison of groups is often made in order 
to answer such questions as: Does group A differ from group B 
more in trait I. than in trait II.? How much more? Does group 
A differ from group B in trait I. more than group C differs from 
group D in trait I.t How much more? There is also the very 
important special case where groups A and B are compared in 
the same general trait, I., but with different tests, la, lb, Ic, 
used as symptoms of it. The measure of the difference between 
A and B should be, so far as is possible, commensurate with any 
measures of the differences between A and B in other traits, and 
with any measure of the difference between C and D in the same 
trait. The best approximation to such commensurability is 
secured by measuring the difference in terms of the percentage of 
one group reaching or exceeding the median mark for the other 
group (or some other set measure). If in Latin, Greek, algebra 
and history one group of students always show 30 per cent, reach- 
ing the median of another group, then it is fair to say that the 
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second group is equally superior in all four of these studies. At 
least there can be no better evidence than this of equality in amount 
of difference in mental traits. 



A'a Marked m 60 Seconda 

QuanUtj 

14 Up to 16 1 
16 up to IS 2 

15 up to 20 1 1 
20 up to 22 

22 up to 24 4 2 

24 up to 26 4 1 

26 up to 28 3 2 

28 up to 30 9 1 

30 up to 32 10 2 

32 up to 34 8 4 

34 up to 36 10 11 

36 up to 38 16 6 

38 up to 40 16 9 

40 up to 42 10 11 

42 up to 44 13 9 

44 up to 46 12 14 

46 up to 48 13 10 

48 up to SO 8 7 

fiO up to 52 4 6 

52 up to 54 6 7 

54 up to 66 3 6 

56 up to 58 2 4 

58 up to 60 1 S 

60 up to 62 4 4 

62 up to 64 1 4 

64 up to 66 1 3 

06 up to 68 1 

68 up to 70 1 
70 up to 72 

72 up to 74 1 

74 up to 76 1 
76 up to 78 

78 up to 80 1 

Under the present conditions of thoughtless measurements of 
mental traits it frequently happens that groups will be compared 
with respect to the same trait by different tests, and no one will be 
able to tell how far results agree. If the mere averages were re- 
placed by the measure per cent, of group A reaching median of group 
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B, results by all sorts of methods could be put together. It is, 
of course, true that when one group so far exceeds another that its 
lowest score is above the highest score of the other, the method 
suggested here fails. Such cases are, however, extremely rare in 
the comparisons of groups characterized by differences of sex, 
training, age, social conditions, birth, occupation, locality, etc., 
such as psychology, education and sociology are studying. In the 
rare cases of no overlapping of the two distributions, the results 
from different tests may be made commensurate, so far as is possible, 
by expressing the differences in terms of the variability of one of 
the two groups. 

Comparison by the percentage of one group that reaches or 
exceeds the median measure of some other group has the further 
advantage of being applicable to groups measured by relative 
position only. For instance, if one knew that the crimes in one 
town were as listed below in column 1, and those of a second town 
as listed in column 2, he could state that almost 59 per cent of the 
first town's crimes were greater than the median crime of the second, 
could thus have a quantitative comparison of the two without 
having to adopt speculative equivalents of one crime in terms of 
others. 

1 2 

Fraqnener In Fraqneoc]' In 

OfltaM Ftnt Town Scoond Town 

Peddling without a license 2 3 

Fulure in jury duty 4 5 

IMsturbiiiK the peace 9 11 

Drunkenness 23 28 

Robbery 30 " 27 

AsHtult and robbery 17 II 

Areon 8 10 

Murder in second degree 5 4 

Murder in fiist degree 1 1 

Patricide 1 

§ 27. Differences in VanaUlUy 
In comparing individuals or groups with respect to variability, 
allowance may have to be made for the fact that the amount of 
the central tendency influences the size of the <r or A.D. or P.E. 
or Q that is obtained. For instance, 22 individuals added for 40 
seconds, and gave a group-score of — Median, 9.0; A.D., 2.18. The 
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same 22 individuals then added for 80 seconds and gave a group 
score of — Median, 16.0; A.D. Sj^I. In a final test for 120 seconds, 
the results were— ifedion, 2S.5; A.D., 6.18. These figures do not 
mean that the real variability of the group doubled within a few 
minutes, or that it altered at all, but only that the gross amount of 
the variability depends upon the gross amount of the measures 
themselves as well as upon the real variability. The gross amount 
of variability in the length of the line drawn by a group of indi- 
viduals trying to equal a 100-mm. line will be far less than the gross 
variation of their attempts to equal a 1,000-mm. line, yet the real 
variability is presumably about the same. 

Karl Pearson has proposed, as s measure of variability by 
which individuals or groups may be furly compared, the gross 
variability divided by the average. By this figure, which we may 
call the Pearson Coefficient of Variabihty, we should, in the case 
of the 12-year-old boys and girls in the A test (Boys, Av. 40.7, 
A.D., 8.1; Girls, Av. 45.9, A.D., 8.5) reverse the gross difference, 
the prla becoming only 93 per cent, as variable as the boys. It 
seems, to the author more in accord with both theory and facts 
to use the gross variability divided by the square root of the 
average.' 

Further, it can be shown that do one coefficient of variability 
suffices for all comparisons. In some cases the factors which make 
the central tendency larger seem to work to make the variability 
actually amaUer. Thus, if, from the same race living under the 
same conditions a group of tall men and a group of short men are 
picked (at random so far as variability is concerned) by picking 
men with very long fingers and men with very short fingers, the 
tall men show a gross variability that is has than that of the short 
men. On the other hand, men of long arm-span show a gross 
variability in arm-span greater than that of men of short arm-span 
to such an extent as to require the full allowance of the Pearson 
coefficient of variability. Correct allowance for the magnitude 
of central tendencies when comparing their variabilities has, then, 
to be a product of special consideration of the particular facts in 
hand. In the case of mental and social measurements whose 

' Samples of Buch facU will be found im the author's "E^pirind Studies m 
Um Theory of Measurement," { 4. 
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absolute zero points are imdetermiDed, the allovance is particularly 
liable to error. 

Comparisons of groups in variability are of two sorts: (1) Of 
different groups with respect to their variabilities in the same trfut. 
(2) Of the same group with respect to its variabilities in different 
traits. 

In the first case the differences between the averages in the cases 
which interest the student are commonly not very great, and the 
zero points, though arbitrary, are subject to not very great fluctu- 
ations; consequently the comparison by any method is commonly 
such as to reveal any marked difference in variabiUty that exists. 
In practise one can do no more than present the two total distribu- 
tions the variabilities of which are to be compared, explain what 
zero points were taken and why, and calculate for the reader the 
relation of the group's variabilities by all three methods. 

The second case will only rarely be an important object of study. 
This is fortunate, since here the differences between central ten- 
dencies may run to any amount, and the zero points for some of the 
traits may be subject to extreme variations. For instance, suppose 
that one wished to compare the variabilities of adult men in salary 
and intellect — that is, to answer the questions: "Do men vary more 
in the amount of salary received than in the amount of intellect 
possessed? If so, how much more?" In practise one can do no 
more with such cases than to present the total distributions, explain 
what zero points were taken and why, and use proper lope in 
inferring anything about the relations of the variabilities found. 

§ 28. The Measuretnent of Changes 
By a change in anything is meant the difference between two 
conditions of it. It might seem that the problem of the measure- 
ment of changes was identical with that of measuring differences, and 
that this section was superfluous. In a certain sense this is true. 
The general principles of previous sections do answer the special 
questions of this section. But it will be clearer, and in the end 
save the student's time, to study these special questions separately, 
especially since in studies of change one is commonly concerned 
with a number of successive steps of difference, and is trying to meas- 
ure, not a single alteration, but a continuous process of alteration. 
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The MeaBnrement of a Change in an Individual. — A mere series 
of central tendencies does not give the data for a complete measure- 
ment of the change. The averages might be the same and yet the 
constancy of performance of the individual might have altered. 
Thus the average values of a stock from 1890 to 1900 might be 
alike and yet it might have changed from a fluctuating uncertainty 
in 1890, with, say, an average deviation of 40, to a steady assured 
value in 1900, with an average deviation of only 3. The stock in 
1890 would be more desirable property than the stock in 1900 from 
the point of view of one moved by the gambler's instinct; the re- 
verse would hold for a steady-going man with a family or for a 
conservative bank. To measure change fully one needs a series of 
total distributions. If they are not at hand one must be sure not to 
pretend to measure something other than that represented by the 
series of quantities he does have. 

Inequalities in units are more likely to escape attention in meas- 
urements of change than anywhere else. Yet it is just in such 
measurements that they may do the most harm. For instance, all 
statistics with which I am acquiunted measure the change in the 
death-rates from various diseases by series of figures, each giving the 
proportion of deaths to cases, or to total population, or to some other 
standard, as in the following^ 



la 1891, 22.5 per cent. 
In 1892, 22.2 per cent. 
In 1893, 23.3 per cent. 
In 1894, 23.6 per cent. 
In 1895, 20.4 per cent. 
In 1896, 18.3 per cent. 
In 1897, 17.0 per cent. 
In 1898, 14.S per cent. 
In 1899, 14.2 per cent. 
In 1900, 12.8 per cent. 



of thoee h&ving diphtheria died, 
of thoec having diphtheriit died, 
of those having diphtheria died, 
of thoee having diphtheria died, 
of thoee having diphtheria died, 
of those having diphtheria died, 
of those liaving diphtheria died, 
of thoee having diphtheria died. 
of thoee having diphtheria died, 
of those having diphtheria died. 



Such figures can not be taken at their face value ; for to cure 
one case of diphtheria is not the same quantity of progress as to cure 
another. The progress of medicine and hygiene which reduces the 
death-rate from 40 to 30 does so presumably often by curing the 
easiest quarter of those previously uncured. The nert cases will be 
harder, and possibly to cure the last one of the forty would mean 
more advance in medicine and hygiene that was needed for the 

' "London Statisti™," Vol. XII., p. ff7 of the Medical Officer's Report.] 
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curing of all the other thirty-nine. When the change is in number 
of individuals affected or number of errors made or number of tasks 
done, there is then special danger in neglecting the inequalities 
among the units; for the change will commonly single out the 
easiest first. 

The common absence of zero points in the case of mental meas- 
urements often makes it unwise to express changes in percentile 
increments, and definitely unjustifiable so to express them if the 
gross amounts whence the percentages are derived are not also 
^ven. If, for instance, I am informed that A's reaction time 
improved 10 per cent, per year over a given period, I am at a loss 
to tell what is meant. 

In comparing two (or more) individuals with respect to change 
one may use gross change, percentile change or change in terms of 
the variabilities of the individuals, provided that he makes it dear 
which he is using and, of course, treats both individuals alike. No 
one method is the correct one ; all are correct, but measure different 
things. 4 to 5 equals 8 to 9 if by change is meant amount added; 
4 to 5 equals 8 to 10 if one means proportion added; 4 to 5 (the 
A.D. of 4 being 2) equals 8 to 9.5 (the A.D. of 8 being 3) if one 
means distance traversed toward the extreme ability of the previous 
condition. This is all that can be said in general. Each special 
case may offer reasons for preferring one method. The beginner in 
statistical work'may well use all three. 

The Measurement of a Change in a Group. — This heading is 
ambiguous in that it may be taken to refer: (1) to the measurement 
of the changes undergone by a series of individuals, or (2) to the 
change undergone by some measure of a group. It should be need- 
less to say that the two questions are radically different, but they 
are often confiised. The changes in stature of 100 boys from the 
age 15 to the age 16 are not the change from the avenge stature of 
the group 100 boys at 15 to the average stature of the same group at 
16 years. The first fact, the total fact of all the individual changes, 
is calculated from 100 individual measures of change, is a distribution 
with an ascertainable variability, and in all respects stands in the 
same relation to individual changes as does the distribution of an 
ability in a group to the abilities of its members. The second fact 
is calculated as the difference of two averages, has no known varia- 
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biiity, is, in fact, simply a partial measure of difference between two 
groups. If our argument is ever to return to individual changes, 
the first sort of measure must be used. This will commonly be 
the case. 

For an example take the case of the change in stature of 25 



_L 



J 



tSi-ia 18-14 14-lS 16-lfl lS-17 

FiQ. 78. The heighta of tiie line above the baae line at the pointo 12-13. 
13-14, 14-15, 16-16, 16-17, pve the differences between the average height at 12 
and that at 13, the diffwence between the average height at 13 and that at 14, etc., 
lot 25 boys meosuied annually for five yeora. 




W-l* 



M-14 



lft-16 



ie-i7 



Fia. 79. llteheightsof thefive points, above 12-13, etc., of each linemeaeure 
the yearly differences for one individual as did the line of Fig. 78 the yearly differ' 
ences for the average stature of the group. The figure, that is, presents graphJ- 
oally the facts of T^le 26. 
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boys from the twelfth to the seventeenth year.* If we try to infer 
anything about growth from the change in average stature, we have 
only the following facts: Average stature for 12, 13, 14, 15, 16 and 17 



-80 




12-tl4_ 



Fia. '80. The hdgbt of any one of the lines at its left-hand extreme meBsurcB 
the change in stature of one boy from 12 to 14; its height at the right-hand ex- 
treme meaaurefl the change from 14 to 16. 

year old boys, 142.6, 148.12, 154.92, 161.60, 167.64 and 170.76 
centimeters respectively. Yearly differences, + 5,52, -|- 6.8, + 6.68, 
+ 6.04 and -\- 3.12 centimeters. These differences are shown in 
Fig. 78. 

If, on the other hand, we preserve the individual changes in our 
statement, we have the facts of Table 25, These show the great 
variability in growth and the law of compensation that "boys who 
a indebted to the kindnen of Profeeeor EVans 
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were tall at 12 years grow the faster during the interval 12 to 13 
and 13 to 14; but during the intervals of 14 to 15 and 15 to 16 they 
grow slowly; with the boys of short stature at 12 the rates of growth 
are exactly the reverse."'" How the single yeariy differences above 
fail to represent the real complexity and correlation of the facts 
can be seen by comparing Fig. 78 with Fig. 79, which shows the real 
changes of the 25 individuals. Pig. 80 brings out more cleariy 
the inverse relation between the change from 12 to 14 and that from 
14 to 16. 

TABLE 25 
QjuxwiB OF 2S BoTS nuni the 12th tsbotoh thi I7tb Ybab 



For the measurement of change in a group (that is, of all the in- 
dividual changes), the statistical treatment is, as suggested above, 
simply that for any variable fact, the fact here being an amount of 
change instead of an amount of a thing or condition. 

" "The Growth of Boye," by Clark Winler, Arneriean AnthropologM (New 
Series), Vol. 5, pp. 83 and 84. 
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For the measiiremeDt of change from one condition of a group to 
another the statistical treatment is simply that described in the case 
of the measurement of differences. 



35. If we take (1) men (criminals) who are all 74 inches tall 
and measure the finger-length of each of them, they will vary around 
their central tendency for finger-length. If we take (2) men (of the 
same general group, criminals) who are all 62 inches tall and 
measure the finger-length of each of them, they will vary about 
their central tendency for finger-length. Their central tendency 
will be to a much shorter finger length than that of group (1). 

What do you infer from the following data, ^ving the gross vari- 
bilities of certain groups obtained in this way? 

A group with a C.T. of 107 in finger length h&d a vuiatMlity of 3G.7 
A group with a C.T. of lOS in finger length had a variability of 40.4 
A group with a C.T. of 109 in fingo- length bad a variabiUty of 30.9 
A group with a C.T. of 111 in finger length had a variability of 32J 
A group with a C.T. of 112 in fingo- length had a variabilis of 34.7 



A group with a C.T. of 110 in Snget length hod a variability of 34.5 
A group with a C.T. <A 120 in finger length had a variability of 33.4 
A group with a C.T. of 122 in finger length had a variability of 32.2 
A group with a C.T. of 124 in finger Iraigth had a variability of 33.3 
A group with a C.T. of 128 in finger length had a variability of 31.S 
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CHAPTER X 

The Measureuent of Relations 

§ 29. Case I. The RelaHon of B io A, B and A Being Referable to 
Ahsoluie Zero Points ayid the AmourUa of B Correaponding 
to a Given Value of A Being CUaely Similar 
The following case may serve as an illustration: 
n = the index of refraction of air. 
d = the density of air. 

p (a quantity subject to the control of the experimenter) = Cid. 
N (a quantity measurable by the experimenter) -■ CiCn — 1). 
Ci and Ci are constants. 

The experiments consisted in varying p and measuring the 
related changes in N. The results are as follows: 
When pie ft.989 AT is 316.7 
When p ia 10.146 JV is 321.2 
■ When p ia 10.163 iV JB 321.8 
What p ia 18.281 N ie 576.2 
When p is 18.365 N ie 582.7 
When p is 26,932 N is 852.6 
When p is 35.660 N is 1142.1 
When p IB 48.780 iV is 154fi.l 

If each of these pairs of related values is tiuned into an equation 
of the form N = a-p, the results are: 

N - 31.70p N - 31.72p 

N - 31.66p N - 3l.66p 

N - 31.64p N - 31.69p 

N - 31.6Sp N - 31.68p 

Obviously, a single equation N = 31.68p expresses very closely 
the relationships found for different values of p. 

The measurements of relationship here are, of course, not abso- 
lutely free from variability. For instance, the N = 31.70p came 
really from several measurements with an appreciable dispersion. 
But the dispersion was very small and presumably due entirely 
to variations in the instruments or process of observation. 
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If the piurs of values are plotted as in Fig. 81, the slope of the 
line shows the relationship. The equation N = 31.68p expresses 
very closely the slope of this line referred to its coordinates. Njp 



4 

Amount! t^Pi~* 



FiQ. 81. 

is thus constant, (n — l)/d equals N/p times some constant. 
Therefore, (n — l)/d itself equals a constant. The relation hetween 
the index of refraction of air and its density is then such that 
(71 - l)/d = A or n = itd + 1. 
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§ 30. Case 11. The Relation of B to A, B and A Being R^erable to 
Absolute Zero Pointa, but the AmouvU of B Corresponding 
to a Given Valve qf A Being Widely Dispersed 
Consider Table 26 and Fig. 82, which give the percentages of 
time saved in releaming certun lists of nonsense syllables after 
various intervals, according to the experiments of Ebbinghaus. The 
case is identical in form with Case I., save that the variations in the 
percentage of time saved corresponding to any one interval com- 
prise a wide range <rf values in the different tests. Instead of getting 



ao 

60 


■ ^ 




40 


, • 


X 


30 

so 


Ji 
t 




10 


M.avl.i — 





in different tests, almost exactly the same saving of time in releam- 
ing after .32 hr,, Ebbinghaus got from 44.7 per cent, to 64.4 per 
cent. Around the average saving of 58.2 per cent, there was a very 
wide dispersion, much more than could have been due to the watch 
used or to the process of observation of the time of beginning and 
ending. Similarly for the dispersion around 44.2 per cent, (the 
average percentage saved after 1.05 hrs.), and so on. 
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In such cases, it is customary to replace the list of values of B 
corresponding to any given value of A by their central tendency. 
This procedure should be accompanied by an adequate account of 
the dispersion around each of these central tendencies. 

TABLE 26 
Relation Between Lapbe or Tiuk asd Mkuobt' 
The entries ui tiie IMe give each the pereentage of lime aaved (Jrom the original 
Htw for teaming) when a series toos re-Uamed, after the tTUenxd, under which th* 
entry afonde. 



).Mhrt 


LMhrs. 
49.6 


l.TS hn. 

36.0 


Mhn. 
26.4 


4Shn. 
17.4 


1*4 hn. 
21.0 




bn. 


64.3 


26.0 


20.0 


65.S 


37.4 


29.0 


39.6 


32.7 


31.1 


31.6 


19.4 


66.6 


47.4 


28.0 


35.4 


12.3 


32.7 


34.7 


22.9 


62.5 


46.8 


30.4 


39.9 


28.9 


24.4 


31.6 


6.7 


60.7 


51.4 


39.8 


34.9 


30.0 


17.7 


303 


6.9 


63.1 


49.1 


35.6 


38.9 


46.0 


5.9 


20.5- 


26.8 


58.1 


44.5 


48.2 


4ff7 


23.5 


34.1 


10.1 


18.9 


56.0 


54.5 


31.6 


16.7 


25.4 


33.3 


6.8 


20.5 


64.4 


42.3 


35.5 


21.3 


18.4 


28.7 


6.6 


11.4 


44.7 


40.9 


40.1 


38.6 


23.4 


233 


13.3 


17.3 


53.6 


34.2 


37.9 


29.0 


41.0 


40.3 


17.7 


17.1 


67.7 


45.4 


38.0 


37.8 


29.5 


37.9 


17.1 


32.8 




35.8 




36.5 


33.9 


26.5 


15.9 


31.4 




35.9 




29.7 


44.9 


20.1 


27.6 


16.4 




61.3 




37.0 


17.5 


39.7 


13.2 


36Ji 




GO^ 




14.9 


42.4 


2.5 


27.6 


13.4 








45.6 


6.4 


36.2 


23.6 


31.0 








30.1 


22.8 


5.3 


20.9 


" 7.9 








24,6 


31.6 


27.9 


24.8 


36.9 








37.0 


.30.2 


19.0 


25J) 


14.1 








44.4 


19.7 


21.0 


25.2 


6.7 








45.8 


31.9 


31.4 


43.7 


16.7 








30.6 


14.8 


19.7 


23.7 










42.5 


32.3 


20.9 












19.8 


37.6 


24.4 












32.1 


26.7 


34.8 







§ 31. Case III. The Relation of B to A, When Neither is Referable 
to an Absolute Zero Poivi, but When Amounia of B Corre- 
sponding to Any Given Value of A Are Closely Similar 
Suppose it to be true that, in two respects (A and B), scored from 
w and z as arbitrary zero points, the score a person obtained in B 
was always 3/10 of the score which he obtained in A. That is, 
calling X the score in A reckoned from the absolute zero of A, 
and calling y the score in B, reckoned from the absolute zero of B, 
'From Herm. £bbingh&ua, "tjber du GediichtnisB," pp. 93-103. 
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Fia. 83. The relation of B to jl soored from arbitrary lero ptnnta, tc aod 
(, aa it would be if referrod to absolute cero pointJi. In all three diagrams the 
Terticol line is the scale for B; the horizontal line is the scale for A; their place 
of meeting is the absolute lero for A and for B The slant line represents the 
relation — in the top diagram for w — 10 and x — 20; in the middle diagram, for 
to — 30 and s — 10; in the bottom diagram, for u •• —20 and i — 10, 

we have y — z ^ .Z (x — w), ao that in a series of related pairs we 
would find such a relation as: 

Soar* In B If eunrtd 
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Then the relation of B to A, for values of B from to 50, can be 
expressed as any one of the diagrams of Fig. 83, according to the 
values of the unknown quantities, w and z, which represent the 
distances of the arbitrary zeros of the A scale and the B scale from 
their absolute zeros. 



§ 32. Case IV. The R£laiion of Bio A, When Nether w Referable to 
an Absolute Zero Point and When the Amounts of B Corre- 
sponding to Any Given Valve of A Are Widely Dispersed 
TABLE 27 
The Relation bktwbin (1) tub Scokx Made bt an Inditidual m CANCEixiNa 
Words Contadhno a and 1 and (2) His Scokb in CANCBLLnra A's. 
Each indwidual ia repreaenUd in the bAle by a pair of vaiua. Tkua the first 
indUidtiot scored 10 in 1A« a-t leel and 26 in the A test; At second indUndwil tarred 
\0 in the a-t lest and 5i in th€ A (ed, etc., etc. 

a-l Word* A't a-i Wordj A-m a-i Wordi A'l a-l WordJ A't 

Huked Uukwl Muked Harked Marked Harked lUrktd Harked 

10 30 
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Consider Table 27, which shows the relation between (1) the 
number of words containing both a and t which an individual 
marked in a given time and (2) the number of capital A'g which the 
same individual marked in a given time, the same pair of blanks 
being always used. The table reads: 

To maik 10 a-f words implied a sc 
To mark 11 a-i words implied a m 



« of 36 or 61 in the 4 t«st, 

re of 43, 47, or 56 in the A test, etc. 



The case is identical with Case II., save that the quantities may or 
may not be on scales with equal unit^ and are not referable to any 
absolute zero points. Suppose that the units were equal within 



each of the two scales — that "to mark any one a-t word" was 
equal to "to mark any other," and that "to mark any one A" was 
equal to "to mark any other," but leave the case as it is with 
regard to the zero [>oints. The relations within the data themselves 
are then intelligible; we can average the 36 and 51 (getting 43.5), 
the 43, 47 and 56 (getting 48.7), and so on; we can picture the 
relatioQ graphically as in Fig. 84. But, the zero points being un- 
known, we can not refer the relation line to any single pair of axes, 
or calculate its equation without a w and a z to represent the differ- 
ences of the arbitrary from the absolute zero points. So the in- 

* Ten a-t words means t«n words marked cm a certain blank. We can 
not be mire that the difference between 10 and 12 o-i words marked ie the same 
as that between 12 and 14. 
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definiteness of the vertical and horizontal axes through the absolute 
zero for both scales have to be represented by leaving such axes out 
of the graph, or by putting io an indefinite number of them, as is 
done in Fig. 84. 









TABLE 28 




















o-f 




M 




A't 


Word. 


A't 


Wordi 


1 A'a 


Word* 


J'l 


Vordi 


A'a 


-19 


-3 


-19 





- 7 


+1 


+10 


+ 7 


+ 6 


- 4 


-3 


-13 





_ 5 


+2 


- 8 


+ 7 


+ 9 


-12 


-3 


-11 





- 4 


+2 


- 7 


+ 7 


+10 


- 8 


-3 


-10 





- 3 


+2 


- 2 


+ 7 


+12 


+ 1 


-3 


- 8 





+ 1 


+2 


+ 4 


+ 7 


+19 


-10 


-3 


- 6 





+ 1 


+2 


+ 7 


+ 7 


+23 


- 9 


-3 


+ 2 





+ 1 


+2 


+ 7 


+ 8 


- 1 


- 3 


-2 


-14 





+ 2 


+2 


+ 8 


+ 8 


+10 





-2 


-12 





+ 3 


+2 


+22 


+ 8 


+10 


- 7 


-2 


- B 





+ 5 


+8 


-10 


+ 9 


+14 


+ 3 


-2 


- 8 





+ 


+3 


- 7 


+10 


- e 


-18 


-2 


- 8 





+ 7 


+3 


+ 3 


+10 


+ 4 


-17 


-2 


- 4 





+ 9 


+3 


+ 7 


+10 


+26 


-13 


_2 


- 4 





+21 


+3 


+10 


+14 


+18 


-12 


-2 


- 2 


+1 


-10 


+3 


+16 






- 8 


-2 


+ 7 


+1 


- 9 


+4 









- 6 


-2 


+ 7 


+1 


- 8 


+4 









- 3 


-2 


+ 8 


+1 


- 7 


+4 


+ 4 






+ 9 


-2 


+11 


+1 


- 6 


+4 


+23 






+17 


-1 


+ 2 


+1 


- 6 


+5 


- 6 






-12 


-1 


+ 6 


+1 


- 1 


+5 


- 1 






- 9 


-1 


+ 8 


+1 


- 1 


+5 


+ 4 






- 9 


-1 


+ 9 


+1 


+ 2 


+5 


+16 












-17 


+1 


+ 4 


+5 


+23 






+ 1 





-12 


+1 


+ 4 


+5 


+26 






+12 





-10 


+1 


+ 6 


+6 


+ 2 






+13 





- 9 


+1 


+ 8 


+6 


+ 5 







Absolute zero points being unknown, arbitrary ones may be 
chosen. Thus, each individual may be recorded in the art test 
as so much above or below the central tendency kA the group 
(20 a — i words marked) ; and in the A test, similarly, as + or — 
from 55 ^'s marked. The original pairs of values of Table 27 
when thus referred to the central tendencies of the two traits as 
points of reference, become the facts of Table 28 and Fig. 85. 
When, in place of the varying correspondents of any ^ven value 
in the a-i test,* we put their central tendency, we have the 

' The vwyii^ correspondents in B for any pven value of A are called an 
Array. 
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facts ot Table 29 and Fig. 86. That is, we have evaded the difficulty 
in respect to zero points by choosing such arbitrarily; and have 



evaded the difficulty of the dispersion of the values of B correspond- 
ing to any one value of A by taking their central tendency. The 




problem is reduced to the same problem as in Case I., except for the 
fact that zero means, in both A and B, not "just not any of the thing 
in quesiion," but "the average amount of U." 
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TABLE 29 
The Relation betvebn Abilitt in the a-t Tcbt and Abiutt in thi 
A Tebt: The Cbnthal Tendenct (Av.) of the Measdbeb in the A Test 
Which Abb Bxlated to Each Value in the a-t Tebt, Both Series oi 
Values abh E^pbessbd as Divesqences frou the Appboximate Avebaoe 
Abiutt of Gibls of Qe/.de 7B in a Cebtain School 

AMatj in tba a-( IMt Aicnge ot tlu IMaMd BstKb Id Um ^ TM 

-10 -11^ 

- 9 - 6^ 

- 8 - 9Ji 

- 7 - 1.5 

- fl - 2.0 

- 5 - 5^ 

- 4 - .6 



+ 1 - .9 

+ 2 +3.9 

+ 3 +3.0 

+ 4 + 6.76 

+ fi +10.2 

+ 6 +3.5 

+ 7 +13.2 

+ 8 +6^ 

+ 9 +11.0 

+10 + 8.0 

+14 +18.0 

The points of reference could be taken, not as the central tendencies 
of the two groups of measures whose pairing in a certain way gives 
the relation in question, but as any two defined points. Thus, in 
the case of the "art words-A" relation, we can ask what the 
direction and amount of divergence of an individual from 10 a-i 
words maTked implies about the direction and amount of his divert 
gence from 36 A's marked. That is, we can use the lowest record 
in each case. Or we could take the divergences from 5 and 30, 
or from 5 and 50, or from any defined points. 

§ 33. The Relation between the Central Tendency of the Valuta af B 
Corresponding to Any Given Value cf A and that Value of A 
Call the values of B which are to be related to any given value 
of A, that value's "Array of B's." 
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Call a series of values of A progressing by equal steps the "A 
Scale." 

Call the series of measures which are, in order, the central 
tendencies of the arrays of B'a for successive values of the A scale, 
the "Related Central B's." 




A.ficale 
Fia 87. Tbe Ceotral Relation line in a relationship where values of A bdow 
a certain amoimt make no difference in the ctmtrol tendency of the related values 
ofB. 

Call the line which joins the points which represent graphically 
the Related Central B's, the "Central Relation Line," or simply the 
"Relation Line." 

The Central Relation Line may conceivably take any form. 
For example, it might be that an increase in ^ up to a certain 




Fio. 88. The Central Relation line in a rdationship where values of A 
between ccrtun limits make no difference in Uie central tendency of the related 
values of B. 

amount would make no difference in the C.T.'s of the related 
arrays (A B, but beyond that amount would imply a steady increase 
in them. Such a case is shown in Fig. 87. Or it might be that an 
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increase in A would, at the low end and high end of the A scale, 
imply an increase in the C.T.'s of the related arrays of B, but in the 




A.ScaLe 

FiQ. 89. Samples of poenble varietiee of Central Relalioa Uiwb. 

middle range would make no difference. Such a case is shown in 
Fig. 88. Other possible conditions of the central reladon line are 
shown in Fig. 89. 

One of these cases is of special importance, namely the case 
when the central relation line is straight, its equation being y — k\ 
= C(x — h), in which (7 is a measure of the slope of the line, and h 
and ki are constants which are determined by the nature of the zero 
points for B and A. In such a case of a rectilinear relation, if the 
central tendencies for A and B are used as the zero points the 
equation of the line becomes y = Cx, and the relation of a related 
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central £ to its correspondent in the A scale is uniform throughout. 
One quantity, denoting the slope of the line, then prophesies what 
the central related B will be for any given A, For instance the A 
scale being "20, 21, 22, etc., up to 40," the central related B's beiog 
64, 66, 68, 70, etc., up to 104, the C.T. for A being 30, and the C.T. 
for B being 84, the relation line is rectilinear, being expressed by 
the equation (y — 64) — 2(a! — 20). When A and B values are 




referred to their respective C.T.'s, we have as the A scale and its 
central related B's: 



A Kftle: 
Cent. rel. J 



..+10 
,.+20 



-20 -18 -16 -14.. 
The equation of the relation line is then ^ = 2x, as shown in Fig. 90. 

§ 34. The VaruUUm in the Values cf B Corresponding to Any Given 
Value oS A 
Consider now the separate measures of B in the case where the 
relation line is rectilinear and where the axes of reference are so 
chosen that, for the relation line, y = Cx. The ratio yjx is then a 
constant in the case of the central related y's. The ratio of any B 
value to the A value to which it is related will then be a variable 
fact, but with C as its central tendency. If all the related pairs 
are expressed as ratios, the central tendency of these ratios will be 
the same as the tendency of the central relation line, and will 
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measure the relation of the central tendencies of the arrays. The 
dispersion of the ratios, each expressing yjx for one pair of values, 
will measure the variation of the individual relations from C, their 
central tendency. 

If then a relation can be assumed to be rectilinear, its amount — 
that is, the value of C — can be stated in respect to both the general 
drift (or the central tendency) of the relation and the amount of 
departure from that drift or the variability in the relation. 

Suppose, for example, that we have, as the related pairs, the 
facts of Table 30, and have a right to assume that the relation Hue 
would, with enough cases, be rectilinear. The twenty BjA ratios, 
arranged in order of magnitude, are: 



2.3S, 2.67, 2.80, 



The median B/A ratio is 2.275 ; the Q of the ratios is (3.00 - 
or .755. 

TABLE 30 

VmlmVtA BeUMd V>la*cf£ S/A 

-15 -40 2.67 

- 9 -20 ' 2.22 

- 7 -15 2.14 

- 6 -16 3.20 

- 5 -U 2.80 

- 3 - 9 3.00 

- 8 + I -33 

- 1 - 5 5.00 

- I +1 -1.00 

- 1 - 5 5.00 
+ 1 - 1 -1.00 
+ 1 +4 4.00 
+ 1 +8 3J» 
+ 8 +7 2.33 
+ 8 + » 1-00 
+ 5 +9 1.80 
+ 7 +8 1.14 
+ 7 +15 2.14 
+11 +13 1.18 
+13 +28 2.15 
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Problems 

36. Name two or three relations that belong under Case IL 

37. Name two or three relations that belong under Case III. 

38. Name two or three relations that belong under Case IV. 

39. The relation to be measured being that between {A) the 
speed at which a person does certain work, say addition, and (£) the 
accuracy with which he works, what would you use as scales for A 
and for B, and what would you take in each case as the zero point? 

40. Find the median and the Q of the relation A/B, using the 
facts of Table 30. 
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CHAPTER XI 

Correlation 

S 35. The Problem of Correlation or Mutual Implicaiion 
The discussion of the preceding chapter was straightforward and 
in continuity with the procedure in measuring relationships which 
is familiar to common sense and the sciences in general. For 
perhaps ninety-nine out of a hundred of the relations which the 
mental and social sciences need to measure, the simple treatment 
so far described suffices, the precautions necessary being to face 
frankly the great variability of the relations (that is, the great 
dispersion of the measures of B related to any given value of A), and 
to keep in mind the meaning of the arbitrary zero points chosen in 
all statements of the relation and in all inferences from it. But 
under certain circumstances radically different methods of measur- 
ing a relation need to be employed, and these methods, though of 
essentially minor importance in the mental and social sciences 
generally, require rather elaborate explanation. 

The chief circumstances which make their use de^rable are: 
first, the need of exact measurement of the peculiar relation of 
likeness, resemblance, correepondenee in magnitiide; and second, the 
need of comparing quanHtatively two or more relations of this peculiar 
' sort. For example, in studies of heredity, one needs to measure the 
resemblance between sons and fathers, between sons and grand- 
fathers, and between sons and any other males taken at random 
from the same race; and to compare these three resemblances 
quantitatively. So, also, in studies of educational or industrial 
diagnosis, one needs to measure the resemblance between boys' 
total intelligence and capability and their achievement in school, 
between the former and their achievement in a certain set of 
mental tests, and between one and another of various further facts 
about them. Here also one needs to compare, say, the amount of 
resemblance between "total intellect" and "school record" with 
the amount of resemblance between "total intellect" and "record 
in the mental tests." 
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These two needs have been met by various hietbods of measuring 
the mutual implication, or correlation, of paired values of A and B. 
The correlation between A and B is neither the relation of ^ to £ 
nor that of £ to ^, but a peculiar composite of certain elements of 
both relations taken together. Just what a correlation is can be 
seen best by observing just what the different measures of correlation 
do measure. 

S 36. The Data Available for EgtimaiiTm CorrebUion 

Similarity in RelatiTe Positioii. — Suppose that we have for ten 
boys the following measures: 



y 



AohlsTanKiit HnUl T«u 



Consider the three correiations — B with A, C with A and D with A — 
in respect to the question, "How far do the two series of pairs to be 
related correspond, in respect to order?" 
The orders in the four cases are : 



The differences between the orders are: 
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For B and ^ the sum ot the differences' (iDju) - 18, 
For C and A the sum of the differences (ZDcj) — 3, 
For D and A the miro of the difierencea (^Dda} " 35. 

The sum of the differences in a senes of related pairs evidently tells 

something about the mutual implication or correlation and gives 

some aid in comparing one correlation with another quantitatively. 

Similarity in Direction (+ or — ) from the Points of Reference. 

— Suppose that the arbitrary zero points, to which the facts to be 

related are to be referred, are 40, 60, 20 and 80 for A, B, C and D, 

respectively. Then the measures, so referred, become those of 

Table 31. 

TABLE 31 

I Tnlti 



i +7 +25 +3 -4 

3 +12 +10 +6 +2 

Consider the same three correlations — B with A, C with A and D 
with A — in respect to the question, "How often does + go with -|- 
and — with — ?" 

The percentages of like-signed pairs are 60, 100 and 60. The 
percentage of like-signed pairs evidently tells something about a 
relation and gives some aid in comparing one relation with another 
quantitatively — C being, in so far forth, shown to be more closely 
related to A than B or D is. 

The Measures Expressed as Molt^Ies of the Variability of the 
Trait in Question in the Group in Question. — Consider the same 
three relations in respect to the question, "What are the measures 
themselves and the ratios, B/A and A/B, C/A and A/C, and D/A 
and A/D, when each measure in Table 31 is expressed as a multiple 

'lUsardlesB of eigna. 
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of the variability of the group in question in the trait in question?" 
Suppose the variability of the group in question to be, in A, B, 
C and D, respectively, 6, 9, 3 and 3 (u»ng the A.D. as the measure of 
variability in each case).* Then the measures of Table 31 become 
those of Table 32. 

TABLE 32 

Thk Facts of Tablk 31, Each Expresoed as a Multiple or the Vakiabiutz 
OF THE Tbait in QcsanoN in the Gbodp in QoEanoN 

Baj A B C D 

a -1.67 Var. A -1,66 Vw. B -1.67 Var. C '- .67 Var. D 

h -1.33 Var. A -2.22 Var. B -1.33 Var. C +1.00 Var. D 

c - .67 Var, A - .22 Var. B - .67 Var. C - .33 Var. D 

A - .33 Var. j4 + .11 Var. B - .67 Var. C +1.33 Var. D 

e - .17 Var. A + .67 Var. B - .33 Var. C -1.67 Var. D 

S + .33 Var. .Hi - .33 Var. B + .33 Var. C - .67 Var. D 

9 + .83 Var. A + .78 Var. B + .67 Var. C + .33 Var. D 

ft +1.17 Var. A - .56 Var. B +1.33 Var. C +2.00 Var. D 

i +1.17 Var. A +2.78 Var. B +1,00 Var. C -1.33 Var. D 

i +3.00 Var. A +1.11 Var. B +3.00 Vm. C + .67 Var. D 

Mere inspection of the measures, each expressed as a multiple 
of the variabiKty of the group in question in the trait in question, 
shows that the individuals now almost duplicate in C their meas- 
ures in A ; that they show little resemblance, each in D with himself 
in A; and that the correlation of B with A is intermediate. The 
calculation of the ratios BlA, A/B, C{A, AjC, D/A and A/D gives 
the results shown in Table 33. 



I!oMPun 


ID FBOtI THE 


Factb of 


Tabu: 33 




A/B 


CIA 


AlC 


DIA 


AID 


1.07 


1.00 


1.00 


.40 


2.50 


.60 


1.00 


1.00 


neg. 


n^. 


3.00 


1.00 


1.00 


.50 


2.00 


neg. 


2.00 


.50 


neg. 


neg. 


neg. 


2.00 


.60 


10 00 


.10 


neg. 


100 


1.00 


neg. 


neg. 


1.07 


.80 


1.35 


.40 


2.50 


n^. 


1.14 


.88 


1.71 


.58 


.42 


.86 


1.17 


neg. 


neg. 


1.80 


1.00 


1.00 


.33 


3.00 



• The A.D.'a of the ten boya hvK listed vary slightly from these figures. 
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The Use of Ratios. — The median of the BjA ratios b + .45 
that of the AjB ratios ifl +.51; that of the CjA ratios is + 1.00; 
that of the AjC ratios is + 1.00; that of the DjA ratios is + .37; 
that of the AID ratios is + .34. 

The median of the BjA and AjB ratios together is .49; that of 
the CjA and AjC ratios together is 1.00; that of the DjA and AID 
ratios together is .37. 

The use of the BjA and AlB ratios to estimate correlation 
enables us to define correlation in terms of the more straightforward 
relations described in the previous chapter. Assume a relation 
to be rectilinear; express the A's and B's as such divergences that 
the equation of the relation line is j/ = Cx; express each A as so 
many times the A.D. (or a or Q) of the ^'s and each £ as so many 
times the A.D (or tr or Q) of the B's. Then the central tendency of 
■ the relation of B to A — the slope of the relation line — will be, by 
the method of the previous chapter, .45. In the same way the 
central tendency of the relation of ^ to B will be .51. In the 
same way the mutual relation — of B to A and A to B, taken 
together — will be .49. This mutual relation ia the correlation. 

A correlation is a muiual, not a one-direction, relation; is not 
the relation of absolute amounts of divergence, but is the relation 
of such amounts divided by the variabiliiy of the trait in question; and 
assumes, in so far as a single coefficient is to be its adequate measure, 
that the relation lines iot Ato B and B to A are rectilinear. 



TABLE 34 




FED raoM THE Facts 


OF Tasli 32 


C-A 


D-A 





1.00 





2.33 





.33 


.33 


1.67 


.17 


\m 





1.00 


.17 


.SO 


.17 


.83 


.17 


2.60 





1.33 



D,„i,„db,Google 



CORRELATION 161 

The Use of Differeoces.— If, instead of the ratios, B/A, C/A, 
D/A, we use the differences, B — A, C — A, and D — A, vie have 
(A, B, C and D being expressed as deviations from 40, 60, 20 and 
80 respectively and as multiples of 6, 9, 3 and 3 respectively) the 
facts of Table 34. 

The sums of these differences (their signs being disregarded) 
are: for B - A. 7.67; for C - A, 1.01; and for D - A. 12.99. 

The Use of Products.— If, instead of the ratios, B/A, C/A and 
D/A, we take the products— B XA,CXA,&odDX ^— using 
the facts of Table 32 as before, we have the facts of Table 35. 

TABLE 35 
PRODUcre CoupuTED FRou THE Facts of Table 32 

Boy BXA CXA DXA 

a 2.61 2.70 1.12 

6 2.95 1.77 -t.33 

c .15 .45 .22 



k -.66 1.56 2.34 

i 3.25 1.17 -1.56 

3 2.22 4.00 1.33 

ZBA - 10.92 ZC-A - 13,68 XDA - 2.01 

The sum of the C X -4 products is 12.68, while the sum of the Z) X .4 
products is only 2.01. 

In the ratios B/A, A/B, C/A, A/C, D/A and A/D or in the 
differences B — A, C — A and Z> — .^, or in the products B X A, 
CX A, and DX A, the original A's, B's, C's, and D's having been 
in each case expressed as deviation-measures and divided by the 
variability, there are means of comparing one relation with another 
quantitatively. 

The agreement of the two values of any related pair, when each 
is replaced by a number denoting its relative position in an order 

of magnitude; the percentage which the ++ and pairs are 

of the total number of pairs, when each of the two values of a related 
pair is expressed as a difference + or — from a defined point of 
reference; and, when each is so expressed and also turned into a 
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multiple of the variability of the group in question in the trut in 
question, the ratios BIA and A/B, the differences B — A ot A — B 
(regardless of signs), and the AB products: these are some of the 
facts about a series of related pairs which are used to obtain a 
quantitative account of the correlation. 

I 37. Coefficients of Conehiion 
Some of the formulie by which they are so used are the following, 
r being always the measure of the correlation: 
I. 

, 620' '■ -..'•'' 

P = 1 - „(„= _ 1) - • - 

in which 2ZP = the sum of the squares of the differences between 
the two numbers denoting the relative portions of the two related 
measures In their respective series; and n = the number of pairs 
of related measures. 

II. The measures to be related being expressed as divergences 
from defined points of reference — the ^'s from the central tendency 
of the ^'s and the B'& from the central tendency of the B'i. 

fn = cosine xf7 

in which V = the proportion which the number of unlike signed 
pairs is of the total number of pairs, when every measure is 
given its + or — sign of divergence. 

IIIo. f = the median of the AjB and BjA ratios, the .^'s and 
B's being expressed as divergences from defined points of reference, 
in multiples of the variability of the A's and of the variability of 
the B's respectively. That is, rmo = the median of the ratios 

^1 Bi Ai 5, A„ B„ 



Hit. The A's and B's being expressed as in IIIo 
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where 2(^/(T^)(B/ira) = the sum of the products of eaeh related 
pair of values, the ^'s and B's being expressed as multiples of the 
variability of the ^'s and of the variability of the B's, respectively; 
"Z^AjtTjiY = the sum of the squares of the A'a similarly expressed; 
and "HfiicaY = the sum of the squares of the B a similarly expressed. 

In Ilia any other measure of variability may replace tr provided 
the same substitution occurs throughout. So also in 1116. 

The reader should note that in all these formula the gross 
amounts of the values to be related no longer figure. In I., amounts 
are replaced by relative positions. In II., each amount is replaced 
by the mere direction of the divergence plua or minus. In III., the 
amounts are divided through by the variability of the trait in the 
group, so that a pair, auch as "A = 1,004 relaied to B — 28," 
means "+ 2 related to + 2" if the points of reference are 1,000 and 
20, and the variabilities of the A'a and B's are 2 and 4, respectively.. 

The reader should note further that the maximum for r by any 
of the three seta of formulae is 1, and that its minimum is — I.. 
Thus, in I., if the two series of relative positions agree perfectly 
as paired in the relation in question, SZ)* = 0. If the SZ)* is the- 
greatest possible, it is twice n(n' — l)/6 (e. g., for a series of 10^ 
pairs we have 81 + 49+25+9+1 + 1 + 9+25 + 49 + 81 
= 330 and 10.99/6 = 165). In II., if 17 = we have r «= cos 
which = 1. To get negative values of r — values corresponding to 
values of U from .50 to 1.00 — the sense of the formula and the signs 
of r are reversed together. This the reader may accept for the 
present without justification. In Ilia, a series of pairs showing 
the most perfect correlation — such as— 8 — 4, —6 — 3,-4 
-2, -2-1, +2+1, +4+2, +6+3 and +8+ 4— will 
give a median mutual ratio of 1 when each value is expressed as a 
multiple of the variability of its series; and the most antagonistic 
relation will give such a ratio of — 1. The r's got by the formula 
(llli) using the products will he found similarly to be 1.00 and 
— 1.00 for the greatest and least correlation. 
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Note, in the third place, that when the correlatioii h such as 
would come if the values to be related were paired at random, 
r = 0. Thus, in I., the sum of the squares of the differences from 
pairing at random a series of numbers 1, 2, 3 . . . n with another 
identical series will be n(_n' — l)/6, and r will equal 1 — 1. In II., 
random pairing will give, obviously, one half of the pairs as unlike- 
signed and r = cos «■■ J^, or r = 0. In Ilia, half of the ratios will 
be negative in random pairing. In 1116, the sum of the nega- 
tive products will equal the sum of the positive products. 

A correlation, as measured by one of these formulte, then, util- 
izes, in the case of any measure of a pair, its position relative to 
others in the series, or the direction only of its divergence from the 
point of reference, or the amount of its divergence from that point 
divided by the variability of the series — that is, the general tendency 
of the series to diverge from that point. It results in a measure 
varying from — 1,00 through — or what the fact would be by 
random pairing — to -|- 1.00. It measures the slope of a relation 
line which is a compromise of the slopes 



or, using different words for the same fact, it measures a ratio which 
is a compromise between the central tendency of the 



— ratios and the central tendency of the— ratios. 



% 38. The Comparability of Coefficients qf Correlation 
Comparabili^ of it's Got from the Same Set of Pairs by the 

Different Methods. — Provided (1) that the point of reference taken 
for the A's is, by each method, taken as the central tendency of the 
same group, N, and (2) that the point of reference taken for the 
B's is also taken, by each method, as the central tendency of the 
same group, N, methods II., Illa, and Illft give comparable results, 
the r in each case measuring approximately the same fact. The r 
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by method I. also, if the values of A and the values of B are in 
each case distributed in a surface of frequency of approximately 
Form A without large or frequent gaps, ia roughly equal to the coi^ 
responding r's by II. and III. 

In each case the r represents an inference about the probable 
general drift of the relation, suppoucg it to be rectilinear. Hence 
all are comparable, if the above conditions are fulfilled. The data 
used in making the inference are, however, different according to 
the method, and the three r's got for the same series of pairs from 
methods 11., Ilia and 1116 are, in strictness, no more absolutely 
interchangeable than an average, a median and a mode got from 
the same series of single values would be. An r got by method I. 
is still less absolutely comparable with any one of the other three r's. 

Comparability of r's Got from two Different Sets of Pairs by the 
Same Method. — Suppose the correlation of A with B and the 
correlation of C with D to have been measured, in each case by 
the same method, r being found to be, say .4 in each case. The two 
correlations may be said to be equal in the following sense: (I) cor- 
relation to mean the general drift of a relation-line; (2) distance of 
an A from the point of reference taken for the A'a divided by the 
0* of the ^'s for group N, to be assumed as equal to the numerically 
equal value got by dividing the distance of a £ from the point of 
reference taken for the B'a by the a* of the B'a for the group. 

Suppose that, the same method I., II., Ilia or III6 being used, 
the Tax fof A and B and the rca for C and D come out, each 
as the same numerical value, say .4 or .63 or — .272. There is then 
a tendency for the student to assume that the relation of ^ to S 
is identical with that of C to D. But the numerical identity of the 
cotrelatiotu alone proves nothing about the real identity of the 
relaiioni. The r must in each case be interpreted in the light of the 
measures from which it is derived. Consider, for example, two 
such r's got by method Ilia. The numbers used to get the r's were 
(call them the x's) the result of dividing the A deviation measures 
by some number (call it var. A in N) expressing the variability of 
trait A in some group, the B deviation measures (coll them the j/'s) 
by some number (call it var. B in N) expressing the variability of 

> Or any other measure of variability conaistentty uaed. 
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the trait B in some group, etc. Now equality of t^b and tcd, both 

being A, depends on tbe assumption that any — "" T ^ " ' k ' *"y 

y « , w , . 

iT^ — liTi any TT- — iir *na *iy ^ - . -- ., - are equal m 

var. B in Nj' ■' var. C la Nt ' var. D ui Nt ^ 

fact if they are numerically equal. This assumption must be kept 

in mind. 

Further, the x'a, y'a, z's, and tc's were the results of calculat- - 
ing divergences from four points of reference, Att, Bo, Co, and Dq. 
Any inference of identity later in the process depends upon the 
assumption that An, Bq, Cq, and Da have identical values as points of 
reference. Finally we have the fundamental limitation that r 
measures only the general drift of the relation. 

Similar need for interpretation will be seen to hold good for 
any of the other methods. The student should therefore always 
make comparison of any two relations only after thinking of them 
in terms of the actual facts which they report. It is desirable for 
the beginner to use some such systematic form as: 
For Method I.: 

The correlation AB measures the general closeness of corre- 
spondence between (1) the relative portions of 

in trait 

and (2) the relative positions of 

in trait 

The relative positions being paired after the fashion 

For Methods II. and III.: 

The correlation AB measures the general drift of the relation 

between (1) the divergences of 

in the trait 

from as a point of 

reference, each divergence being expressed as a multiple of 

and (2) divergences of 

in the trait 

from as a point of 

reference, each divergence being expressed as a multiple of 
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The divergencea being p^red after the fashion 

The method of estimating the relation being by 

(State whether it is by the percentage of unlike signed pairs, or by 
the median rado, or by the percentage which the sum of the pair- 
products is of the sum of the maximal pur-producta.) 

§ 39. The Technique of Meaauring Correlatuma 
Throughout this section, the following symbols will be used: 

Call the original paired values to be correlated Ai and Bi, At and 
Bt . . . An&oA Bn. 

Call the divergences of Ai, A% . . . A„ from the C.T. of the ^'s 

Xy,Xi . . . Xn. 

Call the divergences of 5i, % . . . ^ from the C.T. of the B'& 

yuVt ■ ■ • Vn. 
Let X = any one of the series Xi,Xx . . . x». 
Let y = any one of the series y\,yt . . . ym' 
Let xjy = any one of the series x^yu Xt/yt . . . x^/yn- 
Let yjx = any one of the series yi/xi, y^Xi . . , y,/a^,. 
Let ua, A.D.^ and Qa be the a, A.D. and Q of the ^'s. 
Let at, A.D.« and Q« be the a, A.D. and Q of the B's. 

By Differences in Relative Positions or Ranks. — The formula 



sin (^p) 



and p = 1 r-j 7 



k(to' — 1) 



needs no comment save with respect to the positions to be as^gned 
to two or more identiod amounts of A (or of B). The rule is to 
keep the largest position-number in the case of both A and B equal 
to the number of pairs. So, identical amounts are each ^ven, as a 
position-number, the average of the positions which they would 
take were they slightly different. Thus, suppose the series of 
amounts of ^ to be 20, 21, 22, 22, 23, 23, 23, 24, 24, 24, 24. The 
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corresponding position-numbers i^ven would be 1, 2, 3.5, 3.5, 6, 6, 6, 
9.5, 9.5, 9.5, 9.5. The value of r for any given value of p may be 
obtained from Table 36, if the form of distribution is approximately 
Form A for each of the two traits. If the form of distribution is in 
each case approximately a rectangle r may be taken as equal to p. 



TABLE 3d 
A Table to Intxb the Value or r fbom Ant Given Value or p. 
MP* 
" n{B» - 1) 



p-1 - 



.0105 


.26 


.2714 


.61 


.6277 


.76 


7760 


.0209 


.27 


5818 


.62 


.6378 


.77 


7847 


.0314 


.28 


5922 


.63 


.5479 


.78 


7943 


.0119 


J29 


.3026 


.54 


.5580 


.79 


8039 


.0524 


.30 


.3129 


.66 


.5680 


.80 


8135 


M2S 


.31 


.3232 


.56 


.5781 


.81 


8230 


.0733 


.32 


.3335 


.67 


.5881 


.82 


8325 


.0838 


.33 


.3439 


.68 


.6981 


.83 


8421 


.0942 


.34 


.3542 


.69 


.6081 


.84 


8516 


.1017 


.35 


5615 


.60 


.6180 


.86 


8610 


.1161 


.36 


.3748 


.61 


.6280 


.86 


8705 


.1256 


.37 


.3850 


.62 


.6379 


.87 


8709 


.1360 


.38 


.3935 


.63 


.6178 


.88 


8893 


.1465' 


^9 


.4066 


.64 


.6677 


.80 


8986 


.1569 


.40 


.4168 


.65 


.6676 


.90 


9080 


.1674 


.41 


.4261 


.66 


.6776 


.91 


9178 


.1778 


.42 


.4363 


.67 


.6873 


.92 


9269 


.1882 


.43 


.4465 


.68 


.6971 


.93 


9359 


.1986 


.44 


.4567 


.60 


.7069 


.94 


9461 


.2091 


.46 


.4669 


.70 


.7167 


.95 


9843 


5196 


.46 


.4771 


.71 


.7285 


.96 


9636 


.2299 


.47 


.4872 


.72 


.7363 


.97 


9727 


.2403 


.48 


.4973 


.73 


.7460 


.98 


9818 


.2507 


.49 


.6075 


.74 


.7557 


.99 


9909 


.2611 


.50 


^176 


.76 


.7664 


1.00 I 


OOOO 



As a sUll more convenient measure, we may use 



r = 2 cosane ^ (1 - R) - 1. 
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n* — 1 

"Sg being the sum of the plus differences in ranks. 

The formula, r = 2 cosine (ir/3) (1 — ii) — 1, is correct if the two 
traits are distributed as in Form A. The formula, r = sine (x/2)it, 
was determined empirically as a fair account of the relation between 
r and R in certain concrete cases, by Spearman, who devised the 
formulte for using relative - positions in correlation. Table 37 
gives the value of r for any ^ven value of R, according to the equa- 
tion r = ane {rj2)R. Table 38 ^ves the value of r for any given 
value of R, according to r = 2 cos Cx/3)(1 — R) — \. 



A Table to Intek i 



TABLE 87 
B Value of r 7nou Ant Givxn Valux of R, AccosDiNa 



TO r - wn (x/2)B. R - 1 - C62G)y(n' - 1) 



JM7 
.063 
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iwxB. THB Value of i 
TO r = 2 COB ^(1 - 



FROM Ant Givem Vai.ok or 



.24 



.50 



.76 



1.00 



.999e 
.0999 
1.0000 



By Perceatage of UiUike Signed Pairs. — The value of r for any 
given proportion of unlike-signed pairs is conveniently obtained 
from Table 39. 

In using Table 39, that is, in using the formula r = cos tU 
there should theoretically be no zero values of either x or y. When 
such values are unavoidable, they may be treated as follows: 
Call the total number of pairs, n, 

Call the number of + + and pMrs, I, 

Call the number of H pairs, u, 

Call the number of ' 00,' ' + 0,' *0 + ,' '- C and ' — ' pwrs, (i. 
Divide the d's between the I's and the u's in a proportion half way 
between (1) half and half and (2) the proportion in which the I 
and u pairs stand. That is let 
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„+("_l|li). 



This is an arbitrary compromise. Two defensible suppositions can 
be made. First, at their face value, all pairs conttuning a zero are 
as likely to go / as u. Second, witli a fine grouping, the zero cases 
would be more likely to divide up in the same proportion of I and u 
as characterizes the rest of the pairs than in an equally reverse 
proportion. Thus if i = 90, « = 10 and d = 10, it seems unlikely 
that with fine grouping the 10 zero pairs would have as few f s as 
w's, and very much more likely that they should be 9 1's and 1 w than 
that they should he I I and 9 u's. 

TABLE 39 
Valtibs or r Correbpondino to Each Perczntaqx or Unuke^ionxd 
pAiafi. Ir THE Fercentaobs are Taken as those or the Liee-biqned Pairs, 
THE r'B ARE Negative, r = the CoErrtciENT or Corbei.ation, U — the 
Number op UnuKE-fliauBD Pairs Divided by the Nouber of LuE-aiONED 
AND Unlike-bioned Pairs. 



.00 



.0000 



.9174 
.9044 
.8905 
.8757 



.7707 
.750* 
.7293 
.7074 



.26 


.6849 


57 


.661& 


28 


.6375 


.29 


.6129 


.30 


.5877 


.31 


.5820 


.32 


.5368 


.33 


.5091 


.34 


.4819 


.35 


.4542 


.36 


.4260 


.37 


.3973 


.38 


.3682 


.39 


.3387 


.40 


.3089 


.41 


.2788 


.42 


J248G 


.43 


2180 


.44 


.1873 


.45 


.1564 


.46 


.1253 


.47 


.0941 


.48 


.0628 


.49 


.0314 


.50 


.0000 
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By the Central Teodency <rf the Ratios. — In calculating the 
median ratio it is not necessary to divide every value of x by the 
variability of A and every value of y by the variability of B. Only 
such calculations need be made as suffice to get the median of the 



Va 



JL 
and ^ 



ratios.* Only a few ratios near the median of the gross xjy series 
and near the median of the gross yjx series need to be divided 
through. 

If the number of pairs is 20 or more the medians of the gross 
xjy series and of the yjx series will ^ve a sufficiently close approxi- 
mation for r by the use of the formula:' 

r= V[{rmA */y)Ti][(mid y/a:)^] 
or, appronmately, 

_ (mid ar/y)Pi + (mid y!x)i>i 
• '- 2 

in which 

mid xly = the median of the gross xjy ratios, 
mid yjx = the median of the gross y{x ratios, 

as A.D.B Qj, 

vi = — or -J— f^ — Of 7r"> 
va aJj.a Qa 

1 
»i 
By the Sum of the Pair-Products. — In calculating the per- 
centage which the sum of the pair-products is of their maximal sum, 
we use, in place of the formula 






* A.D.J and A.D.g, or Q^ and Qa, may replace ir^ and ag, if connatency in 
the measure of variability is maintiuued. 

* Indeed, the use of this formula is in general preferable to getting the one 

x_ j^ 

median for all the -4 and •t' ratios taken together. 
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the simpler one 



since the effect of dividing through by the variabihty A me same 
in both numerator and denominator. 

This is the Pearson coefficient of correlation, usually stated in 
the less convenient form, 

In order to economize time, it is desirable to calculate the 
de\'iations from a point, Pa, at the middle of a step of the A scale, 
and from a point, Pb, at the middle of a step of the B scale, and to 
apply the necessary correction. 

Call the deviation-measures, so calculated, the £'3 and the i]'s. 
Call the exact points of reference from which the x' and the j/'s 

should have been calculated, E^ and Eg 
Let d^~EA- Pa; let d^-Ej,- P„. 
Then 

S (3- - g) . _^ S ({•)))- n d^ de 






The calculations necessary to obtain r by each of these methods 
are shown in Tables 40 and 41, which also illustrate a convenient 
E^ethod of making them if the number of pairs is less than 100. 
The related pairs are listed in the first and second columns of the 
table, under A and B. The relative positions or ranks are listed 
in the third and fourth columns, under R.P.^ and R.P.^. The 
gains in relative position of the B's over the A's — that is, the positive 
differences, R.P.^ — R.P.^ — are listed, together with the negative 
differences, in the fifth column, under G. The squares of the dif- 
ferences between ranks are listed in the sixth column, under 2)^. 
The deviations from the approximate C.T.'s (39.5 and 51) are listed 
in the seventh and eighth columns under x and y The x ■ y products 
are listed in the ninth and tenth columns, the + values in the ninth 
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and the — values in the tenth, under + xy and — xy. The ar*s and 
i^a are listed in the eleventh and twelfth columns. That is, the 
table headings have meanings as shown below. 



R.P^ Rank (i. «., eelative portion) in A, 
R.P^ Rank (i. e., relaUve poedtjcm) in B. 
Q R.F.B-R.P.d. 
D» (R.P.i(-R.P.^)*. 

X I>eviatioQ from 39.5 in A (in half'^teps). 
V Deviation from 51 in B (in stepe). 
+XV Products of Uk»«£ned pairs. 
—xy Products of unlike-ugned pain. 

3? 

If 

The calculation of r by the Speannan "footrule for correlation," 
wherein 

uses only column 5. It is shown in I. of Table 41. The calculation 
of r by the squared differences in relative position uses only column 
6. It is shown in II. of Table 41. The calculation of r by the 
percentage of unlike signed pairs uses only the signs of columns 7 
and 8. It is shown in III. of Table 41. The calculation of r 
by the Pearson method uses columns 7, 8, 9 and 10. It is shown 
in IV. of Table 41.' The calculation of r as the median of the x!y 
and y/x ratios, with allowance for the variability of A and the 
variability of B, is shown in V. of Table 41. 

If the number of related pairs is over 100, the use of relative 
positions is inadvisable, and the computations for U, 2j*y, Zj^, 2y', 
mid x/y, mid yjx, Vi and i^ are best made after the data have been 
arranged after the general plan shown in Table 42. In Table 42, 
which is for the facts given in Table 27 (on page 146), when treated 
' as divergences from 20 (for a-t words marked) and 55 (for .4's 
marked), each pair is represented by a line placed under the appro- 
priate step of the "a-tirords" scale and oppoji/e the appropriate 
'In practise, columns 11 and 12 of Table 40 would not be filled out as is 
shown here. The labor of adding would be much economised, as by replacing 
the two 81'b by 162, the four 49's by 196, the five 25'a by 125, etc. 
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1 


3 


+ 2 


4 


-17 


-15 


255 




289 


2 


iJb 


-- 3.6 


1255 


-13 


-12 


156 




169 


3 


15 


-■12 


144 


-11 


- 5 


66 




121 


4.6 


1 


- 3.5 


\225 


- 9 


-19 


171 




81 


4.5 


g 


+ 4.5 


20.25 


- 9 


-10 


90 




81 


7.5 


11 


+ 3.5 


12.25 


- 7 


- 8 


66 




49 


7^ 


2 


- 5.5 


30.26 


- 7 


-16 


112 




49 


7.6 


4 


- 3.S 


12.25 


- 7 


-14 


98 




49 


7.5 


16.6 


+ 9 


81 


- 7 


- 4 


28 




49 


12 


22 


+10 


100 


- 5 


- 2 


10 




25 


12 


7.6 


- 4.5 


20.26 


- 5 


-11 


55 




25 


12 


26 


+14 


196 


- 6 










25 


12 


24.5 


+12.5 


156J25 


- 5 


- 1 


S 




25 


12 


5.5 


- 6.5 


42.25 


- 6 


-12 


60 




25 


17 


12 


- 5 


26 


- 3 


- 7 


21 




9 


17 


19 


+ 2 


4 


- 3 


- 3 


9 




9 


17 


13.S 


- 3.5 


12.26 


- 3 


- 6 


18 




9 


17 


28 


+11 


121 


- 3 


+ 1 




3 


9 


17 


28 


+11 


121 


- 3 


+ 1 




3 


9 


22.5 


7.5 


-15 


225 


- 1 


-11 


11 




1 


22.6 


13.5 


- 9 


81 


- 1 


- 6 


6 




1 


22.6 


30.6 


+ 8 


64 


- 1 


+ 2 




2 


1 


22.8 


10 


-12.6 


156.25 


- 1 


- 9 


9 




1 


22.5 


37 


+14.6 


210.25 


- 1 


+ 6 




6 


1 


22.5 


22 


- .5 


2b 


- 1 


- 2 


2 




1 


2S.5 


16.5 


-12 


144 


+ 1 


- 4 




4 


1 


28.5 


24.5 


- 4 


16 


+ 1 


- I 




1 


1 


28,5 


34.5 


+ 6 


36 


+ 1 


+ 4 


4 




1 


28.5 


22 


- 6.5 


42.25 


+ 1 


- 2 




1^ 1 


28.5 


3e 


+10.6 


110.25 + 1 


+ 8 


8 




1 


28.5 


10 


- 9.5 


90.25 + 1 


- 3 




3 


1 


34.5 


19 


-15.6 


240.25 


+ 3 


- 3 




•^ 


1 I 


34.5 


36 


+ 1.6 


2.25 


+ 3 


+ 5 


16 




34.5 


30.5 


- 4 


16 


+ 3 


+ 2 


6 




9 


34.5 


34.6 








+ 3 


+ 9 


27 




9 


34.5 


38 


+ 3.6 


12.25 + 3 


+ 7 


21 




9 


34.5 


34.6 








+ 3 


+ 4 


12 




9 


40 


47.5 


+ 7.5 


56.26 


+ 6 


+16 


76 




25 


40 


32.5 


- 7.5 


66J25 


- 5 


+ 3 


16 




25 


40 


28 


-12 


144 


+ 5 


+ 1 


5 




25 


40 


47.5 


+ 7.5 


56.25 


+ 5 


+16 


76 




25 


40 


42.5 


+ 2.5 


6.25 


-- 5 


+10 


60 




26 


44 


42.5 


- 1.5 


2,25 




+10 


70 




49 


44 


32.5 


-11.5 


132.25 


-- 7 


+ 3 


21 




49 


44 


50 


+ 6 


36 


+ 7 


+22 


154 




49 


46.5 


46 


- J.5 


2.26 


+ e 


+12 


108 




81 


46.5 


49 


+ 2.6 


6,26 


+ 9 


+19 


171 




81 


48.5 


44 


- 4,5 


20.26 


+ 11 


+11 


121 




121 


48.5 


40.5 


- 8 


64 


+ 11 


+ 9 


99 




121 


60 


46 


- 4 


16 


+16 


+14 


210 




225 
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TABLE 41 
C&LCULATiOHB or r rsou thb Data of Table 40, bt Vauodb Mxthods 
I. Zp — 166 or 171, accoiding to the diiectkiQ dioeen. Uw 168. 

R - 1 - 6(168)/(2500 - 1) R- .5966 

Using r = Bin I fi ((. e., Table 37), r - .806. 

Umng r - 2 MM I (1 + £) - 1 (i. «., Table 38), r - .824. 

U. .D.-317. .-.-f^, ,-^ 

Assuming fonn A for Ute distributions, and ao uaing Table 36, r — .859. 
in. There are 9 U-paira, 1 lero-pajr, and 40 L^uurs. 
By Table 39, r - .832. 

IV. 2x1/ -2468 Sa*-2074 ^-4385 "'" 



\/aS7I%/|386^ 

V. listing the xh ratios, Listing the y/x ratios, 

roughly in order of rou^k^ in ord^ oS 

magnitude, we have: magnitude, we have: 

9 native ratioe 9 negative t&tios 

9 mtioB from to i 9 ratios from to 1 

pit 

15 ratios <rf 1 or over 

The mid x/y is between ^ and }. The mid y/x is between ^ and f - 

The mid x/y ia .487. The mid y/x is 1.127. 

at — -\-En-i '^^ '* " "V""^!)"" H^"^' "" °" '-^S and 1^ — ,69. 

(Mid x!y)v, - .706. (Mid ylx)vt - .778. 

r - •.706 X .778, or .741; or, apptorimately, r = -706 + .778 ^ ^ y^^_ 

step of the 'M's ?naried" scale. The average of the y values related 
to each value of x is given under Av. y; the sum of the x-y products 
in the case of each array of y'a 13 got by multiplying the Av. y in 
question by x and then multiplying the product, so obtained, by 
the number of cases in that array; the llx-y for the entire series , 
is got by adding these smaller product-sums, which are recorded 
under f(xy) ; the calculation of Sar* and Sy* is abbreviated by group- 
ing as shown under /(a;*) and/(y') ; the other facts and arrangements 
of Table 42 are self-explanatorj'. 

In general the following procedure is advisable in measuring 
any correlation by the amount methods: 



Digitized byGOOgle 



D,„i,„db,Google 



D,„i,„db,Google 



CORRELATION 177 

1. Keep the measures in as fine a grouping as they origically had. 

2. Tabulate them in a single-entry correlation table, letting one 
little line represent one pair, the location of this line, beneath the 
scale for A and oppo^te the scale for B, representing the two 
measures. 

3. Choose, as an approximate point of reference for the A's, 
that midpoint of a step on the ^-scale or that point just between 
two steps on the ^l-scale which is nearest the desired point of 
reference. Do likewise" for the B'a. What the desired point of 
reference will be in any case depends upon what theoretical or 
practical question the calculation of the r is to answer. 

4. Enter, in a row at the bottom, the frequencies of each step of 
the A-^ecale. Enter, in a column at the right, the frequencies of each 
step of the 5-scale. 

5. Restate the ^-scale as an a>-scale, in divergences from the 
approximate point of reference in units of a step or half-step, 
according as the approximate point of reference is at the middle of a 
step or just between two steps. Do likewise for the B-acaie, turning 
it into a ^scale. 

6. Calculate the central tendency of each column under each 
step of the scale for the A's, and do not fail, whatever single value 
may be later calculated to represent the general drift of the relation, 
to give with it this list of the central tendencies of the B's related 
to the respective different values of A. 

§40. The Correction of CorrelaiioitrCoeffiments for the 'Attenuation' 
Due to Chance Inaccuradet in the Original Paired Measures 
The discussion of measurements of relations so far presupposes 
that the facts related are measured exactlj'. There will, however, in 
mental and social measurements commonly be a considerable error 
in each individual fact of those to be related. For instance, in the 
illustration used in Table 42 the " A's marked by an individual" is 
a score depending upon onlj' one trial of 60 seconds. With many 
trials on many different occasions, the individuals concerned would 
attain somewhat different measures. So also with the "a-t words 
marked." Let us call r,co.in. the r which would be obtained 
from accurate measures in both facts for all of the related pairs; 
and let us call r^^p, a. the r which is in fact calculated from the single 
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measures. If there b, in reality, aoy correlation, direct or ii 
rkM.in.wi]! be farther from than r.pp.B.; for the influence of 
chance inaccuracy in the measures to be related u idwaya to produce 
sero correlaHoTi. If two seiies of pairs of values are due entirely to 
chance the correlation will be zero, and in so far as they are at all 
due to chance, the correlation will be reduced toward zero. 

The chance variation, which in the long run cuts its own throat 
in the case of averages, can not, in the case of a correlation, be thus 
rendered innocuous by mere numbers. For instance, the true coi^ 
relation between the volume of bodies of water at constant pressure 
and temperature, etc., and their weight is + 1.00. Suppose now 
that the true measures for ten pwrs were: 



The correlation is evidently + 1.00. 

Suppose the person measuring them got, instead of these figures, 
certain chance variations from them due to the error of his meas- 
uring. 

If the reader will distribute by chance, among these 20 measures, 
20 errors, say 5 of + 2, 5 of - 2, 4 of + 3, 4 of - 3, 1 of + 4 and 
1 of — 4, and will then calculate again the coefficient, he will find 
it to be less than before. It he will let the chance errors be larger 
e. g., 5 each of + 4 and — 4, 4 each of + 6 and — 6 and 1 each of 
+ 10 and — 10, the coefficient will be still more reduced. The same 
will hold regardless of whether 10 or 10,000 pairs of related values 
are taken. 

To correct for this "attenuation" of the coefficient by chance 
errors in the data, it is necessary to have at least two independent 
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measures of tbe measures to be related. When these are at hand 
the procedure is as follows: 

I«t A and B be the facts to be related. 

Let p be a series of exact measures of A, 

Let q be the related series of exact measures of B. 

Let r^ be the coefficient of correlation of A and B, obtainable 
from the two series p and q. t„ is thus the required real correlation. 
Let pi and pi be two independent series of measures of A. 
Let 91 and qt be two independent series of measures of B. 
Let rf^f^ be the correlation when the first measure of A and the first 

measure of B are used. 
Let r^a, be the correlation when the first measure of A and the 

second measure of B are used. 
Let Tf^ be the correlation when the second measure of A and the 

first measure of B are used. 
Xet fp^, be the correlation when the second measure of A and the 

second measure of B are used. 
Let rp,p, be the correlation between the two measures of A. 
Let T^f, be the correlation between the two measures of B. 
It is understood that the pairing is the same in every case. Then 



r«.= 



Labor can be economized, and a very probably better correcrion 
obtained, by using ^ 

A second method' of allowing for the inaccuracy of the original 
measures of the facts to be related is based upon the fact that an 
increase in the number of measures of each of such facts increases 
its accuracy. From the increase in the closeness of the relationship 
as we use the central tendency of 2, 3, 4, 5 . . . trials of each 
individual, we may prophesy what the relationship would be, if we 
had at hand measures from so many trials of all the individuals as to 
give the status of each one exactly. 

' For a further description of this method and the fint method m w^ see the 
article in the Am. J. «/ Pij/., for J&nuuy, 1904, by C. Spearman, to whom the 
formulffi are due. 
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Let Tpf be the coefficient of correlation that would be found if the 
measures of the related facts, A and B, were perfectly exact. 

Let m be the number of independent measures of A, pipipi, etc. 

Let n be the number of independent measures of B, qiqt(lt, etc. 

Let fpr^ be the average of the correlations between each series of 
values obtained for trait A, with each series obtained for trait B. 

Let fp^ffl be the correlation obtained when pipipt, etc., are com- 
bined to give the measure of trait A, when, that is, each individual 
is represented by his most likely central tendency in tr^t A, and 
when qiQiqt are similarly combined to give the measure of tr^t B. 
Then 

V mn — 1 

This second formula has not been accepted as necessarily valid 
and should be used only provisionally, until it has been verified by 
theory or experiment, but it is obvious that some empirical formula 
of the sort could be found to give the expected r from absolutely 
accurate measures on the basis of the change in the r as the measures 
approach nearer such absolute accuracy. The first formula 19 valid 
in so far as the difference between any two of the original measures 
of the same fact is due to truly random sampling. 

Useful as these formulffi for correction of attenuation due to inac- 
curate measures are, it is wise not to overwork them by substituting 
their use for the attainment of reasonably precise original measures. 
The beginner, at all events, may best secure, in the case of correla- 
tions, original measures, the trtme-obudDed * of which is not over 
6 per cent, of their amount.. 

§ 41. EgiiwUing the Correlation that Would Be Found if the 
Origirud Paired Measures Could Be Freed from 
the Effects of Irrelemni Factors 
It is obvious that, in order to measure the essential correlation 
between fact A and fact B, we should have a series of pairs of 
amounts related only through the relationship of j4 to B. But un- 
less great care is taken in the selection of the data, other factors 
affecting the relationship of the amounts are sure to enter. Thus in 
■ See the next chapter for the expUnstion of thia term. 
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relating mental capadties, if we use children of different ages, the 
factor of age, as well as the intrinsic relationship between the traits, 
is at work. The real correlation between a city's lighting and its 
expense for police protection might be inverse, but actual cor- 
relations of the per capita expense for the two items in American 
cities might show a direct relationship due to the entrance of the 
factor, municipal expensiveness as a whole. The influence of 
heredity can not be inferred from fraternal correlation until a 
discount is made for the factor, similar training. 

Spearman has suggested the terms — Constriction, Dilation 
and Distortion — for the effects of the improper admission or ex- 
clusion of factors. I quote his description' and corrective formulae. 

"Now, all such elements in a correlation as are foreign to the 
investigator's explicit or implidt purpose will, like the attenuating 
errors, constitute impurities in it and will quantitatively falsify its 
apparent amount. This will chiefly happen in two ways. 
"4. 'Constriction' and 'Dilation.' 

" Any correlation of either of the considered characteristics will 
have been admitted irrelevantly, if it has supervened irrespectively 
of the original definition of the correspondence to be investigated. 
The variations are thereby illegitimately constrained to follow some 
irrelevant direction so that (as in the case of Attenuation) they no 
longer possess full amplitude of possible correlation in the investi- 
gated direction; the maxlmun instead of being 1 will be only a 
fraction, and all the lesser degrees of correspondence will be similarly 
affected; such a falsification may be called 'constriction.' Much 
more rarely, the converse or 'dilation' will occur, by correla- 
tions being irrelevantly excluded. The disturbance is measurable 
by the following relation : 



ere fp,' = the apparent correlation of p and q, the two vari* 

ables to be compared, 
r^ = the correlation of one of the above variables with a 

third and irrelevantly admitted variable v, 
I fp, = the real correlation between p and q, after compensate 

ing for the ille^timate influence of v. 
' Am. J. of Ptjf., 1904, Vol. 15, pp. 94-96, pawim. 
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"Should any further irrelevant correlation, say rpv, be admitted, 
then 



Tp.' 



In the reverse case of ' dilation,' 

Tm = rps'- V^l - 
"Distortion occurs whenever the two series to be compared 
together both correspond to any appreciable degree with the same 
third irrelevant variant. In this case, the relation is given by 



" |/(1 - r^*)Cl - T„')' 

where r^,' ™ the apparent correlation between p and q, the two 

characteristics to be compared, 
Tp, and tg, = the correlation of p and q with some third and per- 
turbing van able v, 
and r„ = the required real correlation between p and q, after 
compensating for the illegitimate influence of v." 
Should the common correspondence with v have been irrel- 
evantly excluded instead of admitted, the relation becomes 



r„ = rp,'-v'(l-rp,')Cl- V*) + (v)(r^) 

5 42, The Depejtdsjice of the Meaning of a Coefficient of Correlation 
upon the Values that Are Paired 

The facta to be correlated in the mental and social sdences may 
be: (1) the varying conditions of a trait in an individual (to be 
correlated with corresponding conditions in him of some other trait), 
or (2) the varying conditions of a trait found in different individ- 
uals of a group (to be correlated with the conditions found in some 
other trait in the same individuals), or (3) the varying central 
tendencies of a trait found in different subgroups of a lai^er group 
or collection of groups (to be correlated with the central tendencies 
found in the case of some other trait in the same subgroups), or 
many other series of pairs. 

For example, one may seek (Case 1) the correlation between the 
quickness of perception of an individual at various times and his 
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quickness of movement at corresponding times. Or one may seek 
(Case 2) the correlation between the quickness of perception in 
general of Jones, Smith, Brown, etc., and the quickness of move- 
ment possessed in general by the same individuals. Or (Case 3) 
one may seek the correlation between the general quickness in per> 
ception of races and their quickness of movement. 

It should be noted that the differences in the three cases have 
nothing to do with the mere number of individuals studied. The 
essential differences would remun If we used a million cases to 
determine the correlation of two traits within an individual, only 
a hundred thousand to determine the correladon among individu- 
als and only ten thousand to determine it for races. The essential 
difference is in the questions to be solved. From them it follows 
also that in Case 1, if several individuals are studied, a number of 
pairs of measures for each Individual will be used and the coefficient 
of correlation in each individual will be worked out separately. If 
the results from different individuals are then combined they will 
be combined as a group of facts according to the methods of Chapter 
III. In Case 2, on the contrary, a single pair of measures will 
represent the correlation in any one individual and these pairs will 
be combined according to the method of the present chapter. In 
Case 3 a single pair of figures will represent the correlation in each 
subgroup. 

The problem of measurement itself is the same for three cases, 
the difference being in the data used and the consequent meaning of 
the coefficient of correlation obtained. To any one of the following 
series of related pairs the mode of procedure discussed in this chap- 
ter is applicable. 

Related bt iDENrnr of Con>rnoN8 

Trait T and trait Ti in individual A under conditioai Ci 

Trait T and trait Ti in individual A under coDditiona Ct 

Trait T and trait 7*1 in individual A under conditiona Ci 

Related bt Idektitt of the Individiial 

^^t 7* and trait Ti in group, ten-year-olds, in individual f i 

TWt T and trait 7*1 in group, ten-yearolds, in individual f ■ 

Trut T and trait 7*1 in group, ten-year-c^, in individual /■ 

Related bt Identitt of the Sub-oroup 
Tnut T and trait Ti in group, all men, in sub-group Chinese. 
Tnut T and trait Ti in group, all men, in sub-group Negroes. 
Trut T and trut Ti in group, all men, in sub-group Indians. 
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It is perhaps needless to point out that the existence of a certain 
relation within an individual does not imply anything about the 
relation within a group of individuals, nor that again about the 
relation within a group of groups. Individuals may be happier 
when they are richer, but rich individuals amongst Americans may 
be no happier than poor individuals, and from neither fact could we 
infer that the American population would be happier or lesa happy 
than the Chinese or the Negro population. 

For similar reasons the nature and amount of a correlation wUl 
depend upon the group selected. If, for instance, the correlation 
between knowledge of history and knowledge of English literature 
is measured in the group, high-school graduates, by using the 
deviations of individuals from the high-school graduates' averages in 
the two traits, the correlation will be less close than if we use the 
group, all people. The correlation between height and weight will 
be less close if measured in the group, 18-year-olds, than if measured 
in all children under twenty. Any relation so calculated should 
always be thought of as the correlation of deviations from the 
assigned points of reference in the two traits in the case of the 
individuals of tke group in que3tion. To assume that the correlation 
found in any given group holds good also for a different group is 
valid only if the given group is a random selection from the other 
group. 



41. Arrange a correlation-table, paring the two series given 
below so that r when calculated will be approximately .8. 

42. Arrange a second correlation table, pairing them so that r 
will be approximately .5. 

43. pMr them so that r will be approximately .2. 

Series I.: - 10, -8,-7,-6,-6,-5,-5,-4,-4,-4, 
- 3, - 3, - 3, - 2, - 2, - 2, - 2, - 1, - 1, - 1, - 1, -H 1, + 1, 
+ 1, -I- 1, -I- 2, + 2, + 2, -I- 2, -I- 3, + 3, -I- 3, -H 3, + 4, + 4, 
+ 5, + 5, + Q, + G, + 7, + 8. + 10. 

Series IT.: -5,-4,-4,-3,-3,-3,-2,-2,-2,-2, 
_ 2, - 2, - 1, - 1, - 1, - 1, - 1, - 1, - 1, 0, 0, 0, 0, + 1, + 1, 
+ 1, -fl, -I- 1, -I- 1, -i- 1, + 2, -H 2, + 2, -I- 2, + 2, + 3, + 3, 
+ 3, -f 3, -h 4, -f 4, -f 5. 
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44. Compute r by all possible methods for the following series of 
pdra, using 115 and 80 as C.T.'s. 



p 121 100 

g 124 go 

45. Compute the Pearson coefficients for A with B, A with C, 
and A with D in Table 31 (page 158). 

46. Compute pj, Cj, the mid x/y ratio, and the m id y(x ratio 
end r by the formula r ■= v'Kmid ar/y)iii][(mid ylxjv^ for the data 
of Table 42. 

To save time, treat ratios with zero in the denominator as 
extreme negatives when the numerator is negative, and as extreme 
positives when the numerator is positive. In practice, the mid- 
ratio method would not be used without distributing the zero 
measures. The prindple of distribution would be that used for the 
" percentage of like-signed pairs " method. 
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CHAPTER XII 

The Reliabilttt of Measures 

§ 43. Dependence upon the Number of Separate Measures of the Fact 
in Question and upon their VariaHliiy 

When from a limited number of measurements of a fact, say of 
A's monthly expenses or B's ability in perception, we calculate its 
average, the result is not, except by chance, the true average. For, 
obviously, one more measurement will, unless it happens to coincide 
with the average obtained, change it. For instance, the first 30 
measures of H's ability in reaction time gave the average .1405; 
the next seven measures being taken into account, the average 
became .1400; with the next seven it became .1406 — ; with the 
next seven, .1406 +■ By the true average we mean the average 
that would come from all pos^ble measures of the fact in question. 
The actual average obtained from a limited finite number of these 
measures is, except by chance, only an approximation toward the 
true average. So also with the accuracy of the measure of varia- 
bility obtained. The true variability is that manifested in the entire 
series of measurements of the trait ; the actually obtained variability 
is an approximation toward it. The true average and the true 
variability of a group mean similarly the measures obtained from a 
study of all the members of the group. 

It is necessary, then, to know how many trials of an individual, 
how many members of a group, must be measured, to obtain as ac- 
curate knowledge as we need. Or, to speak more properly, it is 
necessary to know how close to the true measure the result obtained 
from, a certain finite number of measures will be. 

It is clear that the true average of any set of measures is the 
average calculated from all of them. If the average we actually 
obtain is calculated from samples chosen at random, it will prob- 
ably diverge somewhat from the average calculated from all. So 
also with obtained and true measures of total distribution, varia- 
186 
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bility, difference and relationship. We measure the unreliability of 
any obtained measure by its probable divergence from the true 
measure. 

It is cle^r also that the divergence of any measure due to a 
limited number of measures from the corresponding measure due 
to the entire series, will vary according to what particular samples 
we hit upon, and that if the samples are taken at random this 
variation in the amount of divergence will follow the laws of prob- 
ability. For these laws, based on the algebriuc law expressing the 
number of combinations of r things taken n at a time, will account 
for the difference between the constitution of a total series and the 
constitution of any group of things chosen at random from it, con- 
sequently for the differences between any two measures due respec- 
tively to theae two constitutions. 

We have, consequently, to find the distribution of a probable 
divergence (of obtained from true or of true from obtained) and know 
beforehand, in cases of random sampling, that it will have its mode 
at (since all that we do know about the true is that it is more 
likely to be the obtained measure than to be any other one measure). 
What we need to know is its form and variability, to know, that is, 
how often we may expect a divergence of .01, how often one of .02, 
how often one of .03, etc. Suppose our obtained measure to be 
10.4 and the distribution of the probable divergence of its corre- 
sponding true measure from it to be known to be as follows: 

1 or 0.1 per o 
10 or 1 peTC< 
45 or 4.6 per o 
120 or 12 per o 
210 or 21 per a 
252 or 25 per c. 
210 or 21 per c. 
1?0 or 12 per ci 
45 or 4.5 per o 
10 or 1 per CI 
1 or 0.1 per o 

We can say : "The true measure will not rise above 11.3 
(10.4 + .9) in more than one case out of 1,024," or, "The chances 
are over 1,000 to 1 against the measure being over 11.3," or, "The 
chances are nearly 99 to 1 against the true measure being overll.l," 
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or, "The chances are about 8 to 1 against the true measure differing 
from 10.4 either above or below by more than .S.""" 

If the form of the distribution of the divergence of the true from 
the obtained measure were known, its variabihty would be the only 
measure needed. The form will, if it is fairly large, always be fairly 
near to Form A and it is customary to disregard the very slight 
error involved and assume the form to be that of Form A. 

The problem of determining the reliability of any measure due 
to a limited series of samples is, then, to determine the variability of 
the fact, divergence of true from obtained meaaure. 

It is clear that the more nearly the number of samples taken ap- 
proaches the number of things they represent, the closer the ob- 
tained measure will, in general, be to the true measure. In other 
words, the dispersion of the divergence (Jt/mH — ^ott) about zero 
will be less. It is clear also that the less the variability amongst the 
individual samples, the less will be the probable variability of the 
divergence of the obtained from the true measure of central tend- 
ency. For instance, if men range from 4 to 7 feet in height, averag- 
ing 5 feet S inches, we can not possibly get an average more than 1 
foot S inches wrong, while if they range from 2 to 10 feet, we may 
make an error of 3 feet 8 inches. The same holds true for the 
divei^ence of obtained from true variability. 

The derivation of the formulae expressing the variability of 
the probable divergence of the true from the obtained measure of 
central tendency or of variability in terms of the number of cases 
and the variabihty of the obtained distribution need not concern us. 

The formulae in common use are given in Section 44. 

§ 44. Formukefor the Variability c^ the Probable Divergence c^ a True 

Measure from Its Corresponding Obtained Measure 
For the unreliability" of an average. 



Vn 



fft ,T.-obt «. = 

" It may appear etcange to talk about the true meanure, which is a fixed value, 

"rimng above" or "being over," but if the reader will bear in mind that we do not 
know just where it is fixed, but do know the yrtfyjbilUy of iU bong at this or that 
point, he will not tniaunderstand the terms used. They could not well be avoided 
without much circumlocuUon. 

" It is customary to speak of the variability of the divergence of s true from 
an obtwned measure as the measure's error. Thue irc .t^-ohl ■>. is called the 
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in which 

<rt.aT.-obi.BT. = the mean square deviation of the probable divei^ 

gence of the true from the obtained average,". 
iTiiM. = the mean square deviation of the distribution" the 

unreliability of whose average is in question. 
n = the number of measures in the distribution. 
The use of the formula to predict facts will be seen best in a 
concrete case. For instance, let A^a = the obtained average: let 
■Tdut ~ the variability (mean square or standard deviation) of the 
distribution: let At, = the true average that would be obtained 
from an infinite number of measures. Suppose Aoa. is 20.2, that 
^iia. is 4.2, and th^t n b 300. Then the probable condition of 
the divergence, Au — Aobt.i is to have a mod e at zero and a variability 
i<ft.-M.A) about that mode of 4.2/V^, or .242. The distribu- 
tion of the probable divergence of the true from the obtained aver- 
age is then as shown in Fig. 91, which is constructed from the 
data: Form of distribution is Form A; mode = zero; ff = .242. 



mean •Tuore error of the obtained average; P.E.i. r'-*t>t.T. is called the probabU 
error of the obttuned coefficient of correlation; A.D.i.dia.-<ibt.itir ie called the 
average error of Che obtained difference. These teima are somewhat ill choe»i, 
as there is really no "error," but only a varying d^ree of probable approximation. 
I Bhall, therefore, use the word unreliability throughout. 

"The meaning of the "probable divM^ence" of the true measure iMi) 
from that obtained from a series of, say, fifty measures (Afsbi.) is the act-ual 
divergences from Mt. that would be found uNng all the Msm.'b of an infinite 
number of similar series of fifty measures. Th&t is, if ai.a.~ttx.m. = lA it means 
that if a hundred thousand or ao such expeiiments were to be made, each f^ving 
fifty measures, and if the divergences of the hundred thousand Jtf<u.'a from Mi. 
were computed, they would be found to be distributed around lero aa a central 
tendency, with a mean square devia^OD of \,5. 

" Since, to measure unreliability, we have to measure the variability t)t a 
divergence and shall need to use terms similar to those used in measuring the 
variability of things or conditions, it will be well to name the average deviation 
of a distribution of a thing or condition A.D.di.. Similarly, v and PJE. in the 
sense hitherto used will now be called <r<a^ and P J:.ii.. 
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From it one can, by proper means,^^ show that the probable 
divergence of At. from 20.2 (the value of Agbt.) ranges between 
— .726 and + .726 in about 997 cases out of 1,000, between - .242 
and + .242 in 683 cases out of 1,000, between — .40 and + .40 in 
900 cases out of 1,000. In other words, the chances are 997 to 3, 
or 332 to 1, that the true average will not deviate from the obtained 
by more than .726; 683 to 317, or over 2 to 1, against a deviation 
of over .242; and 900 to 100, or 9 to 1, against a deviation of over .40. 
In still different words, the chances are 2 to 1 that the true average 
lies between 19.958 and 20.442; 9 to 1 that the true average lies 
between 19.8 and 20.6; 332 to 1 that the true average lies between 
19.474 and 20.926. 

The Unreliability of a Median. — The above formulee, multiplied 
by 1.25331 (or roughly l}^), may be used for the variability of the 
divergence of the obtained from the true median. That is, 
5 ffdu. 

The Unreliability of a tr and of a Q. — The gross unreUabUity is 
less for the variability than for the central tendency of the same 
fact, v'2« replacing Vn in the denominator. The formula for 
the mean square deviation of the divergence of true from obtained 
ff is: 

"-»■■• ■ ^ 

For the umeliability of a Q we may use 

"'«-•'• --TiT 

TTie Unreliability ot a Difference.— The unreliability of a 
measure of a difference (A — B) is measured by the probable 
divergence of the true difference from the obtained difference. 
True difference may mean either one of two things — either the 
difference that would be the central tendency of an infinite number 
of measures of the difference, or the difference that would be found 
between the true measure of A and the true measure of B. 

In the first meaning the unreliability of the difference D is the 

" These means will be made clear in Chapter XIII, 
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unreliability of the obtained central tendency of the measures — 
di,dt... (^— each a sample of a certain sort of difference — and is 
to be estimated just as is the unreliability of any central tendency 
(see p. 188ff). 

In the second meaning, the unreliability is of Acm. — Sdm.*— the 
obtained difference between a measure A and a measure B — and 
means the divergence of the probable ^(m* — fitn* from Aott. — 
Bobt- Consider first the distribution of the probable At, — Bt. 

The probable true measure At is distributed about ^om. as a 
mode and the probable true measure fit. is distributed about figu. 
as its mode. The probable true difference — that is. At. — Bt — 
is a variable with its mode at A„^ — Bdu. and with decreasing 
frequencies as we take Aabt. — Bou. + 1, Am. — Bobt + 2, etc., or 
^bi, — -Bow, — 1, ^obt — B«M. — 2, etc. This may be seen moat 
clearly in a concrete case such as follows: 

Suppose that ^om. = 50, and that Bou. ^ ^; that the probable 
divergence of At, from A^l is as given below under I.; and that 
the probable divergence of Bt, from Bom. is as given below under II. 



-2 to -3 
-Ito -2 
Oto -1 
Oto +1 
+lto+2 
+2 to +3 



To find the probable At — Bt,. From I. and II. we get, 
probable values of Ai„, and Btnu> HI- and IV. 



48 to 47 

49 to 48 

50 to 49 
SO to SI 
fil to 62 
52 to 63 



"St™. 


40 to 39 


41 to 40 


42 to 41 ] 


42 to 43 


43 to 44 


44 to45 



Using for each distance its midpoint value, the probable At„ 
is as in V., and the probable Btn* is as in VI.: 
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A Tm B Tru« 

47.5 1 39.5 1 

48.5 6 40.5 S 

49.6 10 41.5 10 
C0.E 10 42.6 10 
G1.5 6 43.6 8 
62.6 1 44.6 1 

From these probable values of A^m *nd ^t™ we get the following 
probable values of At. — Bt.\ 

One 39.5 of Bt. with one 47.5 of At. givw 1 difference of 8 

One 39.5 of £l with five 4S.5fi of At. gives 5 diffeiences ot 9 

One 39.5 of £t. with ten 49.60 of Ai. gives 10 differences of 10 

One 39.6 of Bl with t<n 60.fia ot At. gives 10 differences ot 11 

One 39.6 of £l with five 51.5s of At. givea 5 differences of 12 

One 39.5 of Bt. with one 62.5 of At. gives 1 difference of 13 

five 40.5b of £i. with one 47.5 of.^t. pves 6 differences of 7 
nve 40.5a of Bt. *ith five 48.5b of A\. gives 25 difTereDcea of 8 
nve40.5eofBt. with t«n 49.5fl of Aleves 50 differences of 9 
Five 40.5b of Bt. with t«n 50.5a of Au gives 50 differences of 10 
Five 40.6e of Bl with five 61.6a of Ai. gives 25 differences of 11 
Five 40.58 ot Bi. with one 52.5 of At. »ve« 6 differences ot 12 
Ten 41.5s of Bt with one 47.5 of Ai. gjvea 10 differences of 6 
Ten 41.6a of Bi. with five 48.5b of At pves 60 differences of 7 
Ten 41.5s ot Bi. with ten 49.59 of At pves 100 differences ot 8 
Ten 41.59 ot Bl. with ten 60.5b of Al pvea 100 differences ot 9 
Ten 41.59 of Bt with five 61.5h of At gives 50 differences tA JO 
Ten 4J.5S of B,. with one 52.5 of Au gives 10 differences of 11 
Ten 42.59 of B,. with one 47.5 of At give9 10 differences of 5 
Ten 42.5H of B,. with five 48.5fl of At gives 50 differences of 6 
Ten 42.5s ot Bi. with ten 49.5fl ot At gives 100 differences of 7 
Ten 42.5s of Bt with ten 60.5s of A<. gives 100 differences of 8 
Ten 42.5s ot Bi, with five 51.5e ot At i^ves 50 differences of 9 
Ten 42.5s of Bl with one 52.5 of At givee 10 differences of 10 

Five 43.58 ot Bt with one 47.5 of Al gives 5 differences of 4 

Five 43.5s of Bt with five 48.5s ot At ^ves 26 differences of 5 

Five 43.5a of Bt with ten 49.59 of At. givea 50 differences ot 6 

Five 43.5s of Bt with ten 50.5s of At ^ves GO differences of 7 

Five 43.6b of Bt with five 61.6b of At gives 25 differences of 8 

Five 43.6s ot Bt with one 52.5 ot At gives 6 differences of 9 

One 44.5 of Bt with one 47.5 of At gives 1 difference of 3 

One 44.5 of Bt. with five 48.5a of At gives 5 differences ot 4 

One 44.5 of Bt with ten 49.6b of At gives 10 differences of 6 

One 44.5 of Bt with ten 50.5a of At gjvea 10 differences ot 6 

One 44.5 of Bt with five 51.58 of At pvea 5 differences of 7 

One 44.5 of Bt with one 52.5 of At fpves 1 difference of 8 
These, b^g distributed, give the tacts of Table 43. 
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TABLE 43 
DiBTKiBiinoti or rnx Phobable At. — Bu 



13 10 

13 1 

This ^ves the mode of the probable At. — Bt, &a 8, which equals 
-^obL — Boa, with decreasing frequendea for the series: 9 (^obL 

— Bm. + 1). 10 {Am.— Bm. + 2), etc.; and for the series: 7 
C^**. - B^ - 1), 6 (Am. ~ Bm.- 2), etc. 

In general it can be shown that the divei^ence of the probable 
At, — Bx, from A^g^, — B^bt, is a variable fact, with a mode at zero, 
and a variability dependent on the variabilities of the divergences of 
At. from ^oM. &Dd of Bt. from B^^. The greater they are, the 
greater it is. It can be shown further that .the form of the distribu- 
tion of At, — Bx,, and so of the divergence of At. — Bt, from A,^. 

— jS,i^, is approximately of Form ^,if the divergences ^t ~ -^om. 
and Bt. — £«m. '^^ approximately of Form A. It can be shown 
further that the variability of the probable divergence of A,. — Bt, 
from A^^ — Boix. equals the square root of the sum of the squares 
of the probable divergences of A^^ from A,m. ^^d of Bt. from B,^*- 
That is, 



The unreliability ef a difference between A and B equala the square root 
of the sum qf the square of the unreliability qf A and the square cf the 
unreliability of B. 

The Unreliability of a Coefflcieot of Correlation. — The probable 
divergence of the true coefficient of correlation from that obtuned 
from a limited random selection of the related pairs, is a variable 
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fact with a mode at 0, and a variability which serves as the measiue 
of the unreliability. 
For r calculated from 



•1^^2?'" ■""'""''- 


,^, 


Vn 






For T calculated from 












"Se^t-f-obtr = 


5 
4 


l-r* 
Vn ' 


y [(mid x/y)v,\ [{mid y/x)vi[, we may 


or r calculated from 










cos tU, we may uae ff,,,-,in.T 


_1.63 
" Vi' 






For r calculated from 










2 sin ( -p J, we may use v^ ,_„ 


rt.r = 


1.05(1 - 


j2 





Vn 

Tnusmutiiig <rt-o*t's into P-E^^^^t's. — So far the variability of a 

divergence of a true from an obtained measure has been expressed 

always as a mean square deviation. Since the distribution of the 

divei^ence will, if n is fairly large, approximate closely to Form A, 

the Med. Dev. or P.E. of the probable divergence of a true from an 

obtained measure may be taken as .6745" times the mean square 

deviation (S.D. or ff) of the same divergence. Similarly, the A.D. 

or M.V. of the probable divergence of a true from an obtained 

measure may be taken aa .7979 times the mean square deviation of 

the same divergence. 

We have then 

P-E.^„.-«H.„. = .6745^, 
Vn 

P.E.__^.. 67450. ^-). 

P.E.„_-.6745^. 
etc., etc. 
Calculating Unreliabilities without Knowledge of aai,. — In the 
case of distributions, with undistributed measures at either extreme, 
and in certain other cases, it is impossible to calculate (Tai,. The 
« More exactly .67449. 
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unreliability of the obtained C.T. and variability in such a case 
may be estimated from the following: 

a =1 iS9fi ^^ P F " = ^^ ■ 

''%. Mf.-cbLn. — i-'Kt^O -, r.r,.t,T.-(ilitM. — ,/-. 

Vn V n 

„_i65£as pu 111 g» 



<'(t.-<iM. DUL ^-B) 



= 1.4826 l^(Q»._^^)^+(e,_^ I,)', 



P-E.lv-ob..D«.^-«= V'{e^-oM.A)'+ («,.-0M.s)'. 



Problems 
What is the unreliability of each of the averages and of each of 
the o's in the following casesf 

47. Av.^ =10. <r«i. = 1. N=2Q. 

48. Av.B = 10. • a^ = 1.5. iV = 30. 

49. Av.c = 12. ffan = 2.0. N= 4fl. 

50. Av.o = 13. ff^ = 3.0. iV = 40. 

51. Av., = 14. ff^ = 3.0. N = 360. 

What is the unreliability of each of the following dlfEerencesf 

52. Av.(. — Av.4 = 2. The data concerning Av.^ and Av-^. 
being as in 47 and 49. 

53. Av.jj — Av.^ = 3. The data concerning Av.^ and Av.p 
being as in 47 and 50. 

54. Av.,_— Av.^ = 4. The data concerning Av., and Av.^ 
being as in 51 and 47. 

55. Av., — Av.B = 4. The data concerning Av., and Av.g 
being as in 51 and 48. 

56. Av., — Av.p = 2. The data concerning Av., and Av-p 
being as in 51 and 49. 

What is the unreliability of r in each of the following cases, 

"Q is, by tradition, not used as a name for a measure of unreliability. 
Qi.^1,1. would always be practically identical with P.E.i.-<6i. 

" The Q in the subscript is, of course, the Q of the distribution in question. 
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supposing r to luve been calculated from 

57. r - .46. N = 200. 

58. r - .16. N = 200. 

59. r - .16. JV - 600. 
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CHAPTER Xm 

The Ube of Tables of Fbeqdenct of the Pbobabiutt Susface 

§ 45. TaitUa e^ Values of the Normtd ProbabUiiy Integral 
Table 44 gives, for a surface of frequency of Form A,^ the 
proportion of cases included between the average, 0, and various 
amounts of deviation therefrom, the latter being expressed as a 
multiple of the mean square deviation of the distribution. 

Ilius, the first line of entries of Table 44 reads: Between the 
average and + ■01<r, there are 40/10,000 or 0.4 per cent. <^ the 
cases; between the average and + .02<r, there are 80/10,000 or 0.8 
per cent, of the cases; between the average and + .OSa, there are 
120/10,000 or 1.2 per cent, of the cases, etc., etc. The facts are 
identical for - .Olir, - .02ff and - .OSa. 

> The NTfaco of frequency of Table 44 (which ia that of a quantity due to 
the chance combiDatiouB of n cauaea, all equal and independent, when n la in- 
finitely large) is, aa has beai stated elsewhere, the surface encloaed by the nonnal 
probability curve,' 

(y- P^^ or V - «-«, 
or pome spedaUied form, ae 

and Hm abBciaaa or base line on which x \a scaled. 

In this form of distribution the Average, Median and Mode crandde, for 
y is the same for any given — x ae for the same + g, and is greatart when x — 0. 
Constant relations hold between the different measures of variability, via: 
ir-lJi5331 A.D. 
<r-I.48266P.E. 
A.D.- .7979 » 
A.D.-1.1843 P£. 
P.E.- .6746ff 
P.E.- .8453 A.D. 
Between (At. — v) and (Av. + r) are 68Ji8 pv cent, of the caaee. 
Betwetoi (At. - A.D.) and (At. + A.D.) are £7.6 per cent, of tlie usm. 
Between (Av. — PJ!.) and (kv. + ?£.) are SO per cent, of the casM. 
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TABLE 44> 

Tabu! of Values or teh Nobual Pbobabilitt InTEGaAii CoBaxsrotioaia to 

Values op xfa; i. e. the Fraction of tbe Abea or the Subtacb or • 

Feequekct or Foru A Between the Lduib 

AMD +Xla OH AND -xlf 

Total area of surface axsvrwd U) be 10,000. 100 - 1 per omt. 



.M M JM 



0.0 


0000 


0040 


0080 


0120 


0160 


0199 


0239 


0279 


0319 


0359 


39.8 


0.1 


0398 


0438 


0478 


0517 


0557 


0596 


0636 


0675 


0714 


0763 


39.4 


0.2 


0793 


0832 


0871 


0910 


0948 


0987 


1026 


1064 


1103 


1141 


38.6 


0.3 


1179 


1217 


1255 


1293 


1331 


1368 


1406 


1443 


1480 


1517 


37.5 


0.4 


1654 


1591 


1628 


1664 


1700 


1736 


1772 


1808 


1844 


1879 


36.0 


0.5 


1916 


1050 


1985 


2019 


2054 


2088 


2123 


2157 


2190 


2224 


34 J2 


0.6 


2357 


2291 


2324 


2357 


2389 


2422 


2451 


2486 


2517 


2549 


32.2 


0.7 


2580 


2611 


2642 


2673 


2704 


2734 


2764 


2794 


2823 


2852 


30.0 


0.8 


2881 


2910 


2939 


2967 


2095 


3023 


3051 


3078 


3106 


3133 


27.7 


0.9 


3159 


3186 


3212 


3238 


3264 


3290 


3315 


3340 


3365 


3389 


25.3 


1.0 


3413 


3438 


3461 


3485 


3508 


3631 


3554 


3577 


3599 


3621 


22.9 


1.1 


3643 


3665 


36S6 


3708 


3729 


3749 


3770 


3790 


3810 


3830 


20.5 


1J2 


3S49 


3869 


3883 


3907 


3925 


3944 


3962 


3980 


3997 


4015 


18.2 


1.3 


4032 


4049 


4066 


4082 


4099 


4116 


4131 


4147 


4162 


4177 


15.9 


1.4 


4192 


4207 


4222 


4236 


4251 


4265 


4279 


4292 


4306 


4319 


13.8 


1.5 


4332 


4345 


4357 


4370 


4383 


4394 


4406 


4418 


4429 


4441 


11.9 


1.6 


4452 


4463 


4474 


4484 


4495 


4505 


4515 


4525 


4536 


4545 


10.1 


1.7 


4554 


4564 


4573 


4582 


4591 


4599 


4608 


4616 


4625 


463S 


8.6 


1.8 


4641 


4649 


4656 


4664 


4671 


4678 


4686 


4693 


4699 


4706 


7.1 


1.9 


4713 


4719 


4726 


4732 


4738 


4744 


4750 


4756 


4761 


4767 


5.9 


2.0 


4772 


4778 


4783 


4788 


4793 


4798 


4803 


4808 


4812 


4817 


4.8 


2.1 


4821 


4826 


4830 


4834 


4838 


4842 


4846 


4850 


4854 


4867 


3,9 


2.2 


4861 


4S64 


4868 


4871 


4876 


4878 


4881 


4884 


4887 


4890 


3.1 


2.3 


4893 


4896 


4898 


4901 


4904 


4906 


4909 


4911 


4913 


4916 


2.5 


2.4 


4918 


4920 


4922 


4925 


4927 


4929 


4931 


4932 


4934 


4936 


2.0 


2.5 


4938 


4940 


4941 


4943 


4945 


4946 


4048 


4949 


4951 


4952 


1^ 


2.6 


4953 


4955 


4956 


4957 


4959 


4960 


4961 


4962 


4963 


4964 


IS 


2.7 


4965 


4966 


4967 


4968 


4969 


4970 


4971 


4972 


4973 


4974 


1.0 


2.8 


4974 


4976 


4976 


4977 


4977 


4978 


4979 


4979 


4980 


4981 


0.7 


2.9 


4981 


4982 


49S2 


4983 


4984 


4984 


4985 


4985 


4986 


4986 


0.5 



3.0 4986.5 4986.9 4987.4 4987.8 4988.2 4988.6 4988.9 4989.3 4989.7 4990.0 0.37 

3.1 4990.3 4990.6 4991.0 4991.3 4991.6 4991.8 4992.1 4992.4 4992.6 4992.9 0.27 

3.2 4993.129 0.17 

3.3 4995.166 0.12 

3.4 4996.631 0.10 

3.5 4997.674 0.07 

3.6 4998.409 0.05 

3.7 4998.922 0.03 

3.8 4999.277 0.02 

3.9 4990.519 
4.0 4999.683 

4.5 4999.966 
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Any entry of the table, that is, gives the area bounded by (1) 
the base-line, (2) the boundary-line of the surface of frequency, (3) 
the vertical erected at the average and (4) the' vertical erected at a 
given distance from the average. It gives the area as so many ten 
thousandths of the area of the entire surface. (1), (2) and (3) 
are the same for all entries. (4) is defined in the table by the 
"distance from the average," this distance being expressed as a 
multiple of (T. The table is for distances from the average up to 
S.Otr, only three ten-millionths of the area being beyond that limit. 

The table may he used for "distance plv^ from the average" 
or for "distance mirau from the average" since the surface of Form 
A is synmietrical. The table has entries corresponding to the 
distances .Olir, .02?, .03^, etc., up to 3.20ff, and thereafter entries 
for 3.3(r, 3.4ff, S.5a, etc., up to i.Oa, and for 4.5^ and 5.0?. 

The entries in the column under A give the approximate dif- 
ferences between neighboring entries in the body of the table, so as 
to allow convenient estimates of values corresponding to such 
distances from the average as .036?, 057<r, 024(r and the like. Thus 
to find the proportion of the total area between the central tendency 
and + 1.464ir we take the table entry for 1.46 (which is 4279) and 
add .4 X 13.8 (5.52), getting 4285. 

Table 45 is the same as Table 44, except that (1) the distances 
from the central tendency are in multiples of the P.E. or Q, and 
that (2) the table is not so full, containing entries for only .1 F.E., 
.15 P.E., .20 P.E., .25 P.E., etc. 

Table 46, in which the A.D. is the unit in which the distances 
are expressed, is still more abbreviated, contuning entries for only 
.1 A.D., .2 A.D., .3 A.D., etc., and being for thousandths instead of 
ten thousandths of the total area. 

■ This table is unnged from the fulkr table gtren by W. F. Steppacd id 
Biime^ika, Vol. 2, pp. 182 &. 
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TABLE 46 

Table of Valuxb or thx Nobual Probabiutt Imtvobai. Thb FaAcnOH 

or TBE Abka or t^ Suitr ace or FaEQUKMcr or Pork A betwmbm . 

THB Lmitb, and + i/e OB and - ai/0 

rotoJ area of twfaet (ucumed (o \>t 10,000 

i/Q . W .OS x/e .00 M 

000 136 3.0 



.2 


636 


9m 
670 


.3 


802 


933 


.4 


1063 


1193 


.6 


1321 


1447 


it 


lOTl 


1695 


.7 


1816 


1936 


.8 


2053 


2168 


.fl 


2291 


2392 


A 


2600 


2600 


.1 


2709 


2810 


.2 


2908 


3004 


a 


3097 


3188 


.4 


3276 


3360 


A 


8441 


3521 


A 


3597 


3671 


.7 


3742 


3811 


.8 


3896 


3939 


.9 


4000 


4067 


2.0 


4113 


4166 


2.1 


4217 


4265 


22 


4311 


4364 


iZ 


4396 


4436 


2.4 


4472 


4G08 


2.6 


4541 


4573 


2.6 


4602 


4631 


2.7 


4667 


4682 


2.8 


4706 


4727 


2.9 


4748 


4767 



4786 


4802 


4817 


4831 


4845 


4858 


4870 


4881 


4891 


4900 


4909 


4917 


4924 


4931 


4937 


4943 


4948 


4953 


4957 


4961 


496G 


4968 


4971 


4974 


4977 


4979 



4994 


4994.6 


4995.2 


4995.7 


4906.2 


4996.6 


4997.1 


4997.4 


4997.7 


4998.0 


4998.2 


4998.4 


4998.6 


4998.8 


4999.0 


4999.1 


49993 


4999.3 


4999.4 


4999.5 


4999.65 


4999.6 


4999.65 


4999.7 



5.9 

TABLE 46 

Table or VALUEa or tse Nobual PBOBA^turr Intkoral CoRREspoMDiNa to 

Valoeb or r/{A.D.) 

Total area t^ the ewfaee of frequency taken at 1,000 

I/A.D. .a .1 a ^ A Ji .« .T i .« 

0. 000 032 063 095 125 155 184 212 238 264 

1. 288 310 331 350 368 384 399 413 426 436 

2. 445 453 460 467 472 477 481 484 487 490 
8. 492 493.4 494.6 495.8 496.7 497.4 498.0 498.4 498.7 490.1 
4. 499.3 499.6 499.6 499.7 499.8 499.9 
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TABLE 54 



Tbe AvBTBge Distance from the Central Tendency, Id Terms of owu, of 
Any Defined Percentage of Cootinuoua Ranks of a Seriee of Factfl Ranked for 
Relative Position, the Form of Distribution for the Fact in Queetion in the Series 
in Question B«ng Assumed to Be tW, of the NonAl Probability Surface. 

01234567 
1 270 218 196 181 170 160 ISl 144 
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TABLE 55 
A Table to Inter tbx Vaiub or r mum Am Givxh VaijIii or p. 







ezD' 

'" «(^«-l> 








.0105 


J36 


.2714 


.61 


.6277 


76 


.7750 


.0209 


57 


.2818 


52 


.5378 


77 


.7847 


.0314 


38 


3922 


53 


.5479 


78 


.7043 


.0419 


29 


.3025 


54 


.5580 


79 


.8039 


.0524 


SO 


.3129 


65 


.5680 


.80 


.8135 


.0628 


M 


.3232 


56 


.5781 


.81 


.8230 


.0733 


52 


3335 


57 


.6881 


.82 


.8325 


.0838 


33 


.3439 


58 


.5981 


£3 


.8421 


.0942 


34 


3542 


59 


.6081 


.84 


.8516 


.1047 


35 


.3645 


60 


.6180 


85 


.8610 


.1151 


.36 


.3748 


61 


.6280 


.86 


.8705 


.1256 


37 


.3850 


62 


.6379 


87 


.8799 


.1300 


38 


.3935 


63 


.6478 


.88 


.8893 


.1465 


39 


.4056 


64 


.6577 


S9 


.8986 


.1569 


40 


.4158 


65 


.6676 


90 


.9080 


.1674 


41 


.4261 


66 


.6775 


91 . 


.9173 


.1778 


42 


.4363 


67 


.6873 


92 


.9269 


.1882 


43 


.4485 


68 


.6971 


93 


.9359 


.1986 


44 


.4567 


69 


.7069 


94 


.9461 


.2091 


46 


.4669 


70 


.7167 


95 


.9543 


.2195 


46 


.4771 


71 


.7265 


96 


.9635 


.2290 


47 


.4872 


72 


.7363 


97 


.9727 


.2403 


48 


.4973 


73 


.7460 


98 


.9818 


.2507 


49 


.5075 


74 


.7557 


99 


.9900 


a(ll 


J» 


.5176 


75 


.7654 1 


00 


1.0000 
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A Tablb to Intxb the Value of r rsoM Ant Givxn Valus of B, Aooobdino 
TO r - am (ifl)fl. R-1- (6sO)/(n» - 1) 



.047 
JOBS 

JOM 



218 
.233 
.240 
.264 
.279 
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TABLE W 
B Valdx or r frou Akt Givkm Valoz or B, AcooRDiNa 
- 2 cos 'Cl - fi) - X- R -1- 



eso 
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TABLE 58 
Valdbb or r CoBRESPONDiNa to Each Pkbcentaqe or UNUEB-eiaNED 
Faibs. It the PBBCZNTAass abb Takbn as those of the LiKB-eiONBD Faibb, 
THB r's ARE Neqative r — the CoErFicixNT or Cobbei^tion, U ~ thb 
NuifBXR OP Unukb-sioned Paibb Divided bt the Ndwier or LiKE-etaNED 
AND Unuxb-siohbd Paibb. 



.00 



.25 



.0000 



,9604 
.8510 
.9407 
.9295 
.9174 
.9044 



.7902 
.7707 
.7S04 
.7293 
,7074 



.26 



.0616 
.6375 
.6129 
JS877 



.6091 
.4819 
.4042 
.4260 
.3973 



.43 


.2180 


.44 


.1873 


.45 


.1664 


.46 


.1253 


.47 


.0941 


.48 


.0628 


.46 


.0314 


.60 


-0000 



TABLE 69 

The Ahoonto or DirrEBKHCE (r — y) CoiwESPONDiNa to Given Pebcentaoes 

or JuDOMENTS THAT X > y %t = THE Febcentaoe of Judomentb 

THAT x> y. 4/P.E. = z —y, in Meltiplbb of 

THE DirrEBENCE 8DCH THAT % r IB 75 



*T 


4/P.E 


*T 


A(P.E. 


*<■ 


4/P.E. 


*r 


A/P.B. 


*r 


a;f.e 


60 


.000 


60 


.376 


70 


.778 


80 


1.246 


90 


1.900 


61 


.037 


61 


.414 


71 


.821 


81 


1.300 


91 


1.987 


62 


.074 


62 


.453 


72 


.865 


82 


1.366 


92 


2.083 


63 


.112 


63 


.492 


73 


.909 


83 


1.412 


93 


2.188 


64 


.149 


64 


.632 


74 


.954 


84 


1.472 


94 


2306 


5S 


,186 


65 


.671 


75 


1.000 


86 


1.536 


96 


2.439 


66 


.224 


66 


.612 


76 


1.046 


86 


1.601 


96 


2.596 


67 


.262 


67 


.653 


77 


1.094 


87 


1.670 


97 


2.790 


68 


.299 


68 


.694 


78 


1.143 


88 


1.742 


98 


3.045 


59 


.337 


69 


.736 


79 


1.194 


89 


1.818 


99 

99.6 
99.76 


3.450 

3.818 
4.166 
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A MULTIPLICATION TABLE UP TO 100 X 100. 

The reader'a atteotion has already been called to Crelle's lUch- 
eiitafdn, a multipUcatioa table up to 1000 x 1000. It Bavea much 
time, replaces mental \t'ork by finger and eye work, and decreases 
errors in calculation. Crelle's tabic, however, makes a book some 9 
by 14 inches, weighing several pounds. The table that follows is a 
modification of Crelle's table, but runs only to 100 x 100. For 
work with these smaller numbers and for approximate calculations, 
it is more rapid than the longer table and is so arranged as to be 
easier for the eyes. 

Its uses will be apparent upon examination, but the reader should 
note that it serves for division as well as for multiplication. In 
dividing, one of course finds the divisor in the row of figures in heavy 
faced type at the top of the page, hunts for the dividend in the col- 
umn beneath it, and, this being found, obtains the quotient in the 
figure in heavy-faced type at the side of the page. Thus to divide 
684 by 38, one looks under 38, finds 684 and opposite it, at the side 
of the page, 1 8, the answer. Again to divide 1 ,600 by 38, one looks 
under 38,finds 1-596 to be tlie nearest number, and so the nearest 
two-figure answer to be 42. If one needed greater precision, he could 
divide the remainder 4.0 by 38, getting 0.1, and then the remainder 
.2000, getting .0052, or 42.1052, and so on to any desired precision. 
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18 21 24 27 



20 30 40 50 



39 62 65 78 91 104 117 130 
42 56 70 84 S8 112 126 140 



51 68 85 102 119 136 153 170 

54 72 90 108 120 144 102 180 

67 76 96 114 133 152 171 190 

60 80 100 120 140 160 180 200 



42 63 84 105 126 147 168 189 210 

44 66 88 110 132 154 176 198 220 

46 69 92 115 138 161 184 207 230 

48 72 96 120 144 168 192 216 240 

50 75 100 125 150 175 200 225 2o0 



78 104 130 



84 112 140 

87 118 145 



9 216 243 270 

6 224 252 280 

3 232 261 290 

150 180 210 240 270 300 



62 93 124 155 180 217 248 279 310 

64 96 128 160 192 224 256 288 320 

66 99 132 166 198 231 264 297 330 

68 102 136 170 204 238 272 306 340 

70 105 140 175 210 245 280 815 350 

72 108 144 ISO 216 2-52 288 324 360 

74 111 148 185 222 259 290 333 370 

76 114 152 190 228 266 304 342 380 

78 117 156 195 234 273 312 3-^1 890 

60 120 1 to 200 240 280 320 360 400 



82 123 164 20!i 246 2S7 328 369 410 

84 126 168 210 2.52 294 336 378 420 

86 129 172 215 258 301 344 3S7 410 

88 132 176 220 264 308 352 396 440 

90 135 180 225 270 315 360 405 450 

92 138 184 230 276 322 368 414 460 

94 141 188 235 282 319 876 423 470 

96 144 192 240 288 336 384 432 480 

98 147 196 246 204 343 392 441 490 

100 150 200 250 300 350 400 450 500 



Digitized byGOOgle 



A MULTIPLICATION TABLE. 



102 153 S04 25S 306 S57 408 4S9 610 

104 1S6 208 260 312 364 410 468 520 

106 160 212 266 318 371 424 477 630 

108 162 2t6 270 324 378 432 486 540 

110 166 220 275 330 385 440 495 650 

112 168 224 280 336 392 448 504 560 



466 613 570 

lis 174 232 290 348 4U« 464 622 680 

lie 177 236 295 351 413 472 631 590 

120 180 240 300 360 420480640 600 



122 183 244 306 368 427 488 540 610 

124 186 248 310 372 434 496 558 620 

126 189 252 316 378 441 604 567 630 

128 192 256 320 384 448 512 576 MO. 

130 195 260 325 S90 456 520 585 650 

132 198 264 330 396 402 528 594 660 

134 201 268 335 402 469 536 603 670 

136 204 272 340 408 476 544 612 680 

138 207 276 345 414 483 652 621 600 

140 210 280 350 420 490 560 630 700 



142 213 284 

144 .216 288 

146 219 292 

148 223 296 

150 225 300 

152 228 304 



158 237 316 395 474 



360 432 504 676 648 720 

365 438 511 584 657 730 

370 444 518 592 666 740 

375 450 626 GOO 675 750 

380 456 532 608 684 760 

336 462 639 616 693 770 

468 646 624 702 780 



640 720 800 



162 243 324 406 486 567 648 729 810 

164 246 328 410 492 574 656 738 820 

166 249 333 416 498 581 664 747 830 

168 252 336 420 504 588 672 756 840 

170 256 340 425 510 595 680 766 850 

172 258 344 430 516 602 688 774 860 

174 261 348 435 522 609 696 783 S70 

176 264 352 440 528 616 704 792 880 

178 267 366 445 634 623 712 801 890 

ISO 270 360 450 540 630 720 810 900 



364 455 546 637 728 819 910 

368 460 652 644 736 828 920 

372 465 558 651 744 837 930 

376 470 564 668 752 846 940 

380 475 570 665 760 855 950 



196 294 392 490 588 686 784 882 980 
198 297 396 495 594 693 792 891 990 
200 300 400 500 600 700 800 900 1000 



Digitized byGOOgle 



MENTAL AND SOCIAL MEASUREMENTS. 

11 12 13 U IS 16 17 IS 19 20 

11 12 13 14 15 16 17 18 IS 2D 

22242628^)32 34363840 

33 36 39 42 49 46 61 54 57 60 

44 48 52 56 60 64 68 72 76 80 

55 60 65 70 75 80 85 90 05 100 

66 72 78 S^ 90 96 102 108 114 120 

77 84 91 98 105 112 119 126 133 140 

.88 06 104 US 120. 128 136 144 152 160 

09 108 117 126 135 144 103 162 171 180 

110 120 13tl 140 150 160 170 180 190 200 

121 132 1^ lU 165 176 187 198 209 220 

132 144 166. lf» ISO 192 204 216 228 240 

143 156 !^ 182 195 206 221 234 247 260 

154 168 182 196 210 224 238 252 266 280 

165 180 195 210 225 240 255 270 285 300 

176 192 208 224 240 256 273 288 304 320 

187 204 221 

198 216 234 

209 228 247 

220 240 260 280 300 320 340 360 380 400 



324 342 360 

247 266 285 304 323 342 



242 264 286 303 330 352 874 396 418 440 

253 276 299 322 345 368 391 414 437 460 

264 288 312 336 360 384 408 432 456 480 

275 300 325 350 375 400 425 450 475 500 

286 312 338 364 300 416 442 468 494 520 

297 324 351 378 405 432 450 486 513 540 

308 336 364 392 420 448 476 504 532 560 

319 348 377 406 435 464 493 522 551 580 

330 360 390 420 450 480 510 540 570 600 



341 372 403 434 465 496 527 558 589 620 

352 384 416 448 480 512 544 576 608 640 

363 396 429 462 495 528 561 594 627 660 

374 408 442 476 610 544 578 612 646 680 

385-420 455 490 525 560 695 630 665 TOO 

396 432 468 504 540 576 612 648 684 720 

407 444 481 518 655 592 629 666 703 740 

418 456 494 532 670 608 646 684 722 760 

429 468 607 546 685 624 663 702 741 780 

440 480 620 560 600 640 680 720 760 800 



461 492 533 674 615 656 697 738 779 820 

462 504 546 688 630 672 714 756 798 840 
473 516 659 602 645 688 731 774 817 860 
464 628 672 616 660 704 748 792 836 880 
496 540 685 630 675 720 765 810 855 900 
606 552 698 644 690 736 782 828 874 920 
617 664 611 658 705 752 799 846 893 940 
628 576 624 672 720 768 816 864 012 060 
530 588 637 686 735 784 833 882 931 980 
650 600 650 700 7^ 800 850 900 050 1000 

11 12 13 14 15 IS 17 18 19 20 



Digitized byGOOgle 



A ilULTIPUCATION TABLE. 

11 12 13 U 15 16 17 IS 19 30 

661 612 e63 714 765 816 887 918 969 1020 

&72 624 676 728 780 832 884 936 988 1040 

683 636 689 742 796 848 901 954 1007 IMO 

694 648 702 766 610 864 918 972 1028 1060 

606 660 716 770 626 880 935 990 1046 1100 

616 672 728 784 840 896 962 lOOS 1064 1120 

684 741 798 856 912 969 1026 1083 1140 

696 754 812 870 928 986 1044 1102 1160 

"' 767 826 886 944 1003 1062 1121 1180 

780 840 900 960 1020 1080 1140 1200 



%:-f 



671 732 793 864 915 976 1037 1098 1159 1220 

682 744 806 868 930 992 1054 1116 1176 1240 

Q93 766 819 882 945 IOCS 1071 1134 1197 1260 

704 768 832 , 896 960 1024 1088 1162 1216 1280 

716 780 845 910 975 1040 1105 1170 1236 1300 

726 792 868 9^4 990 1056 1122 1188 1264 1320 

737 804 871 938 1005 1072 1139 1206 1273 1340 

748 616 884 952 1020 1038 1156 1224 1292 1360 

759 828 897 966 1036 1104 1173 1242 1311 1380 

770 840 910 980 1060 1120 1190 1260 1330 1400 

781 652 923 994 1065 1136 1207 1276 1349 1420 

792 864 936 1008 1080 1152 1224 1296 1368 1440 

803 876 949 1022 1005 1168 1241 13)4 1387 1460 

814 888 962 1036 1110 1184 1258 1332 1406 1480 

826 900 976 1050 1185 1200 1276 1350 1426 1500 

836 912 988 1064 1140 1216 1292 1368 1444 1520 

847 924 1001 1078 1166 1232 1309 1386 1463 1540 

868 936 1014 1002 1170 1248 1326 1404 1462 1560 

869 948 1027 1106 1185 1264 1343 1422 1501 1580 
880 960 1040 1120 1200 1280 1360 1440 1620 1600 

891 972 1053 1134 1216 1296 1377 1468 1539 1620 

S02 984 1066 1148 1230 1312 1394 1476 1558 1640 

913 996 1079 1162 1245 1328 1411 1494 1577 1660 

924 1008 1092 1176 1260 1344 1428 1512 1596 1680 

936 1020 1106 1190 1276 1360 1445 1530 1615 1700 

946 1032 1118 1204 1290 1376 1462 1548 1634 1720 

957 1044 1131 1218 1305 1392 1470 1566 1653 17^0 

968 1056 1144 1232 1320 1408 1496 1584 1672 1760 

979 1068 1157 1246 1335 1424 1613 1602 1691 1780 

990 1080 1170 1260 1350 1440 1630 1620 1710 1800 

1001 1092 1183 1274 1365 1466 1547 1638 1729 1820 

1012 1104 1196 1288 1380 1472 1564 1656 1748 1840 

1023 1116 1209 1302 1395 1488 1581 1674 1767 1860 

1034 1128 1222 1316 1410 1504 1598 1692 1786 1880 

1046 1140 1235 1330 1425 1520 1615 1710 1805 190p 

1066 1152 1248 1344 1440 1536 1632 1728 1824 1920 

1067 1164 1261 1356 1455 1552 1649 1746 1843 1940 
1078 1176 1274 1372 1470 1668 1666 1764 1862 1960 
1089 1188 1287 1386 1485 1584 1683 1782 1881 1980 
1100 1200 1300 1400 1600 1600 1700 1800 1900 2000 

11 12 13 U 16 16 17 IS 19 20 



Digitized byGOOgle 



MENTAL AND SOCIAL MEASUREMENTS. 



21 22 23 21 



27 28 29 30 



106 110 115 
26 132 138 144 150 168 
47 164 161 1S8 176 182 



60 62 64 

76 78 81 
100 104 108 112 lie 



168 176 164 192 



140 145 150 



216 224 232 240 
234 243 2^2 261 270 
260 270 280 290 300 



264 276 286 



300 312 324 336 S4S 



2M 308 322 336 350 



351 364 377 



316 330 346 360 375 



400 416 432 
425 442 459 
460 468 486 



448 464 480 
476 493 510 



540 560 580 600 



441 462 483 504 625 546 567 



462 484 506 



650 672 594 616 



606 529 652 575 598 62t 644 667 690 

604 628 652 576 600 624 648 672 696 720 

525 550 575 600 625 660 675 700 725 750 

646 572 698 624 650 678 702 728 754 780 

729 756 783 810 

756 784 812 840 

667 696 725 754 783 812 84L 870 



661 682 713 744 775 

672 704 736 768 """ 
693 726 769 792 



837 S68 899 930 
632 864 89« 928 960 



714 748 782 816 



924 957 

918 952 986 1020 

736 770 806 840 876 910 945 980 1016 1060 

756 792 828 864 900 936 972 1008 1044 1080 

777 814 851 888 926 962 999 1036 1078 1110 

798 836 874 912 950 988 1026 1064 1102 1140 

819 858 697 936 975 1014 laSS 1092 1131 I]70 

840 880 920 960 1000 1040 1080 1120 1160 1200 



861 902 943 984 1025 1066 1107 1148 1189 1230 

832 924 966 1008 1050 1092 1134 1176 1218 1260 

903 946 989 10)2 1075 1118 J16I 1204 1247 1290 

924 968 1012 1056 1100 1144 1188 1232 1276 1320 

1125 1170 1215 1260 1305 1350 

1150 1196 1242 1288 1334 1380 

1175 1222 1269 1316 1363 1410 

1200 1248 1296 1344 1392 1440 

1226 1274 1323 1372 1421 1470 

1250 1300 1350 1400 1450 1500 



945 990 

966 1012 1058 1104 

987 1034 1081 1128 

1008 laW 1104 1152 

1029 1078 1127 1176 

1050 1100 1150 1200 



21 22 23 24 2S 



27 28 



Digitized byGOOgle 



A MULTIPLICATION TABLE. 

21 22 23 21 2D 26 27 28 29 30 

1071 1122 1173 1224 1275 1326 1377 1428 1479 1580 

1092 1144 1196 1248 1300 1352 1404 1456 1508 1560 

1113 1166 1219 1272 1325 1378 1431 1484 1537 1590 

1134 1188 1242 12B6 1350 1404 1458 1612 1566 1620 

1156 1210 1266 1320 1375 1430 1485 1540 1595 1650 

1176 1232 1288 1344 1400 1450 1512 1568 1624 1680 

1197 1264 1311 1368 1425 1482 1539 1596 1653 1710 

1218 1276 1334 1392 1450 1508 1566 1624 1682 1740 

1239 1298 1357 1416 1475 1634 1593 1652 1711 1770 

1260 1320 1380 1440 1600 1560 1620 1680 1740 1800 



1281 1342 1403 1464 1525 1586 1847 1708 1769 1830 

1302 1364 1426 1488 1550 1612 1674 1736 1798 1860 

1323 1386 1449 1612 1575 1638 1701 1764 1827 1890 

1344 1408 1472 1536 1600 1664 1728 1792 1856 1920 

1365 1430 1405 1560 1625 1690 1755 1S20 1885 1950 

1386 14S2 1518 1584 1650 1716 1782 1848 1914 1980 

1407 1474 1541 1608 1675 1742 1809 1876 1943 2010 

1428 1496 1564 1632 1700 1768 1836 1904 1972 2040 

1449 1518 1587 1656 1725 1794 1863 1932 2001 2070 

1470 1540 1610 1680 1750 1S20 1890 1960 2030 2100 

1491 1S62 1633 1704 1776 1846 1917 1988 2059 2130 

1512 1584 1656 1728 1800 1872 1944 2016 2088 2160 

1533 1606 1679 1752 1825 1898 1971 2044 2117 2190 

1654 1628 1702 1776 1850 1924 1998 2072 2146 2220 

1576 1650 1725 1800 1875 1950 2025 2100 2175 2250 

1596 1672 1748 1824 1900 1976 2052 2128 2204 2280 

1617 1694 1771 1848 1925 2002 2079 2156 2233 2310 

1638 1716 1794 1872 1950 2028 2106 2184 2262 2340 

1659 1738 1817 1896 1975 20.54 2133 2212 2291 2370 

1680 1760 1840 1920 2000 2080 2160 2240 2320 2400 

1701 1782 1863 1944 2025 2106 2187 2268 2349 2430 

1722 1804 1886 1968 2050 2132 2214 2296 2378 2460 

1743 1826 1900 1992 2075 2158 2241 2324 2407 2490 

1764 1848 1932 2016 2100 2164 2268 2352 2436 2520 

1785 1870 1955 2040 2125 2210 2295 2380 2465 2650 

1806 1892 1978 2004 2150 2236 2322 2408 2494 2580 

1827 1914 2001 2088 2175 2262 2349 2436 2523 2610 

1848 1936 2024 2112 2200 2288 2376 2464 2652 2640 

1869 1958 2047 2136 2225 2314 2403 2492 2681 2670 

1890 1980 2070 2160 ^250 2340 2430 2520 2610 2700 

1911 2002 2093 2184 2275 2366 2*57 2548 2639 2730 

1932 2024 2116 2208 2300 2392 2484 2576 2668 2760 

1953 2046 2139 2232 2325 2418 2511 2604 2697 2790 

1974 2068 21G2 2256 2350 2444 2-538 2832 2726 2820 

1995 2090 21S5 2280 2376 2470 2565 2660 2765 2850 

2016 2112 2208 2304 2400 2496 2592 2688 2784 2880 

2037 2134 2231 2328 2425 2522 2619 2716 2813 2910 

2058 2156 2254 2362 2450 2548 2646 2744 2842 2940 

2079 2178 2277 2376 247S 2^1\ 2673 2772 2871 2970 

2100 2200 2300 2400 2500 2600 2700 2800 2900 SOOO 

21 23 23 24 25 36 27 28 29 30 
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MENTAL AND SOCIAL MEASUSEMEmS. 
313233313536 37 3839M 



n M M 102 106 106 111 114 117 120 

124 126 132 136 140 144 148 152 166 160 

165 160 165 170 ITS 180 166 100 195 200 

186 192 196 204 210 216 222 228 234 240 

217 224 231 238 245 252 259 266 273 280 

248 256 264 272 280 266 296 304 312 320 

279 288 207 306 315 324 333 342 351 360 

310 320 330 340 350 360 370 380 390 400 



841 352 363 374 385 396 407 418 429 440 11 

372 364 396 408 420 432 444 456 466 480 12 

403 416 429 442 465 468 481 494 507 520 13 

434 448 462 476 490 504 518 532 546 560 14 

465 480 495 510 526 640 566 570 686 600 15 

496 612 528 544 660 676 592 608 624 640 16 

527 544 561 578 595 612 629 646 663 680 17 

568 676 594 612 630 646 666 684 702 720 18 

689 608 627 646 665 684 703 722 741 760 19 

620 640 660 680 700 720 740 760 780 800 21} 

651 672 693 714 736 766 777 798 819 840 21 

652 704 726 748 770 792 814 836 858 880 22 
713 736 769 782 806 826 861 674 697 920 23 
744 766 792 816 840- 864 888 ^912 936 960 24 
775 800 825 850 875 900 925 950 976 1000 25 
806 832 868 884 910 936 962 938 1014 1040 26 
837 864 891 918 948 972 699 1026 1053 1080 27 
668 896 924 952 960 1008 1036 1064 1092 1120 28 
899 928 967 986 1015 1044 1073 1102 1131 1160 29 
930 960 990 I02O 1050 1080 lUO 1140 1170 1200 30 

961 992 1023 1054 1086 1116 1147 1178 1209 1240 31 

992 1024 1056 1088 1120 1152 1184 1216 1248 1280 32 

1023 1056 1089 1122 1166 1188 1221 1264 1287 1320 33 

1054 1088 1123- 1156 1190 1224 1258 1292 1326 1360 34 

1085 1120 1155 1190 1225 1260 1296 1330 1365 1400 35 

1116 1152 1188 1224 1260 1296 1332 1368 1404 1440 36 

1147 1164 1221 1258 1295 1332 1369 1406 1443 1460 37 

1178 1216 1254 1292 1330 1368 1406 1444 1482 1620 38 ' 

1209 1248 1287 1326 1365 1404 1443 1482 1521 1560 39 

1240 1280 1320 1360 1400 144(f 1480 1620 1660 1600 40 

1271 1312 1353 J394 1436 1476 1517 1558 1599 1640 41 

1302 1344 1386 1428 1470 1512 1554 1596 1638 1680 42 

1333 1376 1419 1462 1505 1548 1691 1634 1677 1720' 43 

1364 1408 1462 1496 1640 1584 1628 1672 1716 1760 44 

1395 1440 1485 1530 1576 1620 1666 1710 1755 1800 45 

1426 1472 1518 1664 1610 1666 1702 1748 1794 1840 46 

1457 1604 1661 1598 1645 1692 1739 1786 1833 1880 47 

1488 1536 1584 1632 1680 1728 1776 1824 18T2 1920 48 

1519 1568 1617 1666 1716 1764 1813 1862 1911 1960 49 

1560 1600 1660 1700 1760 1800 1850 1900 1060 2000 GO 



31 32 33 34 35 36 37 38 
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A MULTIPLICATION TABLE. 



34 35 36 37 



31 32 

I58t 1632 1683 1734 1785 183ft 1887 

1612 1664 1716 1768 1820 1872 1924 

1643 1696 1749 1802 185S 1908 1961 

1674 1728 1782 1836 1890 1944 1998 

1705 1760 1815 1870 1925 1980 2036 

1736 1792 1848 1904 1960 2016 2072 

1767 1824 1881 1938 1995 2052 2100 

1798 1856 1914 1972 2030 2088 2146 

1829 1888 1947 2006 2066 2124 2183 

1860 1920 1980 2040 2100 2160 2220 




1891 1952 2013 2074 ,2136 

1922 1984 2046 2108 2170 

1953 201S 2079 2142 2206 

1984 S048 2112 2176 2240 

2016 2080 2145 2210 2276 

2046 2112 2178 2244 2310 

2077 2144 2211 2278 2346 

2108 2IT6 2244 2312 2380 

2139 2208 2277 2346 2416 

2170 2240 2310 2380 2450 



2196 


2267 


2318 


2379 


2440 


2232 


2294 


2366 


2418 


2480 


2268 


2331 


2394 


2457 


2530 


2304 


2368 


2432 


2496 


2560 


2340 


2406 


2470 


2535 


2600 


2376 


2442 


2508 


2574 


2640 


2412 


2479 


2546 


2613 


2680 


2448 


2616 


2584 


2652 


2720 


2484 


2553 


2622 


2691 


2760 


2520 


2590 


2660 


2730 


2800 



2201 2272 2343 2414 2485 2556 2627 2698 2769 2840 

2232 2304 2376 2448 2320 2592 2664 2736 2808 2880 

2263 2336 2409 2482 2555 2628 2701 2774 2847 2920 

2294 2368 2442 2516 259p 2664 2738 2812 2886 2980 

2325 2400 2475 2650 2626 2700 2775 2860 2925 3000 

2356 2432 2608 2584 2660 2736 2812 2888 2964 3040 

2387 2464 2541 2618 2696 2772 2849 2926 3003 3080 

2418 2496 2574 2652 2730 2808 2886 2964 3042 3120 

2449 2528 2607 2686 2765 2844 2923 3002 3081 3160 

2480 2560 2640 2720 2800 2880 2960 3040 3120 3200 



2611 


2692 


2673 


2754 


2836 


2916 


2997 


3078 


3169 


3240 


2542 


2624 


2706 


2788 


2870 


2962 


3034 


3116 


3198 


3280 


2573 


2S6S 


2739 


2822 


2906 


2988 


3071 


3154 


3237 


3320 


2604 


2688 


2772 


2856 


2940 


3024 


3108 


3192 


8276 


3360 


2635 


2720 


2805 


2890 


2975 


3060 


3146 


3230 


3315 


3400 


2666 


2752 


2838 


2924 


3010 


8096 


3183 


3268 


3354 


3440 


2697 


2784 


2871 


2958 


3046 


3132 


3219 


3306 


3393 


3480 


2728 


2816 


2904 


2992 


3080 


3168 


32'i6 


3344 


3432 


3520 


2769 


2848 


2970 


3026 


3116 


3204 


3293 




3471 


3'i60 


2790 


2880 


3060 


3150 


3240 


8330 


3420 


3510 


3600 


2821 


2912 


3003 


3094 


3185 


3276 


8367 


3458 


3549 


3640 


2852 


2944 


3036 


3128 


3220 


3312 


3404 


3496 


3588 


3680 


2883 


2976 


3069 


3162 


3255 


3348 


3441 


8534 


3627 


3720 


2914 


3008 


3102 


3196 


3290 


3384 


3478 


3172 


3666 


3760 


2946 


3040 


3135 


3230 


3325 


3420 


3615 


3610 


3705 


8800 


2976 


3072 


3168 


3264 


3360 


3456 


3552 


3M8 


3744 


3840 


3007 


3104 


3201 


3298 


3396 


3492 


3589 


3686 


3783 


3880 



3234 3332 S430 3528 3626 8724 3822 3920 

3267 3366 3465 3564 3663 3762 3861 3960 

3300 3400 3500 3600 3700 3800 3900 4000 

33 34 3S 36 37 38 39 40 
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JBENTAL AND SOCIAL MEASUREMENT& 
41 12 43 44 45 46 47 48 49 90 



123 126 129 132 1S5 138 HI 144 147 160 

IM 168 172 176 180 ■ 134 188 102 196 200 

205 210 215 220 226 230 235 240 245 250 

246 262 258 264 270 276 282 288 294 SOD 

287 294 301 308 315 322 329 336 843 350 

328 336 S44 S52 360 368 376 3S4 392 400 

369 3T8 387 396 406 414 423 432 441 460 

410 420 430 440 450 460 470 480 490 500 



451 462 473 484 495 606 617 528 539 550 

492 504 516 628 540 552 664 576 688 600 

633 643 669 572 585 698 611 624 637 650 

5^ 588 602 616 630 644 658 672 686 700 

615 630 645 660 675 6B0 705 720 736 760 

656 672 688 704 720 736 752 768 784 800 

697 714 731 718 765 782 799 616 833 650 

738 766 774 792 810 828 846 864 882 900 

770 798 817 836 865 874 893 912 931 950 

820 840 860 880 90O 920 940 960 980 1000 



861 8S2 903 924 946 966 987 1008 1029 1050 

902 924 946 968 000 1012 1034 1056 1078 1100 

043 966 989 1012 1035 105S lOSl 1104 1127 1150 

984 1008 1032 1056 lUfiO ni'4 112S 1152 1176 1200 

1025 1050 1075 1100 1125 1150 1175 1200 1225 1260 

1066 1002 1118 1144 1170 1196 1222 1248 1274 1300 

1107 1134 1161 1188 1215 1242 1269 1296 1323 1350 

1148 1176 1204 1232 1260 1288 1316 1344 1372 1400 

1189 1218 1247 1276 1305 1334 1363 1392 1421 1450 

1230 1260 1290 1320 1350 13S0 1410 1440 1470 1600 



1271 1302 1333 1364 1395 1426 1457 1488 1519 1650 

1312 1344 1376 1408 1440 1472 1504 1636 1568 1600 

1353 1386 1410 1452 1435 1518 1551 1584 1617 1660 

1394 1428 1462 1496 1530 1564 1598 3632 1666 1700 

1436 1470 1605' 1540 1575 1610 1845 1680 1716 1750 

1476 1512 1548 1584 1620 1656 1692 1728 1764 1800 

1617 1554 1591 1628 1665 1702 1739 1776 1813 1850 

1558 1596 1634 1672 1710 1748 1786 1824 1862 1900 

1599 1638 1677 1716 1755 1794 1833 1872 19U 1950 

1640 1680 1720 1760 1800 1840 1880 1920 1960 2000 

1681 1722 1763 1804 1845 1886 1027 1068 2009 2050 

1722 1764 1806 1848 1890 1932 1074 2016 2058 2100 

1763 1806 1849 1892 1935 1978 2021 2064 2107 2150 

1804 1848 1802 1036 1080 2024 2068 2112 2156 2200 

1845 1890 1936 I9S0 2025 2070 2115 2160 2205 2250 

1886 1932 1978 2024 2070 2115 2162 2208 22.i4 2300 

1027 1974 2021 2"68 2115 2162 2209 2256 2303 2350 

1968 2016 2064 2112 2160 2208 2256 2304 2352 2400 

2009 20.^8 2107 2156 2205 2254 2303 2352 2401 2450 

2060 2100 2160 2200 2250 2300 2350 2400 2450 2500 

41 42 43 44 4S 46 47 48 49 60 



JsdbyGoOgle 



A MVLTIPLIOATIOS TABLE. 

41 12 43 41 IS 46 47 4S 49 SO 

2091 2142 2193 2244 2285 2346 2397 2448 2499 2550 

2132 2184 2236 2288 2340 2398 2444 2496 2548 2600 

2173 2226 2279 2332 2386 2438 2491 2544 2697 2650 

2214 2268 2322 2376 2430 2484 2538 2692 2646 2700 

2256 2310 2365 2420 2475 2630 2585 2640 2696 2750 

2296 2362 2408 2464 2620 2576 2632 2688 2744 2800 

2337 2394 2451 2508 2566 2622 2679 2736 2793 2850 

237S 2438 2494 2552 2810 2668 2726 2784 2842 2900 

2419 2478 2537 2596 2655 2714 2773 2832 2891 2950 

2460 2520 2580 2040 2700 2760 2820 2880 2940 3000 

2501 2562 2623 2684 2745 2806 2867 2928 2989 8050 

2.T42 2604 2666 2728 2790 2852 2914 2976 3038 3100 

2.iS3 2646 2709 2772 2835 2898 2961 3024 3087 3150 

2624 2688 27r)2 2816 2880 2944 3008 3072 3136 3Ktt 

2666 2730 2796 2860 2926 2990 3055 3120 3186 3250 

2706 2772 2838 2904 2970 3036 3102 3168 3234 3300 

2747 2814 2S81 294^ 3015 3082 3149 3216 3283 33» 

2788 2856 2924 2992 3060 3128 3196 3264 3332 3400 

2829 2898 2967 3036 3105 3174 3343 3312 3381 3450 

2870 2940 3010 3080 3160 8220 3290 3360 3430 3600 

2911 2982 8063 8124 3195 3266 3337 3408 3479 3650 

2952 3024 3096 3168 3240 3312 3384 3456 3528 3600 

2993 3066 3139 3212 3285 3368 3431 3504 8577 8660 

8034 3108 3182 3266 3330 3404 3478 3552 3626 3700 

3076 3150 3226 3300 3376 3450 3625 3600 3676 3750 

3116 3192 3268 3344 3420 3496 3672 3648 3724 3800 

3157 3234 3311 3388 3466 3542 3619 3696 3773 8860 

3198 3276 3364 3432 S.'ilO 3688 3666 3744 3822 3900 

3239 3318 3397 3476 3565 3634 3713 3792 3871 8950 

3280 3360 3440 3520 3600 3680 3760 3840 3920 4000 

3321 3402 3483 3564 3645 8726 3807 3888 3969 4060 

3362 8444 3-526 3608 3690 3772 38-M 3936 4018 4100 

3403 3486 3569 3fi.i2 3735 3818 3901 3984 4067 4160 

3«4 3528 3612 3696 3780 3864 3948 4032 4116 4200 

8486 3570 36.^ 3740 3825 3910 3995 4080 4165 4260 

3626 3612 3698 3784 3870 3966 4042 4128 4214 4300 

8567 3654 3741 3828 3915 4002 4089 4176 4263 4350 

3608 3696 3784 3872 3960 4048 4136 4224 4312 4400 

3649 3738 3827 3916 4005 4094 4183 4272 4361 44.50 

3690 3780 38?0 3960 4060 4140 4230 4320 4410 4500 



3731 3822 3913 4004 4096 4186 4277 4368 4469 4560 

3772 3864 3956 4048 4140 4232 4324 4416 4508 4600 

3813 3906 3999 4092 4185 4278 4371 4464 4557 4660 

38.54 3948 4042 4136 4230 4324 4418 4512 4606 4700 

3895 3990 40R.5 41 SO 4275 4370 4465 4.560 4665 4750 

3936 4032 4128 4224 4320 4416 4612 4608 4704 4800 

3977 4074 4171 4268 4366 4462 4559 4666 4753 4850 

4018 4116 4214 4312 4410 4608 4606 4704 4802 4900 

4069 4158 4257 4366 4466 4554 4653 4752 4851 4960 

4100 4200 4300 4400 4500 4600 4700 4800 4900 5000 

II 42 43 14 46 46 47 48 19 50 



Digitized byGOOgle 



MEifTAL AND SOCIAL MEASUREMENTS. 



102 104 106 lOS no 112 114 116 118 120 

16S 156 1^9 162 166 lOS 171 174 177 180 

204 208 212 216 220 224 228 232 236 240 

256 260 265 270 276 280 286 280 296 300 

306 812 318 321 330 836 342 848 354 360 

357 364 371 378 385 392 3W 406 413 420 

408 416 424 432 440 448 456 464 472 480 

459 468 477 486 495 604 513 522 531 540 

610 620 630 640 660 660 670 680 690 6O0 



661 672 683 594 605 

612 624 636 648 660 

663 676 689 702 

714 728 742 756 

765 780 795 810 825 840 865 870 885 900 

816 832 848 864 880 896 912 928 944 960 

S67 684 901 918 936 «52 969 986 1003 1020 

918 936 954 972 090 1008 1026 1044 1062 1080 

969 988 1007 1026 1045 1064 1083 1102 1121 1140 

1020 1040 1060 1080 1100 1120 1140 1160 1180 1200 



1071 1092 1113 1134 1156 1176 1197 1218 1239 1260 

1122 1144 1166 1188 1210 1232 1254 1276 1298 .1320 

1173 1196 1219 1242 1266 1288 1311 1334 1357 1380 

1224 1248 1272 1296 1320 1344 1368 1392 1416 1440 

1275 1300 1326 1850 1375 1400 1425 1450 1475 1600 

1326 1362 1378 1404 1430 1466 1482 1508 1534 1560 

1377 1404 1431 1458 1485 1512 1589 1566 1593 1620 

1428 1456 1484 1512 1640 1568 1596 1624 1652 1680 

1479 1508 1537 1666 1595 1624 1653 1682 1711 1740 

1630 1560 1590 1620 1650 1680 1710 1740 1770 1800 

1581 1612 1643 1674 1705 1736 1767 17B8 1829 I860 

1632 1664 1896 1728 1760 1792 1824 1850 1888 1920 

1683 1716 1749 1782 1815 1848 1881 1S14 1947 1980 

1734 1768 1802 1836 1870 1904 1938 1972 2006 2040 

1785 1820 1855 1890 1925 1960 1995 2030 2065 2100 

1836 1872 1908 1944 1980 2016 2052 2033 2124 2160 

1887 1924 1961 1998 2035 2072 2109 2146 2183 2220 

1938 1976 2014 2052 2090 2128 2166 2204 2242 2280 

1989 2028 2067 2106 2145 2184 2223 2262 2301 2340 

2040 2080 2120 2160 2200 2240 2280 2320 2360 2400 



2091 2132 2173 2214 2255 2296 2337 2378 2419 2460 

2142 2184 2226 2268 2310 2362 2394 2436 2478 2520 

2193 2236 2279 2322 2365 2408 2451 2494 2537 2580 

2244 2288 2332 2376 2420 2464 2508 2552 2696 2640 

2295 2340 2385 2430 2475 2520 2565 2610 2655 2700 

2346 2392 2438 2484 2580 2576 2622 2668 2714 2760 

2397 2444 2491 2538 2585 2632 2679 2726 2773 2820 

2448 2496 2544 2592 2640 2688 2736 2784 2832 2880 

2499 2548 2597 2646 2695 2744 2793 2843 2891 2940 

2560 2600 2660 2700 2750 2800 2850 2900 2960 3000 



SI 92 93 54 55 56 ^7 



Digitized byGOOgle 



A MULTIPLICATION TABLE. 

SI S2 63 U 6S 06 67 fiS 61 60 

2601 2662 2703 27U 2805 2856 2907 295B 3009 3060 

2662 2704 2766 2808 2860 2912 2964 8016 3068 3120 

2703 2756 2809 2862 2015 2968 3021 3074 3127 S180 

2754 2808 2862 2916 2970 3024 8078 3132 3186 3240 

2805 2860 2915 2970 3025 3080 3135 3190 3245 3300 

2856 2912 2968 3024 3080 3136 8192 3248 3304 3360 

2907 2964 3021 3078 3135 3192 8249 3306 3363 3420 

2968 3016 3074 3132 3190 3248 3306 3364 3422 3480 

3009 3068 3127 3186 3245 3304 3363 3422 3481 3540 

3060 3120 3180 3240 3300 3360 8420 8480 S540 3600 



3111 3172 3233 3294 3356 3416 3477 3538 3599 3660 

3162 3224 3286 3348 3410 3472 3634 3596 3658 372ii 

3213 3276 3339 3402 3465 3528 3591 3654 3717 3790 

3264 3328 3392 3456 3520 3584 3648 3712 3776 3840 

3315 S380 3445 3610 3575 3640 3705 3770 3835 3900 

3366 3432 3498 3564 3630 3696 3762 3828 3894 3960 

3417 3484 3651 3618 3685 3752 3819 3866 3953 4020 

3468 3536 3604 3672 3740 3808 8876 3944 4012 40SO 

3519 3688 3657 3726 3796 3864 3933 4002 4071 4140 

3570 3640 3710 3780 3850 3920 3990 4060 4130 4200 



3621 3692 3763 3834 8905 3976 4047 4118 4189 4260 

3672 3744 3816 3888 3960 4032 4104 4176 4248 4320 

3723 3796 3869 3942 4015 4088 4161 4234 4307 4380 

3774 3848 3022 3996 4070 4144 4218 4292 4366 4440 

3825 3900 3975 4050 4125 4200 4275 4350 4425 4600 

3876 3952 4028 4104 4180 4256 4332 4408 4484 4-560 

3927 4004 4081 4158 4236 4312 4389 44<iO 4543 4620 

3978 4056 4134 4212 4290 4368 4446 4524 4602 4680 

4029 4108 4187 4266 4345 4424 4603 4582 4661 4740 

4080 4160 4240 4320 4400 4480 4560 4640 4720 4800 



4131 4212 4293 4374 4455 4636 4617 4698 4n9 4860 

4182 4264 4346 4428 4510 4592 4674 4766 4838 4920 

4233 4316 4399 4482 4566 4648 4731 4814 4897 4980 

4284 4368 4452 4536 4620 4704 47SS 4872 4956 5040 

4336 4420 4505 4590 4675 4760 4845 4930 5015 5100 

4386 4472 4558 4644 4730 4816 4902 4988 6074 6160 

4437 4624 4611 4698 4785 4872 4959 5046 6133 5220 

4438 4676 4664 4752 4840 4928 5016 6104 5192 6280 
4539 4628 4717 4606 4895 4984 5073 6162 6261 5340 
4590 4660 4770 4860 4950 5040 6130 5220 5310 6400 



4641 4732 4823 4914 6005 5096 5187 5278 5369 6460 

4692 4784 4876 4968 5060 5152 5244 5336 5428 5520 

4743 4836 4929 5022 6116 6208 6301 5394 5487 5680 

4794 4888 4982 5076 5170 5264 5368 5452 6646 5640 

4846 4940 5035 6130 6226 6320 6415 5610 6605 5700 

4896 4992 5083 6134 5280 6376 5472 5568 5664 5760 

4047 5044 6141 6238 6335 6432 6529 6626 6723 5620 

4998 5096 5194 6202 5390 6488 5586 5684 5782 5880 

6049 6148 5247 6346 5446 6644 6643 5742 5841 5940 

5100 6200 5300 6400 6500 5600 5700 5800 6900 6000 

61 62 53 64 66 56 67 68 69 60 



Digitized byGOOgle 



JaSNTAL AND SOCIAL MEASUHEMENW. 
62 63 64 69 66 67 68 69 70 



133 134 136 138 130 133 131 136 139 140 

183 186 189 192 195 198 301 SO* 207 310 

344346 263 256360264268372276380 

306 310 315 330 336 330 33S 340 345 350 

366 373 378 384 390 39S 402 406 414 420 

437 434 441 448 466 462 469 476 483 490 

4S8 496 604 513 6S0 628 536 644 652 600 

649 568 667 676 685 694 603 612 621 630 

610 690630640660660670680690700 



671 683 693 704 715 736 737 748 758 T70 

732 744 756 768 780 793 804 816 838 S40 

793 806 819 832 846 858 S71 884 697 910 

664 868 883 696 910 924 938 963 066 eeo 

916 930 945 960 975 990 1005 1020 1036 1060 

976 902 1006 1034 1040 1066 1073 1088 1104 1120 

1037 1064 1071 1086 1106 1123 1139 1156 1173 1190 

1098 1116 1134 1162 1170 1188 1206 1224 1243 1360 

1169 1176 1197 1316 1236 1364 1273 1292 13tl 1330 

1220 1340 1260 1360 1300 1330 1340 1360 1380 1400 



1281 1302 13S3 1344 1365 1386 1407 1428 1449 1470 

1342 1364 1386 1406 1430 1462 1474 1496 1518 1540 

1403 1436 1449 1473 1495 1518 1541 1564 1587 1610 

1464 1483 1512 1536 1560 1684 1608 1632 1656 ' 1680 

1536 1660 1576 1600 1625 1660 1676 1700 1725 1750 

1586 1612 1638 1664 1690 1710 1743 1768 1791 1820 

1647 1674 1701 1728 1765 1783 1800 1830 1863 1890 

1706 1736 1784 1793 1830 1848 1876 1904 1*32 1960 

1769 1798 1837 1856 1885 1914 1943 1073 3001 2030 

1830 1860 1690 1920 1950 1980 2010 2040 2070 2100 

1891 1922 1963 1984 3016 2046 2077 2108 2139 2170 

1053 1984 2016 2048 2080 3113 2144 2176 2308 3340 

3013 2016 2079 2112 2145 2178 2211 2244 2277 3310 

2074 3106 2143 2176 3210 2214 2378 2312 3316 3380 

2135 2170 2205 2240 2275 2310 3345 2380 2416 3460 

2196 2333 2266 2301 3340 2376 2413 2448 3484 2620 

2257 2294 2331 3368 2405 3442 2479 2516 2563 3690 

2318 2366 3391 3433 3470 2608 2546 2584 2622 2660 

3379 2418 2457 3496 3535 2674 2613 36B2 2691 2730 

2440 2480 2520 2660 2600 2640 SS80 2720 2760 2800 

2501 2542 2583 2621 2666 2706 2747 2788 0839 2870 

2663 2604 3fi4« 3688 3730 2773 2814 2856 2893 2940 

3623 2060 2T09 2752 2796 2838 2881 2924 3067 3010 

2684 3728 3772 2816 2860 3901 2918 3993 3036 3080 

3745 3790 2835 2880 2925 2970 3015 3060 3105 3160 

2806 2852 2898 2944 2990 3036 3082 3128 3174 3320 

3867 3014 3961 3008 3055 3103 3149 3196 3343 3290 

2938 2976 3024 3073 3120 3168 3216 3264 3312 3360 

2989 3036 3087 3136 3185 3234 3283 3333 3361 3430 

3060 3100 3150 3200 3250 3300 3350 3400 3460 3500 

61 62 63 64 66 66 67 68 69 70 



Digitized byGOOgle 



A MULTIPLlCATIOy TABLE 

61 62 63 64 65 66 67 68 69 70 

rslll 3163 3213 32S4 3315 3368 3417 3468 3519 3670 

3173 3234 3376 3328 33U) 3433 3484 3636 358B 3640 

3233 33S6 3330 3392 3445 3408 3551 3604 3657 3TI0 

3301 3348 3402 3456 3510 3564 3618 3873 3736 3780 

3355 3410 3466 3630 3576 3831) 3686 3740 3796 3B50 

3418 3473 3538 3584 3640 3896 3752 3808 3864 3930 

3477 3534 3591 3848 3706 3763 3819 3878 3933 3990 

3638 3596 3654 3713 3770 3828 3886 3044 4003 4060 

3599 3658 3717 3776 383S 3S94 3953 4013 4071 4130 

3660 3730 3780 3840 3000 3960 40SO 4080 4140 430O 



3721 3782 3843 3904 3965 4036 4087 4148 4209 4270 

3783 3844 3906 39S8 4030 4062 4154 4318 4278 4340 

3843 3908 3969 4033 4096 4158 4321 4384 4347 4410 

3904 3068 4033 4096 4160 4334 4388 4352 4418 4480 

3966 4030 4095 4160 4225 4290 4366 4420 4485 4550 

4026 4093 4158 4334 4390 4358 4433 4488 4554 4930 

4087 4154 42St 4388 4355 4433 4489 4556 4623 4690 

4148 4218 4384 4363 4420 4488 4556 4634 4693 4760 

4309 437B 4:<47 4416 44S5 4554 4623 4692 4761 4830 

4370 4340 4410 4480 4550 4630 4890 4760 4830 4900 



4331 4403 4473 4644 4615 4686 4757 4838 4890 4970 

4393 4464 4536 4608 4680 4753 4834 4898 4068 5040 

4453 -4528 4599 4673 4745 4818 4891 4964 6037 5110 

4514 4588 4663 4736 4810 4884 4958 5033 6106 5180 

4575 4650 4725 4800 4875 4950 5035 5100 5175 6350 

4636 4712 4788 4864 4040 5016 5092 5168 5244 6330 

4897 4774 4851 4028 5005 6083 6169 5336 5313 6390 

4758 4838 4914 4993 5070 6148 5326 6304 5383 5460 

4819 4898 4977 6056 5135 6314 6293 6373 6461 6530 

4880 4960 6040 5120 6200 6380 6360 5440 6630 6800 

4941 6033 5103 5184 5265 5346 5427 5508 5580 5670 

5003 5084 5166 6348 6330 6412 6494 5578 6658 5740 

6P63 6148 5239 6313 5395 5478 5581 5644 6737 6810 

6134 5308 5202 5376 5460 6544 6628 6712 5796 5880 

6186 6270 6355 6440 5635 5810 5695 6780 6865 6950 

6348 6332 6418 5504 5690 5676 5762 5848 5034 8020 

5307 6394 5481 6568 5656 6742 6829 6918 6003 6090 

5368 5456 5644 5632 6720 5808 5898 59S4 6073 8160 

6439 5513 5607 5696 5785 6874 5063 6053 6141 6330 

5490 6580 6670 5760 6850 5040 8030 6120 6210 6300 

6551 5643 5733 6824 5915 8006 6097 6188 8379 6370 

5612 5704 6796 5888 59>«> 8072 6164 8256 8348 6440 

5673 5766 5869 5052 6045 6138 6231 6324 6417 6510 

6734 5828 6923 6018 6110 8304 6298 8392 6486 6580 

5795 6890 6985 6080 6175 6270 6365 6460 6555 0650 

6856 6952 6048 6144 6340 6338 6433 6638 6624 6720 

6917 6014 6111 6308 6305 6402 6499 6596 8693 8790 

6978 6076 6174 627S 6370 6468 6566 6664 6763 6860 

6030 6138 6237 6336 6435 6534 8633 8733 8831 6930 

6100 8200 8300 6400 6500 8600 6700 6800 69U0 7000 

61 62 63 64 6S 66 67 68 69 70 
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MENTAL AND SOCIAL MEASUREMENTS 
72 73 74 78 76 77 78 79 



142 144 146 148 ISO 162 154 156 158 160 

213 210 219 222 225 228 231 234 237 240 

2S4 286 2»2 2»$ 300 304 SOS 312 316 320 

86636036S370 3T5 38038&3903g5400 

42« 432 438 444 4d0 459 462 468 474 480 

497 604 &I1 518 625 532 639 646 &&3 660 

568 679 584 592 600 60B 616 624 632 640 

639 646 657 666 675 684 693 702 711 720 

710 720 730 740 760 760 770 780 790 800 

781 792 803 8U 625 836 847 858 869 880 

S62 864 876 868 900 912 924 936 946 960 

923 936 949 962 975 986 1001 1014 1027 1040 

994 1008 1032 1036 1050 1064 1078 1092 1106 1120 

1066 1080 1095 1110 1125 1140 1156 1170 1185 1200 

1136 1152 1168 1184 1200 1216 1232 1248 1264 1280 

1207 1224 1241 J258 1275 1202 1309 1326 1343 1360 

1278 1296 1314 1332 1350 1368 1386 1404 1422 1440 

1349 1368 1387 1406 1425 1444 1463 1482 1^1 1520 

1420 1440 1160 1480 1500 1520 1640 1560 1580 160O 

1491 1512 1633 1554 1675 1596 1617 1638 1669 1680 

1562 1584 1606 1628 1650 1672 1694 1716 1738 1760 

1633 1666 1679 1702 1726 1748 1771 1794 1817 1840 

1704 1728 1762 1776 1800 1824 1846 1872 1896 1920 

1775 1800 1836 1650 1875 IBOO 1926 1950 1975 2000 

1846 1872 1898 1924 1950 1976 2002 2028 2054 2080 

1917 1944 1971 1998 2025 2052 2079 2106 2133 2160 

1988 2016 2044 2072 2100 2128 2156 2184 2212 2340 

2069 2088 2117 2146 2175 2204 2233 2262 2291 23-iO 

2130 2160 2190 2230 2260 2280 2310 2340 2370 2400 

2201 2232 2263 2294 2326 2356 2387 2418 2449 2480 

2372 2304 2336 2368 2400 2432 2464 2496 2628 2560 

2343 2376 2409 2442 2476 2508 2541 2574 2607 2640 

2414 2448 2482 2516 2550 2584 2618 2652 2686 2720 

2485 2520 2655 2590 2625 2660 2695 2730 2765 2800 

2556 2592 2628 2664 2700 3736 2772 2808 2844 2680 

2637 2664 2701 2738 2776 2812 2849 2886 2923 2960 

2698 2736 2774 2812 2850 2888 2926 2964 3002 3040 

2769 2806 2847 2886 2925 2964 3003 3042 3081 3120 

2840 2880 2920 2960 3000 8040 3080 3120 3160 3200 



2911 2952 2993 3034 3076 3116 3167 3198 3239 3280 

2982 3024 3066 3108 3150 3192 3234 3276 3318 3360 

3063 3096 3139 3182 3225 3268 3311 3354 3397 3440 

3124 3168 3212 3266 3300 3344 3388 3432 3476 3520 

8195 3240 3285 3330 3375 3420 3466 3510 35.'>6 3600 

3266 3312 3358 3404 3450 3496 3542 3588 3634 3680 

3337 3384 8431 3478 3525 3572 3619 3666 3713 3760 

3408 3456 3504 3652 3600 3648 3696 3T44 3792 3840 

3479 3628 3577 3626 3675 3724 3773 3822 3871 3920 

3560 3600 3650 3700 3750 3800 3860 3900 3950 4000 

71 72 73 74 75 76 77 78 79 80 



Digitized byGOOgle 



A MULTIPLICATION TABLE. 

71 72 73 74 75 76 77 78 79 80 

3621 3679 3733 3774 3926 387S 3927 397S 4029 4DB0 

3693 3744 37»B 3818 3900 39&S 4CNM 4056 4108 4160 

3763 3B16 3869 3032 3976 40S8 4081 4134 4187 4240 

3834 3888 3942 3996 4060 4104 4168 4312 4366 4330 

3906 3960 4015 4070 4126 4180 4235 4200 4345 4400 

3976 4032 4086 4144 4200 4256 4312 4368 4424 4480 

4047 4104 4161 4218 4276 4332 4389 4446 4503 4500 

4118 4176 4234 4293 i3f>0 4408 4466 4524 4583 4640 

41l>9 4248 43U7 4366 4426 4484 4.'i43 4602 4661 4730 

4280 4330 4380 4440 4600 4660 4620 4680 4740 4800 



4331 4303 4453 4514 4675 4636 4697 4758 4819 4880 

4403 4464 4526 45S8 4650 4712 4774 4836 4H98 4960 

4473 4536 4590 4663 4726 4788 4851 4014 49n 5040 

4544 4608 4673 4736 4800 4864 4928 4992 6066 6120 

4616 4680 4745 4810 4875 4040 6005 6070 6135 6300 

4686 4762 4818 4884 4960 6016 6082 5148 6214 6280 

4757 4834 4891 4958 6026 6092 6159 6236 6393 6300 

4828 4896 4064 6033 6100 6168 6236 53()4 6372 S440 

4899 4068 6037 6106 5175 6244 6313 5382 6461 5'>20 

4970 6040 6110 5180 5250 5320 6390 6460 6630 6600 

6041 6113 6183 6264 6325 6306 5467 6538 6609 6680 

6112 5184 6256 6338 6400 6472 5644 5616 5688 5760 

6183 635S 6329 5402 5476 5548 5621 6694 6767 5840 

6354 6328 5402 6476 -6550 6634 K608 5773 5846 6930 

6325 5400 6475 6650 5625 S700 ET75 68.'-.0 6936 6000 

6396 5473 6648 6624 6700 677S 6862 6928 6004 6080 

6467 6544 6621 6698 6775 6862 6929 61106 6083 6160 

5538 5616 5694 6773 5850 5928 6006 6084 6163 6210 

6609 6688 5767 5846 6936 6004 6083 6162 6241 6330 

6680 5760 5640 6930 6000 6080 6160 6340 6320 6400 

6751 6833 6913 6994 6075 6166 6337 6318 6399 6480 

5823 6904 59W6 6068 8160 6232 6314 6396 6478 6560 

5893 6976 6059 6143 6225 6308 6391 6474 6557 6640 

6964 6048 6132 6216 6300 63H4 6468 6552 6636 6720 

6036 6130 6305 6390 6376 6460 6545 6630 6715 6800 

6106 6193 62T8 6364 6460 6^36 6633 6708 6794 6H80 

6177 6264 6351 6438 6526 6612 6699 6786 6873 6R60 

6248 6336 6434 6512 6600 6688 6776 6864 6952 7010 

6319 6408 6497 6586 6676 6764 eK13 6942 7(131 7120 

6390 6480 6670 6660 6750 6840 6930 7020 7110 72U0 

6461 6652 6643 6734 6825 6916 TOW 7098 71fi9 7280 

KiSS 6624 6716 6808 6900 6993 70h4 7176 TJIW 73fiO 

66113 6696 6789 6883 6976 7068 7161 72r,4 71147 7410 

6674 6768 6863 6956 70W 7144 7238 7;t33 7426 7530 

6745 6R40 6935 7030 7125 7220 7315 7410 75li5 76(10 

6816 6912 7006 7104 7200 7206 7393 7488 7SW4 76Sft 

6887 6964 7081 7178 7275 7372 7469 7,'i66 7663 7760 

6B58 7056 7154 72.52 7360 7448 7546 7f.44 7742 7840 

7029 7128 7227 7326 7426 7524 7653 7792 7821 7920 

7100 7200 7300 740O 7600 7600 7700 7800 7000 8000 

71 72 73 74 75 76 77 78 79 80 
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MENTAL AND SOCIAL MEASUREMENTS. 
818283848586 87 8889 



J63 IM 186 168 )TO ITS 174 176 178 IM 

£43 346 249 252 256 258 361 264 S6T 370 

324 328 332 336 340 344 34S 362 »56 360 

405 410 416 420 426 430 435 440 445 460 

486 493 498 604 610 516 532 638 634 640 

667 674 681 68B 696 603 609 616 633 630 

648 656 664 672 680 688 606 704 712 720 

729 738 747 756 765 774 783 702 801 610 

810 620836840850860870860690900 



801 902 913 034 935 946 957 966 979 990 

972 984 996 1008 1020 1032 1044 1056 1068 1080 

1063 1066 1079 1093 1106 1118 1131 1144 1167 1170 

1134 1148 1162 1176 1100 1304 1218 1232 1246 1260 

1216 1230 1246 1360 1275 IS90 1305 1320 1335 1360 

1296 1312 1328 1344 1360 1376 1392 1406 1424 1440 

1377 1304 1411 1428 1445 1462 1470 1496 1513 1530 

1466 1476 1494 1513 1530 1548 1566 1684 160a 1630 

1530 1568 1677 1596 1615 1634 1653 1672 1601 1710 

1620 1640 1660 1680 1700 1720 1740 1760 1780 1800 



1701 1732 1743 1764 1785 1806 1827 1848 1869 1890 

1783 1804 1826 1848 1870 1802 1914 1936 1058 1980 

1863 1886 1000 1932 1955 1078 2O01 2024 2047 2070 

1944 1968 1993 3016 3040 2064 - 2086 2113 3136 2160 

2025 2050 2075 2100 3135 2150 2175 2200 2236 2250 

2106 3132 3168 2184 3310 2236 2363 2388 3314 3340 

2187 2214 3241 2268 2295 2322 2349 2376 3403 3430 

2368 2296 3334 2353 2380 2408 3436 2464 3403 3630 

2340 2378 2407 2436 2466 3494 3633 2633 2581 3610 

3430 2460 2490 2620 2550 2580 3610 2640 2670 3700 

3511 2542 2573 2604 3635 2666 2697 3738 2760 3790 

3592 2624 2656 2686 3720. 3753 37B4 3816 2846 2680 

2673 2706 2730 2772 2805 2838 2871 2904 2937 2970 

3764 3788 2823 3856 3690 2934 3958 3902 3026 3060 

2835 3870 2905 2940 2976 3010 3045 3080 3115 3150 

3016 2053 2988 3034 3060 3096 3133 3168 3304 3240 

3907 3034 3071 3108 3146 3183 3219 3256 3393 3330 

3078 3116 3154 3192 3230 3266 3306 3344 33S3 3420 

3159 3198 3237 3376 3315 3354 3303 3433 3471 3510 

3240 3280 3330 3360 3400 3440 3460 3S30 3660 3600 



3321 3363 3403 3444 3485 3526 3567 3608 3640 3690 

3403 3444 3486 3538 3570 3613 3654 3696 3738 3780 

3483 3526 3569 3613 3655 3698 3741 3784 3827 3870 

3564 3608 3652 3606 3740 3784 3838 3872 3916 3060 

3645 3690 3735 3780 3835 3870 3915 3060 4006 4050 

3736 3773 3818 3864 3910 3956 4002 404B 4094 4140 

3807 3854 3901 3948 3996 4042 4080 4136 4183 . 4330 

3868 3936 3964 4032 4080 4126 4176 4224 4272 4320 

3060 4018 4067 4116 41B5 4214 4263 4313 4361 4410 

4050 4100 4160 4300 4250 4300 4350 4400 4450 4500 

81 82 83 84 85 - 86 87 88 89 90 
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A MULTIPLICATION TABLE. 



81 82 83 84 85 66 87 



4131 


4162 


4233 


4384 


4335 


4388 


4437 


4488 


4539 


4590 


*213 


4264 


4316 


4368 


4420 


4472 


4534 


4576 




4680 


4293 


4346 


4399 


4452 


4505 


4556 


4611 


4664 


4717 


4770 


4374 


44SS 


4482 


4536 


4590 


4644 


4698 


4762 


4806 


4860 


4456 


4510 


4666 


4620 


4675 


4730 


4785 


4840 


4896 


4950 


4536 


4593 


4648 


4704 


4760 


4816 


4872 


4928 


4964 


5040 


4617 


4674 


4731 




4645 


4M2 


4959 


6016 


6073 


5130 


4696 


4766 


4614 


4673 


4930 


4986 


6046 


6104 


5163 


6220 


4779 


4838 


4S97 


4956 


6016 


6074 


6133 


6192 


5251 


5310 


4860 


4920 


4960 


5040 


5100 


5160 


5320 


5380 


6310 


6400 


4941 


6002 


5063 


6124 


5185 


5346 


5307 


5368 


6429 


6490 


5082 


6064 


6146 


5206 


5270 


6332 


6394 


5456 


6618 


6580 


6103 


5166 






5355 


6418 


5181 


5544 


5807 


6670 


S184 


5248 


5312 


B376 


5440 


5504 


5668 


5632 


6696 


5760 


5265 


6330 


5395 


6460 


6525 


5590 


5655 


5720 


6786 


6860 


6346 


5412 


5478 


6544 


6610 


6676 


5743 


6808 


6874 


5940 


5427 


6494 


5561 


6628 


6696 


6782 


5829 


5896 




6030 


6506 


6576 


5644 


5713 


5780 


5646 


6916 


6984 


6063 


6130 


6569 


5658 


6727 


6796 


6866 


5934 


60G3 


6072 


6141 


8310 


6670 


5740 


6610 


6880 


6960 


6020 


6090 


6160 


6230 


6300 



6751 6622 6693 6964 6036 8106 8)77 8248 6319 6390 

6633 5904 5976 6046 6120 6192 6264 6336 6408 8480 

5913 6986 G(K,i 6132 8305 8378 6351 6434 6497 6670 

6994 6068 6142 6216 6290 6364 6436 6513 6586 6660 

6076 6150 6326 6300 6375 6450 6526 6600 6676 6750 

6156 6332 6306 6364 6460 8536 6613 6686 6764 6840 

6237 6314 6391 6468 6546 6S23 6699 6776 8853 -8930 

6318 6396 6474 6563 6630 67DS 87B6 6864 6942 7020 

6399 6478 6557 6636 6715 6794 6873 8952 7031 7110 

6480 6580 6640 6720 6600 6860 6960 7040 7120 7200 

6561 6643 8723 6804 6885 6968 7047 7128 7209 7290 

6842 6724 6606 8S86 6970 7052 7134 7216 7298 7380 

6723 6606 6889 6972 7055 7138 7221 7304 7387 7470 

6604 6888 6972 7058 7140 7224 7308 7392 7476 7660 

6885 6970 7066 7140 7325 7310 7395 7480 7585 7650 

S966 7053 7138 7224 7310 7396 7482 7668 7654 7740 

7047 7134 7221 7308 7395 7482 7569 7656 7743 7830 

7128 7216 7304 7393 7480 7568 7656 7744 7833 7930 

7209 7298 7387 7478 7565 7&^)4 7743 7832 7921 8010 

7290 7380 7470 7560 7650 7740 7830 7920 6010 8100 



7371 7462 7553 7644 7738 7826 7917 8006 8099 8190 

7453 7544 7638 7738 7830 7912 8004 8(196 8188 8280 

7533 7626 7719 7812 7905 7998 8091 8184 8277 6370 

7614 7708 7802 7898 7990 8084 8176 6373 8366 8460 

7695 7790 7885 7960 8075 8170 8265 8360 8465 8660 

7776 7672 7966 8064 8160 8256 8363 8448 8544 8640 

7857 7954 8051 8148 8246 8342 8439 8636 8633 8730 

7938 8036 B134 8232 8330 8428 8526 8624 8732 8820 

8019 8118 6217 8316 8415 8514 8613 8712 8811 8910 

8100 8200 8300 8400 8500 8600 8700 9800 8900 9000 



81 82 



8i 85 86 87 88 89 90 
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92 93 91 95 96 97 98 99 100 



mi 18t 166 188 190 192 194 DM ]99 200 

273 Q76 27d B82 285 288 291 294 297 3uO 

3643683T2»76 3803ei388392396 400 

4S5 460 465 470 475 480 486 490 495 600 

646 653 65B 664 670 S76 682 688 5S1 600 

637 644 651 eS8 666 673 679 486 693 700 

728 73B 744 752 760 768 776 784 792 800 

819 828 837 846 855 864 873 882 891 900 

910 920 930 940 950 960 970 980 990 1000 



1001 1013 1023 1034 1045 1056 1067 1078 1089 1100 

1U92 1104 1116 1128 1140 1162 1164 1176 1188 1200 

1183 1196 1209 1222 1235 1248 1261 1274 1287 1300 

1274 1288 1302 1316 1330 1344 1368 1372 1386 1400 

1366 1380 1396 1410 1429 1440 1465 1470 1486 1500 

1456 1472 1488 1504 1520 1538 1553 1568 1584 1600 

1647 1564 1681 1598 1615 1633 1649 1666 1683 1700 

1638 1666 1674 1692 1710 1728 1746 1764 1782 1800 

1729 1748 1767 1786 1805 1824 1843 1862 1881 1900 

1820 1840 1860 1880 1900 1920 1940 1960 1980 3000 

1911 1932 1953 1974 1995 2016 2037 2058 2079 2100 

2002 2024 2046 2068 2090 2112 2134 2156 2t78 2200 

2093 2116 2139 2162 2185 2208 2231 2254 2277 2300 

2184 2208 2232 2258 2280 2304 2328 2352 2376 24oO 

2275 2300 2325 2350 2375 241)0 2425 3460 2476 25U0 

2366 2392 2418 2444 2470 2496 2622 2648 2674 2600 

2467 2484 2511 2538 2565 2592 2619 2846 2673 2700 

2548 2576 2604 2632 2660 2688 2T16 2744 2772 2800 

2639 2668 2697 2726 2765 2784 2813 2842 2871 2800 

2730 2760 2790 2820 2860 2880 3910 3940 3970 3000 

2821 2862 2883 2914 2945 3976 3007 3038 3069 8100 

2912 3944 3976 3ii08 3ii40 3072 3104 3136 3168 3200 

3003 3036 3069 3102 3135 3168 3201 3234 3367 3300 

3094 3128 3162 3196 3230 3264 3398 3332 3366 3400 

3185 3220 3255 3290 3325 3360 3396 3430 3465 3500 

3276 '3312 3348 3384 3430 3456 3492 35S8 3564 3600 

33ff7 3404 3441 3473 3516 3552 35«9' 3626 3663 3700 

3458 3496 3534 3572 3610 3648 3686 3724 3762 3800 

3549 3588 3627 3666 3705 3744 3783 3822 3861 3900 

3640 3680 3720 3760 3800 3840 3880 3920 3960 4000 

3731 3772 3813 3854 3896 3936 3977 4018 4069 4100 

3W22 3864 3906 3948 3990 40:t2 4074 4116 4168 4200 

3913 3956 3999 4042 4086 4128 4171 4314 4267 4300 

4004 4IMB 4092 4I3S 4180 4224 4268 4312 4356 4400 

4095 4140 4185 4230 4375 4320 4365 4410 4455 4500 

4186 4232 4273 4324 4370 4416 4462 4608 4554 4600 

4277 4324 4371 4418 4465 4512 4559 4606 4653 4700 

4368 4416 4464 4512 4560 4608 4656 4704 4752 4800 

4459 4508 4557 4606 4fi55 4704 4753 4802 4851 4900 

4550 46U0 4650 4700 4750 4800 4850 4900 4950 5000 

91 92 93 94 96 96 97 98 99 100 
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91 92 93 94 

4641 4692 4743 4794 

4733 47)44 483S 4S8B 

4B23 4876 4920 4983 

4914 4968 5023 6076 

Eons E060 E115 6170 

6096 61 63 6208 5264 

6187 6344 5301 6358 

5376 6336 5394 6-153 

6369 6428 5487 6546 

5460 6520 6580 6640 



95 96 97 98 99 100 

4845 4896 4947 4998 5049 5100 

4940 4992 6044 5096 6148 5200 

5035 6088 6141 6194 6347 6300 

6130 5184 6238 6293 5346 6400 

6236 6280 5335 5390 '5445 5600 

6320 5376 5432 5488 5544 6600 

6415 6473 6639 5586 6643 6700 

6510 6568 5626 6684 6743 6800 

5605 6664 6723 5782 5841 6900 

6700 6760 6820 5880 6940 6000 



5551 6612 6673 5734 6795 6856 5917 5978 6039 6100 

6642 6704 5766 5823 5890 5952 6014 6078 6138 6200 

6733 6796 6859 5932 6985 6048 6111 6174 6337 6300 

6834 6888 6952 6016 6060 6144 6208 6272 6336 6400 

6916 6980 6046 6110 6175 6240 6306 6370 6435 6600 

6006 6073 6138 6204 6270 6336 6402 6468 6534 6600 

6097 6164 6231 6398 6365 6432 6499 6566 6633 6700 

6188 6256 6324 6393 6460 6528 6596 6664 8732 6800 

6279 6348 6417 6486 6565 6634 6693 6762 6831 6900 

6370 6440 6510 6680 6650 8730 6790 6860 8930 7000 



6461 6532 6603 6674 6745 8816 6887 69.53 7029 7100 

6552 68'J4 6696 6783 6840 6913 6984 7056 7128 7200 

6643 6716 6789 6862 6935 7008 7081 7154 7227 7300 

6734 6808 8882 6956 7030 7104 7178 7252 7336 7400 

6835 69O0 6975 7050 7125 7200 7275 7350 7425 7600 

6916 6992 7068 7144 7220 7296 7372 7448 7524 7600 

7007 7084 7161 7238 7315 7392 7489 7646 7623 7700 



7280 7360 7440 7630 7600 7680 7760 7840 7920 8000 



7371 7463 7533 7614 7695 7776 7867 7938 8019 8100 

7462 7544 7626 7708 7790 7872 7964 8036 8118 8300 

7563 7636 7719 7803 TSa? 7968 8051 8134 8217 8300 

7644 7728 7812 7896 7980 8064 8148 H233 8316 8400 

7735 7820 7905 7990 8075 8160 8245 8330 8415 8500 

7836 7913 7998 8064 8170 8236 8342 8438 8514 8600 

7917 8004 8091 8178 8265 8352 8439 8536 8613 8700 

8008 8096 8184 8272 8360 8448 8536 8624 S713 8800 

6099 6188 8277 6366 B455 B544 8633 8722 8811 8900 

6190 8380 8370 8460 8550 8640 6730 8830 6910 9000 



8372 8483 8554 8646 8736 8827 891B 9009 9100 

8464 8556 6648 8740 8632 8924 9016 9KH 9200 

8656 8649 8743 8635 8928 9031 9114 9307 93O0 

8648 8742 8836 8930 9024 9118 9212 9306 9400 

8740 8835 8930 9025 9130 0315 9310 9405 9500 

8832 8928 9024 9120 9316 9313 9406 9604 9600 

6924 9021 9118 9216 9313 9409 9506 9603 9700 

9016 9114 9313 9310 9408 9606 9604 9703 9800 

9108 9307 9306 9405 9504 9603 9703 9801 9900 

9200 9300 9400 9500 9600 9700 9800 0900 10000 



94 95 



97 



98 99 100 
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TABLE 61 

A MTILTIPLICATION TABLE 

Giving tke Products of 1', 2= . . . (12)" Times 1, 2, 3 ... 100 
and the Products of (13)' . . . (21)' Times 1, 2, 3 ... 50. 
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A MULTIPLICATION TABLE 

Products (1 to 60) X 2", 3», *•, etc. 

T y V S' V V ff Of (11)' (12)' 

4 9 16 26 36 49 04 81 121 144 

8 la 32 fiO 72 98 128 162 242 288 

12 27 48 75 108 147 192 243 363 432 

16 36 64 100 144 196 256 324 484 576 

20 45 80 12G 180 245 320 40S 606 720 

24 54 96 160 216 294 384 486 726 864 

28 63 112 176 262 343 44S 667 847 1008 

32 72 128 200 288 392 512 648 968 1162 

36 81 144 225 324 441 576 729 1089 1296 

40 90 160 260 360 490 640 810 1210 1440 

44 99 176 275 396 630 704 891 1331 1S84 

48 108 192 300 432 588 768 972 1462 1728 

62 117 208 325 463 637 832 1053 1573 1872 

56 128 224 350 604 686 896 1134 1694 2016 

60 136 240 375 540 735 960 1215 1816 2160 

64 144 256 400 576 784 1024 1296 1936 2304 

68 153 272 425 612 833 1088 1377 2057 2448 

72 162 288 450 648 882 1152 1458 2178 2692 

76 171 304 475 684 931 1216 1539 2299 2736 

80 180 320 600 720 080 1280 1620 2420 2880 

84 180 336 526 756 1029 1344 1701 2541 3024 

88 193 352 550 792 1078 1408 1782 2662 3168 

92 207 368 576 828 1127 1472 1863 2783 3312 

96 216 384 600 861 1176 1536 1944 2904 3466 

100 225 400 625 900 1225 1600 2025 3025 3600 

104 234 416 650 936 1274 1664 2106 3146 3744 

108 243 432 675 972 1323 1728 2187 3267 38S8 

112 252 448 700 1008 1372 1792 2268 3388 4032 

116 261 464 726 1044 1421 1856 2349 3509 4176 

120 270 480 750 1080 1470 1920 2430 3630 4320 

124 279 496 775 1116 1519 1984 2511 3751 4464 

128 288 512 800 1152 1568 2048 2692 3872 4608 

132 297 528 825 1188 1617 2112 2673 3993 4752 

136 306 544 850 1224 1666 2176 2764 4114 4896 

140 315 560 875 1260 1715 2240 2835 4236 5040 

144 324 576 900 1296 1764 2304 2916 4366 5184 

143 333 592 925 1332 1813 2368 2997 4477 5328 

162 342 60S 960 1368 1862 2432 3078 4598 5472 

156 351 624 975 1404 1911 2496 3169 4719 5616 

160 360 640 1000 1440 1960 2660 3240 4840 5760 

164 369 666 1025 1476 2009 2624 3321 4961 5904 

168 373 672 1050 1512 2058 2688 3402 5082 6048 

172 387 688 1075 1648 2107 2752 3483 5203 6192 

176 396 704 1100 1584 2156 2816 3564 5324 6336 

180 405 720 1125 1620 2205 2880 3646 5445 5480 

184 414 736 1150 1656 2254 2944 3726 6566 6624 

188 423 752 1175 1692 2303 3008 3807 5687 6768 

192 432 768 1200 1728 2352 3072 3888 5808 6912 

196 441 784 1226 1764 2401 3136 3969 5929 7056 

200 450 800 1250 1800 2460 3200 4060 6050 7200 
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Producta (51 to 100) X Z-, 3», 4", e 



r 


3> 


4' 


5" 


a* 


T 


8" 


9' 


(11)' 


(12)< 


204 


459 


816 


1275 


1836 


2499 


3264 


4131 


6171 


7344 


208 


468 


832 


1300 


1872 


2548 


3328 


4212 


6292 


7488 


212 


477 


848 


1325 


1908 


2597 


3392 


4293 


6413 


7632 


216 


486 


864 


1350 


1944 


2646 


3466 


4374 


6534 


7776 


220 


495 


880 


1375 


1980 


2695 


3520 


4455 


6655 


7920 


224 


504 


896 


1400 


2016 


2744 


3584 


4536 


6776 


8064 


228 


513 


9K 


1425 


2052 


2793 


3648 


4617 


6897 


8208 


232 


622 


928 


1450 


2088 


2842 


3712 


4698 


7018 


8352 


236 


531 


944 


1475 


2124 


2891 


3776 


4778 


7139 


8496 


240 


540 


960 


1500 


2160 


2940 


3840 


4860 


7260 


8640 


244 


549 


976 


1525 


2196 


2980 


3904 


4941 


7381 


8784 


248 


658 


992 


1550 


2232 


3038 


3968 


5022 


7502 


8928 


252 


567 


1008 


1575 


2268 


3087 


4032 


5103 


7623 


9072 


266 


676 


1024 


1600 


2304 


3136 


4096 


5184 


7744 


9216 


260 


585 


1040 


1626 


2340 


3185 


4160 


6265 


7885 


9360 


264 


594 


1056 


1650 


2376 


3234 


4224 


5346 


7986 


9504 


268 


603 


1072 


1675 


2412 


3283 


4288 


6427 


8107 


9648 


272 


612 


1088 


1700 


2448 


3332 


4352 


5508 


8228 


9792 


276 


621 


1104 


1725 


2484 


3381 


4416 


5589 


8349 


9936 


280 


630 


1120 


1750 


2520 


3430 


4480 


6670 


8470 


10080 


284 


630 


1136 


1775 


2556 


3479 


4544 


5751 


8691 


10224 


288 


648 


1152 


1800 


2592 


3528 


4608 


5832 


8712 


10368 


292 


667 


1168 


1825 


2628 


3577 


4672 


6913 




10512 


296 


666 


1184 


1850 


2664 


3626 


4736 


5994 


8954 


10656 


300 


675 


1200 


1875 


2700 


3675 


4800 


6075 


9075 


10800 


304 


684 


1216 


1900 


2736 


3724 


4864 


6156 


9196 


10944 


308 




1232 


1925 


2772 


3773 


4928 


6237 


9317 


11088 


312 


702 


1248 


1950 


2808 


3822 


4992 


6318 


9438 


11232 


316 


711 


1264 


1976 


2844 


3871 


6056 


6399 


9559 


11376 


320 


720 


1280 


2000 


2880 


3920 


5120 


6480 


9680 


11520 


324 


729 


1296 


2025 


2916 


3969 


5184 


6561 


9801 


11664 


328 


738 


1312 


2050 


2952 


4018 


5248 


6642 


9922 


11808 


332 


747 


1328 


2075 


2988 


4067 


5312 


6723 


10043 


11952 


336 


756 


1344 


2100 


3024 


4116 


5376 


6804 


10164 


12096 


340 


765 


1360 


2125 


3060 


4165 


5440 


6885 


10285 


12240 


344 


774 


1376 


2150 


3096 


4214 


5504 


6966 


10406 


12384 


348 


783 


1392 


2175 


3132 


4263 


5568 


7047 


10527 


12528 


362 


792 


1408 


2200 


3168 


4312 


5632 


7128 


10648 


12672 


356 


801 


1424 


2225 


3204 


4361 


5696 


7209 


10769 


12816 


360 


810 


1440 


2250 


3240 


4410 


5760 


7290 


10890 


12960 


364 


810 


1456 


2275 


3276 


4469 


5824 


7371 


noil 


13104 


368 


828 


1472 


2300 


3312 


4508 


5888 


7452 


11132 


13248 


372 


837 


1488 


2325 


3348 


4557 


5952 


7533 


11263 


13392 


376 


846 


1504 


23,50 


3384 


4606 


6016 


7614 


11374 


13536 


380 


855 


1520 


2375 


3420 


4655 


6080 


7695 


11495 


13680 


384 


864 


1536 


2400 


3456 


4704 


6144 


7776 


11616 


13824 


388 


873 


1552 


2425 


3492 


4753 


6208 


7SL7 


11727 


13968 


392 


882 


1568 


2450 


3528 


4802 


6272 


7938 


11858 


14112 


396 


891 


1584 


2475 


3564 


4851 


6336 


8019 


11979 


14256 


4O0 


900 


1600 


2500 


360O 


4900 


6400 


8100 


12100 


14440 
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A MULTIPLICATION TABLE 





Produeta (1 


« 60) X (13)*, 


(14)', 


15)', etc 


(13)' 


(")' 


(IS)' 


(Ifi)' 


(17)» 


(i8>» 


(19)' 


(2l)» 


169 


196 


226 


256 


289 


324 


361 


441 


338 




450 


512 


578 


648 


722 


882 


507 


588 


675 


768 


867 


972 


1083 


1323 


676 


784 


900 


1024 


1158 


1296 


1444 


1764 


845 


980 


1125 


1280 


1445 


1620 


1805 


2205 


1014 


1176 


1350 


1638 


1734 


1944 


2166 


2648 


1183 


1372 


1675 


1792 


2023 


2268 


2527 


3087 


1362 


1568 


1800 


2048 


2312 


2592 


2888 




1521 


1764 


2025 


2304 


2601 


2916 


3249 


3969 


1690 


1960 


2250 


2560 


2890 


3240 


3610 


4410 


1869 


2166 


2476 


2816 


3179 


3564 


3971 


4851 


2028 


2352 


2700 


3072 


3468 




4332 


5292 


2197 


2648 


2925 


3328 


3757 


4212 


4693 


6733 


2360 


2744 


3150 


3584 


4046 


4636 


5064 


6174 


2535 


2940 


3375 


3840 


4335 


4860 


5416 


6615 


2704 


3136 


3600 


4096 


4624 


6184 


5776 


7056 


2873 


3332 


3826 


4362 


4913 


5508 


6137 


7497 


3042 


3528 


4050 


4608 


6202 


5832 


6498 


7938 


3211 


3724 


4275 


4864 


5491 


6156 


6859 


8379 


3380 


3920 


4500 


5120 


5780 


6480 


7220 


8820 


3649 


4116 


4725 


6376 


6069 


6804 


7581 


9261 


3718 


4312 


4950 


5632 


6368 


7128 


7942 


9702 


3887 


4508 


5175 


6888 


6647 


7452 


8303 


10143 


4056 


4704 


6400 


6144 


6936 


7776 


8664 


10584 


4226 


4900 


5625 


6400 


7226 


8100 


9026 


11025 


4394 


6096 


5850 


6656 


7514 


8424 


9386 


11466 


4563 


6292 


6075 


6912 


7803 


8748 


9747 


11907 


4732 


5488 


6300 


7168 


8092 


9072 


10108 


12348 


4901 


5684 


6525 


7424 


8381 


9396 


10469 


12789 


5070 


6880 


6760 


7680 


8670 


9720 


10830 


13230 


5239 


6076 


6976 


7936 


8959 


10044 


11191 


13671 


5408 


6272 


7200 


8192 


9248 


10368 


11662 


14112 


6577 


6468 


7425 


8448 


9537 


10692 


11913 


14553 


6746 


6664 


7650 


8704 


9826 


11016 


12274 


14994 


6916 


6860 


7875 


8960 


10115 


11340 


12635 


15436 


6084 


7056 


8100 


9216 


10404 


11664 


12996 


16876 


6253 


7252 


8326 


9472 


10693 


11988 


13357 


18317 


6422 


7448 


8550 


9728 


10982 


12312 


13718 


16758 


6591 


7644 


8775 


9984 


11271 


12636 


14079 


17199 


6760 


7840 


9000 


10240 


11660 


12960 


14440 


17640 


6929 


8036 


9225 


10496 


11849 


13284 


14801 


18081 


7098 


8232 


9450 


10752 


12138 


13608 


15162 


18522 


7267 


8428 


9675 


11008 


12427 


13932 


15523 


18963 


7436 


8624 


9900 


11264 


12716 


14256 


16884 


19404 


7605 


8820 


10125 


11520 


13005 


14580 


16245 


19845 


7774 


9016 


]03,TO 


11776 


13294 


14904 


16606 


20288 


7943 


9212 


10575 


12032 


13583 


15228 


16967 


20727 


8112 


9408 


10800 


12288 


13872 


16652 


17328 


21168 


8281 


9604 


11025 


12544 


14161 


16876 


17689 


21609 


8450 


9800 


11260 


12800 


14460 


16200 


18050 


22050 


(13)' 


(M)* 


(1S)« 


(16)' 


(rty 


(18)' 


(19)' 


(21)' 



„Google 



A TABLE OP THE SQUAREa AND SQUARE BOOTS OP THE 
NUMBERS FROM 1 TO 1000. 

This table is a modification of the first part of Barlow's Tables. 
The advantage of this abridged table beyond its more convenient 
size, is that through the omission of cubes, cube roots and reciprocals, 
the table allows more rapid use and causes much leas strain on the 
eyes. The latter result is furthered by ^ving square roots only to 
the third decimal instead of to the seventh. 
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TABLE OF SQUAKES AND SQUARE BOOTS. 

Bqatn. Squ, Boot. Ndb. Squat*. Sq 

SI 2601 

62 2704 



1 


1.000 


4 


1.414 


9 


1.732 


16 


2.000 


26 


2.236 


3e 


2.449 


49 


2.646 


64 


2.828 


81 


3.000 


100 


3.163 


121 


3.817 


144 


3.464 


169 


8.606 


196 


8.742 


225 


3.878 


266 


4.000 


289 


4.123 


324 


4.243 


361 


4.369 


400 


4.472 


441 - 


4688 


464 


4.690 


529 


4.796 


576 


4.899 


62S 


6.000 


676 


5.099 


728 


5.196 


7 84 


5.292 


841 


5.38.S 


900 


6.477 


9 61 


6.668 


1024 


6.657 


1089 


5.745 


1156 


5.831 


1225 


6.916 


1296 


6.000 


13 69 


6.083 


14 44 


6.164 


15 21 


6.246 


1600 


6.325 


16 81 


6.403 


17 64 


6.481 



2116 


6.782 


2209 


6.866 


2304 


6.928 


24 01 


7.000 


26 00 


7.071 



3186 


7.483 


3249 


7.650 


3364 


7.616 


3481 


7.681 


3600 


7-746 


3721 


7.810 


3844 


7.874 


3969 


7.937 


4096 


8.000 


4225 


8.062 


43 56 


8.124 


4489 


8.186 


46 24 


8.246 


47 61 


8.307 


4900 


8.867 


50 41 


8.426 


6184 


8.485 


53 29 


8.544 


6476 


8.602 


56 25 


8.660 


67 76 


8.718 


59 29 


8.775 


60 64 


8.832 


62 41 


8.888 


64 00 


8.944 


65 61 


9.000 


67 24 


9.055 


68 89 


9.110 


7056 


9.1fr5 


72 25 


9.220 


73 96 


9.274 


75 69 


9.327 


7744 


9.381 


79 21 


9.434 


8100 


9.487 


8281 


9.539 


84 64 


9.592 


86 49 


9.644 


88 36 


9.695 


9025 


9.747 


9216 


9.798 


94 09 


9.849 


96 04 


9.899 


98 01 


9.950 


0000 


10.000 
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MENTAL AND SOCIAL MEASUREMENTS. 

Bqum. Bqu. Boot. Kam. Bqiun. Sqn. BooL 



10201 


10.060 


10404 


10.100 


106 09 


10.149 


10816 


10.196 


11025 


10.247 


11236 


10.299 


114 49 


10.344 


11664 


10.393 


11881 


10.440 


13100 


10.488 


13321 


10.536 


125 44 


10.583 


127 69 


10.630 


129 06 


10.677 


13885 


10.724 


134 66 


10.770 


136 89 


10.817 


13924 


10.663 


14161 


10.909 


144 00 


10.054 


146 41 


11.000 


148 84 


11.045 


15120 


11.091 


15376 


11-136 


15626 


11.18U 


15876 


11.22S 


16120 


11.269 


10384 


11.314 


16641 


11.358 


160 00 


11.403 


17161 


11.446 


174 34 


11.489 


176 B9 


11.533 


17956 


11.576 


18235 


11.619 


184 96 


11.662 


187 69 


11,705 


190 44 


11.747 


19321 


11.790 


19600 


11.833 


10861 


11.874 


20164 


11.016 


304 40 


11.956 


20736 


12.000 


21025 


12.042 


21316 


13.083 


21609 


12.124 


21904 


12.166 


323 01 


12.207 


33SO0 


18.247 



22801 


12.288 


23104 


12.339 


334 09 


12.369 


23718 


12.410 


240 2fi 


18.460 


24336 


12.490 


24649 


12.530 


34964 


12.670 


2 53 81 


12.610 


36600 


13.649 


259 21 


12.689 


26344 


13.728 


365 69 


12.767 


36696 


13.806 


272 25 


13.645 


27558 


12.884 


27889 


12.923 


28324 


13.961 


26561 


13.000 


28000 


13.038 


392 41 


13 077 


29564 


13.115 


29929 


13.163 


302 76 


13.191 


30625 


13.239 


300 76 


13.266 


313 39 


13304 


316 B4 


13 34J 


320 41 


13,379 


324 OO 


13.416 


32761 


13.464 


33124 


13 491 


334 89 


13.528 


338 56 


13.5S5 


34235 


13.601 


3 4596 


13-638 


3 4969 


13.675 


35344 


13.711 


35721 


13.748 


3 6100 


13.764 


364 81 


13.830 


368 64 


13.856 


37349 


13.802 


376 36 


13.938 


38026 


13,96* 


38416 


14,000 


388 OS 


14.036 


39304 


14,071 


39601 


14.107 


40000 


14.142 
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TABLE OF SQUARES AND SQUARE SOOTS. 



Sqo-n. 


Bqn.R«t. 


40401 


14.177 


4080* 


14JJ13 


41209 


14.248 


41616 


14.283 


420 SS 


14.318 


42436 


14.363 


42849 


14.387 


433 64 


14.422 


4 3681 


14.467 


44100 


14.491 


4 4521 


14.526 


4 4044 


14.560 


453 69 


14.505 


4 5796 


14.629 


46225 


14.663 


46656 


14.897 


47089 


14.731 


4 7524 


14 766 


4 70 81 


14.709 


484 00 


14.832 


4 88 41 


14.866 


4 93 84 


14.900 


49729 




50176 


14.967 


60625 


16.000 


51076 


15.033 


61529 


15.067 


51984 


15.100 


52441 


15.133 


52900 


15.166 


63361 


15.100 


53824 


16.233 


54289 


16.264 


5 4758 


15.207 


552 25 


15.330 


65696 


15.363 


6 6169 


15.395 


566 44 


16.427 


67121 


16.460 


57600 


16.498 


58081 


15.524 


5 85 64 


15.656 


5 90 49 


15,588 


695 36 


15.S20 


60026 


15.662 


60S IS 


15.684 


61009 


15.716 


615 04 


16.748 


62001 


15,780 


62500 


15.811 



Sqnan. 


Squ. Root 


6 3001 


16.843 


635 04 


15.875 


6 40 09 


15.006 


64616 


15.937 


650 26 


16.969 


65536 


16.000 


6 60 49 


16.031 


666 64 


16.062 


67081 


16.093 


67600 


16.125 


6 8121 


16.155 


686 44 


16.186 


6 9160 


16.217 


696 96 


16.248 


70225 


16.379 


70756 


16.310 


712 89 


16.340 


71824 


18.371 


72361 


16.401 


¥2900 


16.432 


73441 


16.463 


73984 


16.492 


745 29 


16523 


750 76 


16.553 


75625 


16.583 


76176 


16.613 


76729 


16.643 


77284 


16,673 


77941 


16.703 


78400 


16.733 


78961 


16.763 


79524 


16.793 


800 89 


16!^ 


80656 


81225 


16.882 


81796 


16.913 


82369 


16.941 


829 44 


16.071 


83521 


17.000 


84100 


17.029 


84681 


17.059 


85264 


17.088 


85849 


17.117 


864 36 


17.146 


87026 


17.176 


87616 


17.205 


862 09 


17.234 


888 04 


17.263 


89401 


17.392 


900 00 


17.321 
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MENTAL AXD SOCIAL MEASUREMENTS. 



Bquu.^ 


8fla.B«t. 


eoeoi 


17.849 


91804 


17.878 


91800 


17.407 


93416 


17.486 


98025 


17.464 


9 8886 


17.498 


94349 


17.531 


948 04 


17.550 


9S481 


17.578 


9 6100 


17.607 


9 67 SI 


17.636 


9TS44 


17.664 


9 7969 


17.693 


'963 96 


17 730 


992 2S 


17.748 


99866 


17.776 


100489 


17.804 


101134 


17.838 


101761 


17.881 


102400 


17.889 


108041 


17.916 


1086 84 


17.944 


1043 29 


17.973 


10 49 76 


18.000 


1056 26 


18.038 


10 68 76 


18.055 


1069 29 


18.083 


10 70 84 


18.111 


108341 


18.188 


108900 


18.166 


1095 61 


18.198 


110334 


18.331 


110889 


18.348 


11 16 66 


18.378 


11^35 


18.808 


113896 


18.330 


1135 69 


18S58 


1143 44 


18.385 


1149 31 


18.413 


1156 00 


18.439 


118281 


18 466 


116984 


18 498 


H 76 49 


18.520 


1183 86 


18.547 


1190 35 


ia574 


119716 


18.601 


130409 


18.628 


131104 


18.655 


121801 


18.663 


13 36 00 


18.706 



8«<un. 


8<iii.So<t 


138301 


18.785 


13 89 04 


18.763 


1346 09 


18.788 


13 58 16 


18.616 


13 60 35 


ia841 


13 67 36 


18.868 


13 74 49 


16.694 


12 8164 


18.921 


1268 81 


18.947 


139600 


18.974 


180831 


19.000 


1310 44 


19 036 


1317 69 


IS. 003 


18 2496 


19.079 


188326 


19.105 


188956 


19.181 


184689 


19.167 


1864 24 


19.183 


186181 


19 200 


186900 


19.285 


18 7641 


19. 261 


188884 


19.387 


189129 


19.818 


18 98 76 


1A.S89 


1408 26 


19.865 


141876 


19.391 


14 2139 


19.418 


1428 84 


19.443 


14 3841 


19,468 


14 44 00 


19.494 


145161 


19.519 


1469 34 


19.540 


1466 89 


19.570 


14 7456 


19.596 


1483 25 


19.631 


1489 96 


19847 


14 07 69 


19.872 


16 06 44 


19,898 


15 13 21 


19.723 


16 2100 


19.748 


16 28 81 


19.774 


15 36 64 


19.799 


16 44 49 


19.824: 


16 52 86 


19 849 


15 60 35 


18.676 


156816 


19.900 


15 7609 


19.935 


168404 


19 950 


159301 


19.975 


160000 


30.000 
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TABLE OF SQUARES AND I 



Squort. 


Bqn.Ewt 


laosot 


20.025 


]6ia04 


80.060 


1S34W 


20.075 


168216 


20.100 


164035 


20.126 


16488« 


20.149 


165649 


30.174 


166464 


30.199 


16 7381 


20.224 


168100 


30.348 


16 89 31 


30 878 


169744 


30.298 


17 05 69 


20.S32 


171896 


30.847 


173226 


80.873 


178006 


30.396 


1188 89 


30.431 


174734 


20 445 


17 65 61 


20.469 


176400 


30.494 


177241 


90.618 


1780 S4 


20.648 


1789 29 


20.567 


1797 78 


30.591 


1806 35 


20.610 


181476 


30.S40 


1823 39 


30.664 


188184 


20.688 


1840 41 


30.713 


184900 


80.786 


18 57 61 


30.761 


18 66 94 


20.785 


18 7469 


30.809 


18 8356 


80.833 


1892 26 


30.857 


IB 00 96 


20 881 


19 09 69 


80.906 


19 18 44 


30 928 


19 3721 


20.953 


19 8600 


30.976 


19 44 81 


81.000 


19 5864 


21.034 


196349 


21.048 


19 7186 


21.071 


198025 


21.095 


198916 


21.119 


1998(19 


21.143 


200704 


81.166 


201601 


31.190 


202600 


81218 



<UASE StOOTS. 


am. Bquu*. 


Squ.Itoot 


61 208401 
52 204804 
68 206809 
64 206116 
55 20 7025 


21.2*7 
21.860 
21.284 
21.807 
21.881 


56 807986 
67 30 8849 

58 209764 

59 310681 

60 21 16 00 


21.354 
21.878 
81401 
21.424 
81.448 


61 212521 

62 3184 44 
68 3148 69 

64 21 53 96 

65 21 62 25 


21.471 
31.494 
81.517 
31.541 
21.564 


46 31 71 06 

67 21 80 89 

68 2190 84 

69 31 99 61 

70 8209 00 


21.587 
21.610 
31.688 
81.656 
31.679 


71 221841 

73 23 2784 
78 288789 

74 33 46 76 

75 835625 


31.708 
21.726 
21.749 
21.779 
81.794 


76 8865 76 

77 33 75 39 
:78 238484 

79 88 94 ^1 

80 280400 


31.817 
21.840 
81 863 
31.886 
21.909 


«1 281861 
88 382324 

83 23 3389 

84 234366 


21.983 
31.964 
21 977 
32,000 



486 236196 28 045 

487 237169 28.068 

488 238144 23.091 

489 230121 38.118 

490 24 01 00 22.13fr 



492 243064 



24 6016 
2470 09 
248004 
249001 

25 0000 
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MENTAL AXD SOCIAL MEASUREMESTS. 



801 188201 18.785 

S62 13SB01 18.702 

853 134000 18.788 

854 130816 18.815 
S» 13 60 as 18.841 

806 196736 18.868 

857 127449 18.8»4 

858 138164 18.021 
350 13 88 81 1B.94T 

860 12 06 00 18.874 

861 18 08 21 19.000 
362 181044 10 026 
868 181760 19.0S3 
864 18 2406 10.079 

866 18 8225 10.10(1 

366 188056 10.181 

867 18 46 89 10.107 

868 18 04 24 10.183 
860 18 61 61 19 309 

870 1860 00 10.285 

871 13 7641 10.361 

872 18 88 84 19.287 
878 180120 19.318 
874 18 88 76 U.889 
870 140630 10.805 

876 14 IS 76 19.891 

877 142130 19.416 

878 1438 84 19.443 
870 143641 19.408 

880 144400 19.404 

881 145161 19.519 
883 U S9 34 10.545 

883 14 66 80 19 570 

884 14 74 56 10.500 
385 14 83 25 19.621 

886 148906 19047 

387 1497 69 10.073 

888 1600 44 19.608 

889 151321 19.733 
300 153100 19.748 

891 152881 19.774 

892 IS 80 64 10.790 
898 164449 19824 

804 1662 86 19 840 

805 15 00 35 19.875 

896 156816 19.000 

897 15 7609 10.035 

898 1684 04 19 950 

899 16 9301 10.075 
400 160000 20.000 



Bqnwe. 


Bqa.RMt 


00001 


17.849 


912M 


17.878 


918 00 


17.407 


9 3416 


17.486 


980 35 


17.404 


98680 


17,493 


042 49 


17.631 


948 64 


17.550 


90481 


17.578 


90100 


17.607 


907 21 


17.635 


078 44 


17.684 


070 60 


17.693 


9 85 96 


17 720 


9 03 30 


17.748 


9856 


17.776 


10 04 80 


17.804 


101134 


17.838 


10 17 61 


17.801 


10 34 00 


17.889 


108041 


17.916 


108084 


17.044 


10 48 39 


17.973 


1049 76 


laooo 


105036 


18.028 


10 6376 


18.065 


10 60 39 


18.083 


10 75 84 


18.111 


10 88 41 


18.138 


1089 00 


18.166 


1095 61 


18.198 


1103 24 


18.221 


1108 89 


18.348 


11 15 56 


18.276 


11 a 25 


18.303 


1128 96 


18.880 


1135 09 


18 358 


1143 44 


18.385 


11 49 21 


18.413 


115600 


18.430 


1162 81 


18 466 


1169 04 


18 408 


117649 


18.520 


118380 


18.547 


119025 


18.574 


119710 


18.601 


130400 


18.638 


131104 


18.855 


131801 


1B.B88 


123500 


1&708 
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TABLE OF SQUARES AUD SQUARE ROOTS. 



Sqon. 


Bqa. Boot 


U0801 


30.035 


16t«04 


20.060 


183409 


30.076 


168316 


30.100 


164035 


W.126 


1648M 


ao.i« 


160649 


30.174 


166464 


30.199 


167381 


30.384 


168100 


20.246 


1689 31 


80 878 


166744 


20.298 


1705 69 


30.832 


171896 


30.847 


1733 36 


30.878 


1780 B6 


80.896 


178889 


80.421 


174734 


30 446 


1765 61 


30.469 


178400 


30.494 


177941 


20.518 


1T8084 


20.543 


178939 


30.667 


179776 


20.591 


18063S 


30.616 


181476 


30.640 


1833 29 


20.864 


18 3184 


20.688 


18 40 41 


20.713 


18 4900 


30.786 


1857 81 


20.761 


18 66 24 


30.785 


18 7489 


30.809 


18 83 66 


30.888 


18 S3 35 


30.867 


190096 


30 881 


1909 69 


80.906 


191844 


20 938 


192731 


30.953 


193600 


30.078 


194481 


21.000 


195364 


31.034 


196349 


31.048 


19 7188 


31.071 


198035 


21.096 


198916 


81.119 


199809 


31.143 


2007 04 


31.166 


3016 01 


21.190 


303600 


31318 



204304 
306309 
30 6116 
30 70 25 


81.360 
31.384 
81.807 
31.881 


1079 86 
30 884b 
309784 

310681 
311600 


81.864 
31.878 
31401 
81.434 
31.448 


313521 
318444 
314889 
3153 96 
8183 88 


81.471 
21.494 
21.617 
31.541 
31.664 


81 71 6« 
3180 89 
3190 34 
3190 81 
330900 


31.587 
31.810 
81.888 
31,6.-i8 
81.879 


231841 
83 3784 
2387 30 
834676 
335635 


31.708 
81.736 
21.749 
21.778 
21.794 


2365 7« 
33 75 29 
3284 84 
9304« 
880400 


81,817 
81.840 
81888 
31.886 
21.909 


381361 
883834 
28 33 89 
3843 68 
886326 


21.933 
21.954 
21977 
23.000 
83.038 


286196 
387169 
3S8144 
389131 
24 0100 


23 045 
23.068 
83.091 
82.118 
38.186- 


341081 
343084 
348049 
34 4086 
34 6035 


32.159 
88.181 
33.204 
33.326. 
22.24ft 


24 6016 
247009 
24 8004 
24 6001 
250000 


33 271 
33.398 
32.8te 
33.838 
32 861 
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Sqa»« 


Sqa. Boot 


251001 


23.383 


25 2004 


22.405 


253009 


22.428 


35 4016 


23.450 


255025 


33.473 


26 60 36 


22.494 


25 70 49 


32.517 


258064 


22.539 


259081 


22.661 


280100 


22.683 


261131 


22.605 


202144 


22.627 


283169 


22.650 


264196 


22.672 


S65S2S 


22.694 


266366 


22.716 


267289 


22.738 


266324 


22.760 


20 93 SI 


22.782 


270400 


28.804 


3714 41 


29.825 


2784 84 


23,847 


2735 29 ■ 


22.869 


274576 


22.891 


27S625 


23.913 


278676 


22.035 


27 7729 


22.956 


278784 


22.978 


279841 


23 000 


280900 


23.022 


281061 


23.043 


28 30 24 


23 065 


284080 


23.087 


285156 


23.106 


28 6225 


23.130 


287296 


23.163 


28 8369 


23.173 


28 94 44 


23.105 


29 05 21 


83.216 


2916 00 


83.238 


29 36 81 


23.259 


29 37 64 


83.281 


89 4849 


23.302 


29 59 36 


33.334 


29 70 35 


23.345 


298116 


23.367 


299809 


23 388 


300304 


23.409 


301401 


2a 431 


30 25 00 


23-458 



303601 


23.473 


3047 04 


23.495 


30 5809 


23.516 


806916 


23.537 


30 80 25 


23.568 


30 9136 


23.580 


3103 49 


23.601 


3113 64 


23.628 


312481 


23.643 


313800 


23.664 


314731 


28 685 


3168 44 


23.707 


31 60 69 


23.728 


318098 


23.749 


319225 


23.770 


330366 


23.791 


321489 


23.812 


3228 24 


23.833 


33 3761 


23.654 


32 49 00 


23.876 


33 60 41 


23.899 


327184 


2:t.9l7 


338329 


23.937 


3294 76 


23.958 


3306 26 


33.079 


331776 


24.000 


33 29 29 


24.021 


33 40 84 


24.043 


33 52 41 


24.062 


336400 


24.083 


337661 


24.104 


338724 


24.125 


33 98 89 


24.145 


341056 


24.166 


34 2225 


24.187 


34 3396 


24.207 


34 45 69 


24.228 


34 5744 


24.249 


34 69 31 


24.269 


34 8100 


24.390 


34 92 81 


24.310 


35 04 64 


24.331 


3616 49 


24.352 


3528 36 


24.372 


35 4025 


34.393 


3B5316 


24.413 


356409 


24.434 


367604 


24.454 


358801 


24.474 


8600 00 


34.495 
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BqO«a 


Squ. Root. 


3612 01 


24.516 


86S4M 


S4.S86 


868009 


34.636 


86 4816 


24.578 


86602S 


a4.697 


86 73 86 


24 617 


8664 49 


24.637 


86 96S4 


34.eSB 


87 OS 81 


34.678 


872100 


34.698 


87 88 21 


24.718 


87 45 44 


34.789 


87 S7 69 


24.TG9 


87 8996 


34.779 


8782 30 


34.799 


879456 


24.819 


8806 89 


34 889 


8819 24 


24.860 


88 8161 


34.880 


864400 


24.900 


8866 41 


34.920 


88 68 84 


24 940 


88 8129 


S4.960 


88 98 76 


34.980 


89 06 2S 


2S.000 


891876 


25.020 


898129 


20.040 


8948 84 


S5.060 


8956 41 


26.080 


89 69U0 


35.100 


89 8161 


25.130 


89 94 34 


35.140 


40 06 89 


36.159 


4019B6 


85.179 


40S2 2S 


25.199 


4044 96 


25.219 


4057 89 


35.289 


40 TO 44 


25:359 


4088 21 


33.278 


4096 00 


25.398 


410881 


25.818 


41 21 64 


35.888 


418449 


25.857 


4147 86 


36 877 


4160 2S 


20.897 


417816 


26.417 


418609 


25 486 


419904 


20.466 


4312 01 


25.475 


43 29 00 


36.495 
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401401 


26.476 


492604 


36.405 


494209 


86.614 


496616 


86.588 


49 70 86 


36.558 


4B8486 


36,571 


49 S8 49 


26.580 


SO 12 64 


26.608 


SO 86 81 


28 637 


SO 41 00 


26.646 


50 6531 


36.066 


606B44 


86.683 


50S8 60 


28.703 


50 97 96 


36.731 


5113 86 


36.780 


6186 69 


26 768 


614080 


38 777 


5165 84 


28.798 


6160 61 


38.814 


51S400 


26.883 


6198 41 


26.861 


6213S4 


89 870 


68 37 20 


86.880 


63 41 79 


26 007 


63 56 85 


86.9i!6 


63 70 78 


38 044 


62S5 30 


28.068 


62 99 84 


36 981 


681441 


27 000 


SS80 00 


37.010 


68 4861 


37.087 


68 6^34 


B7.055 


687280 


27.074 


638766 


27.003 


6402 85 


37.111 


641806 


27.139 


648169 


37148 


54 46 44 


87.186 


54 0121 


37. IBS 


647600 


87.308 


649081 


37.381 


660684 


87.340 


663049 


87,258 


56 83 86 


87 878 


66 50 25 


87.805 


65S616 


27.818 


65 8009 


37.881 


5S0504 


87.850 


561001 


37.868 


688600 


87.886 



664001 


37 404 


6865 04 


27.488 


667009 


87.441 


68 8616 


27.459 


57 0036 


27.477 


6715 86 


27.495 


67 3040 


27.514 


67 46 64 


37.533 


67 6061 


27.550 


57 7600 


37.568 


570131 


37.586 


680644 


87.604 


683180 


87.623 


68 86 96 


87.641 


68 68 85 


27.659 


68 87 66 


37.677 


88 82 80 


87.695 


58 98 34 


37.713 


59 18 61 


87.731 


59 20 00 


. 27.740 


6944 41 


27.767 


69 50 84 


27.785 


59 75 39 


27.803 


59 00 76 


27.821 


60 08 26 


27.839 


603176 


37.857 


60 87 39 


27.875 


805364 


37.898 


80 6841 


87 911 


808400 


27.938 



781 6090 61 27.946 

783 61 IS 34 37.964 

783 613089 27.082 

784 61 46 58 38.000 
789 616335 38.016 

786 61T708 28 036 

787 61 03 00 88.064 

788 88 09 44 88.071 

789 83 2.') 31 28.089 
700 684100 28.107 

791 63 66 81 38.126 

793 88 73 84 28.142 
703 8388 49 28.160 

794 6804 86 88.178 

795 63 2023 28.106 

706 68 8616 88,218 

797 6852 00 28.231 

708 68 68 04 38.340 

709 68 84 01 88.S67 
800 640000 28.384 
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04-46 09 88.837 
64 6416 28.su 



737609 29.aM 
789816 29.883 
78 10 20 89.240 



Bii 

it; 

ii; 



z 



6S88 64 28:485 

gss gJSS 

OS 77 81 S8.47B 

6S 9S 44 28.496 

0809 69 38.Q18 

60 25 96 88.581 



685858 eSnOO 
66 74 89 28.588 
08 0184 28.601 



67 4041 88.698 

0756 84 28.671 

67 7839 28.688 

078978 88.705 

08 0030 28.728 

682276 88.740 

087841 88.793 

0689 00 28.810 



807 73 44 49 20.375 

808 78 01 04 29.398 
806 73 78 81 89.80S 
660 7890 00 26.836 

801 741881 26.843 

864 74 0400 36.864 

865 74 8336 36.411 

860 749006 89.438 

867 701680 39.440 

808 7S84 24 89.403 

609 750101 80.470 

S70 70 60 00 29.400 

871 708041 86.018 

879 7008 84 20.080 
878 76 21 20 89.047 
874 70 88 76 89.608 
870 78 60 20 29.080 

878 77 0884 39.681 

B79 77 26 41 26 648 

880 77 4400 29.660 



II ;?jsu if, 



70 06 00 88.981 

709844 28948 

TO SO 81 88.060 

70 60 00 88.968 



71 74 09 29.108 
719104 89.180 
7808 01 29.188 



887 78 07 00 80.788 

688 7866 44 30. 766 

889 70 08 81 20-810 

863 797440 86^ 

895 801020 261610 

800 803810 89.638 

607 804600 36.900 

808 806404 30.067 

600 608801 39.968 

900 810000 80.000 
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Squw. 


flqu.Ko« 


SI 1601 


80.017 


818004 


80.088 


816409 


80.050 


817216 


80.067 


S190 2S 


80.088 


820886 


80.100 


82 86 49 


80.116 


82 44 64 


80.1SS 


82 6281 


80.150 


828101) 


80.166 


83 9931 


80.188 


881744 


80.199 


8880 69 


80.316 


83 6896 


80.382 


83 7225 


80.349 


S3 90S6 


80.266 


840889 


80.383 


84 2724 


80.399 


84 46 61 


SO. 815 


846400 


80.883 


8483 41 


80.848 


85 0084 


80 864 


86182B 


80.881 


8687 76 


80.897 


855626 


80.414 


86 7476 


80.480 


85 9839 


80.447 


861184 


80.463 


86 8041 


80.480 


86 49 00 


80.406 


86 67 61 


80.S13 


86 86 34 


80.639 


8704 89 


80.645 


87 38 66 


80.661 


8742 35 


80.578 


87 6096 


80.594 


87 7969 


80.610 


87 9844 


80.627 


881731 


80.648 


68S60O 


80.659 


886481 


80.676 


8873 64 


80,693 


8893 49 


80.708 


891186 


80.725 


69 SO 35 


80.741 


89 49 18 


80.757 


89 68 09 


30.778 


8967 04 


80.790 


900601 


80.806 


90 3500 


80.822 



951 


9044 01 


30.838 


952 


906804 


80.8S4 


953 


9083 09 


80.671 


954 


91 01 16 


80.887 


955 


913025 


80.908 


966 


SI 39 80 


80.919 


957 


915849 


80.986 


958 


9177 64 


80.953 


959 


919081 


80.968 


960 


981000 


80.884 


961 


93 85 31 


81.000 


962 


925444 


81 .016 


968 


9873 89 


81.038 


964 


939296 


81.048 


965 


98 IB 26 


81.064 


966 


988156 


81.081 


967 


985089 


31.097 


968 


987024 


81.118 


969 


988961 


81.120 


970 


940900 


81.146 


971 


943841 


81.161 


979 


944784 


81.177 


978 


94 67 39 


81.108 


074 


94 66 76 


81.200 


975 


96 0036 


81.236 


976 


9636 76 


81.841 


977 


954539 


81.857 


978 


966484 


81.278 


979 


95 8441 


81.280 


980 


960400 


81.306 


981 


96 3361 


81.821 


983 


964824 


81.887 


988 


96 6389 


31.858 


984 


968356 


81.869 


966 


970336 


81.885 


986 


072196 


81.401 


987 


97416B 


81.417 


988 


97 6144 


81.483 


989 


97 81 21 


81.448 


990 


960100 


81.464 


901 


96 3081 


81.480 


993 


98 4064 


31.496 


998 


986049 


81.513 


994 


9R8086 




995 


9B0025 


8U544 


996 


99 2016 


81J(69 


9B7 


09 4009 


81.575 


998 


09 6004 


31.601 


999 


99 80 01 


81.607 


1000 


1000000 


81.^8 
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APPENDIX in 

Answers to Problems 



9. At. is the more variable. 
10. In the case of D. 
11. 

SviMi BerlmU 

Crude Mode 23 ' 22 ^ 

Median 22 - 22- 

Average 21.0' 21.65 ^ 

A.D. from Median 2.5- 1.75' 

S.D. from Median 3.54 2.94 

> Med. Dev. from Median 2 1 

Q 2 1 

12. a. 18 through 24. 
b. 21 through 24. 
13-22. The various answers are included in the tables that follow. 
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368 MENTAL AND SOCIAL MBASUBEMENT8 

23. The three surfaces will be as shown in Fig. 92, but on a 
larger scale. 

24. The three surfaces will be as shown in Yig. 93, but on a 
larger scale. 




1 r 
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ANSWERS TO PBOBLEMS 269 

26, 27, 28. The surfaces will be such as fit the dbtributions of 
the table below, n being 64. 

FnqucBdM 
For For For For For 

QouiUtr Pnblrai M Pniblam IT Problem IS Qaantltj Problam 2S Probiam >T 



30. being used, the values are, in order, 3.52 a, 3.22 a, 3.02 a, 
2.87 a and 2.74 a; 1 per cent, being used, the values are, in order, 
2.93 ff, 2.78 a, 2.65 ff, 2.55 <r and 2.46 v; 2 per cent, being used, the 
values are 2.62 o-, 2.51 (t, 2.42 tr, 2.34 o- and 2.27 <t, 

31. II the distnbution is a rectangle, c is + 1.98 ft 6 is + 1.88 Q, 
/ is + 1.72 Q, and s is + 1.44 Q. 

If the distribution is of Form ^, o is + 2.7 ff, 6 is + 1.91 o, 
/ is + 1.48 ff, and » is + 1.09 <r. 

If the distribution is of Form Z>, o is + 3.52 a, 5 is + 2.55 a. 

32. Light blue= - 2.28 a; blue-dark blue = — 1.00 tr; gray- 
blue-green = — .08 <r; dark gray-hazel = -|- .47 <r; light brown- 
brown = -1- .83 (t; dark brown = + 1.34 <r; very dark brown-black 
= -I- 2.16 <r. 

33. A = +3.ZQ; B = + 1.7 Q; C=+.1Q; D--1.4<?; 
E=-3.0Q; f = -4.6Q. 

35. Since the average variability for C.T.'s 107 through 112 
is 34.S and the average variability for C.T.'s 119 through 126 is 
only 33.0, it is clear that for this group of criminals at least, those 
of longer finger length do not vary any more in finger length than 
those of short finger length. In comparing races, sexes, and the 
like in respect to variability of finger length, there is no a priori 
reason for dividing gross variabilities each by its C.T. or even by 
the square root of its C.T. 
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40. Median AjB = .345. Q of AlB's = .12. 

44. r = .80 or .81, if the squares of the differences in ranks are 

used, 
r = .76 or .78 if the sum of the gains in ranlts is used, 
r = .73 if the number of unlike-signed pairs is used (counting 

5/14 of the p^rs with zeros as unlike-signed). 
f = .80 if the x.y products are used. 
r = .71 if the xjy and yjx ratios are used. (The '(H)' 

pair is to be scored as a close correlation.) 

45. r^ = .73; r^ = .99; r^ = .16. 

46. ti = 2.18; Hi = .456; mid xjy ~ .186,- mid yjx = 1.25; 



-.48. 










47 


•'tAT.— rt*A». = 


■22;iri 


-CM. 


-.16. 


48 


•'t AT.— DM. A. 


= 


.27: ir^ 


— M* 


= .19. 


49 


»1A..-«^A. 


= 


32: <r. 


— •*. 


-.22. 


50 


''AA..-OM.A. 


= 


47:,,, 


—at*. 


= .34. 


51 


<^t.AT.— BM-AT 


= 


•16;»,. 


-o»«. 


- .11. 


62 




.39. 






63 


''>.m.~Mm.= 


.52. 






54 


"..«.— ««.««.= 


.27. 






56 


"t «•_««.«.. - 


.31. 






56 


''%.<m.~aai.m.= 


.36. 






67 


"!.,-«».- .056. 






68. 


<^t.r-ofci.f=" .069. 






69. 


'«.f-Qi*.f= .040—- 






60. 


68.3 per cent. 








61. 


14.3 per cent 










jO.l per cent. 








(&• 


'11.7 per cent. 








64. 


9.7 i>er cent. 








66. 


26.1 per cent 








66. 


4.7 per cent 








67. 


10 and 11.68. 








68. 


10 and 8.95. 








69. 


8.07 and 11.93. 








70. 


12.64 and 21.84. 








71. 


12.11 and th 


e lower lim 


toft 


le distribution 



D,„i,„db,Google 



ANSWERS TO PBOBLEMS 

72. 18.96 and 21.11. 

73. a. 124 chances in 10,000. 
6. 228 chances in 10,000. 

c. Between k — 6.2 and k + 6.2. 

74. a. 228 chances in 10,000. 
h. 8,664 chances in 10,000. 

75. a. 82 chances in 10,000. 
h. 82 chances in 10,000. 

c. 6,826 chances in 10,000. 
i. .21 and 2.19. 

76. a. .36 and .60. 
h. 228 in 10,000. 

77. a. 26 in 10,000. 

h. 1,151 in 10,000. 

78. a. 67 in 10,000. 

b. 975 in 1,000. 

79. 6.73+. 

80. a. 604 in 10,000. 
i. 1,903 in 10,000. 

c. 4,464 in 10,000. 

d. 2,123 in 10,000. 

e. 5,597 in 10,000. 

81. a. 890 in 1,000. 
h. 992 in 1,000. 

82. As high as .40, 1,096 chances in 10,000. 
As high as .41, 459 chances in 10,000. 
As high as .42, 57 chances in 10,000. 
As high as .50, chances in 10,000. 

84. o. 3,265 chances in 10,000. 
h. 6,735 chances in 10,000. 
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Absolute lero of & scale, 16 S. 
AlKlNB, H. A., 10 
Application of the theory of i 

menta, 3f. 
ApproximfttioDS in calculation, 19 S. 
Amy, defined, 148; variability of an, 

IWf. 
Attenuation of coeEBcients of coirela- 

tion. 177 B. 
Average DeviatJrai 39, 43, 46 f., M {., 

69 f. >Se« also Variability. 
Averaees, 36, 39, 43, 44 C., 61 &., 69; 

unreliability of, 1S8 ft. 

Baxter^ J. H , 96 
Bimoda&ty, 33 f . 
Boas, F., 138 
BowLBT, A. L., 1, 97, 212 
Brown, Warner, 21S 
Brown, Wiujam, 214 
Bdrt, C., 215 

Cattbu., J. McK., 24, 214, 216 

Cauees determining form of distribu- 
tion, 80 ff. 

Central tendencies, measuite of, 36 ft.; 
calculation of, ^ ^L of groups, 92; 
comparison of, 128 tf.; unreliability 
of measures of, 188 ff., 194 f. 

Changes, measurement of, 127 fF., 134 ff. 

Coefficients, of variability, 133; of cor- 
relation, 162 B., 164 ff., 193 t. 

CorFMAN, L. D., 215 

Collet, C., 97 

Comroeneurability, of meaaurea of re- 
lations, 156; of coeffiduits of corre- 
lation, 164 S. 

Complexity of mental measurements, 
5f. 

Compoeition, scale for measuring, 19 ff. 

Constant errors, 208 f. 

Constriction, of conelations, 180 ff. 

Conatruction of a surface of frequency, 
76 t. 

Continuityof measures, 21 f.;inferen(:efl 
from in calculation, 51 S. 

Correlation, 156 ff.; estimated from 
similarity in relative position, 1S7 f., 
167 ff.; estimated from the percent- 
age of like-aigned pujls, 158, 170 f.; 
estimated from the ratios of the 
paired deviation-measures, 160, 172; 
estimated from the differences of 
the paired deviation-measures, 161; 



estimated from theii products, 161, 
172 f.; coefficients of, 162ff; tech- 
nique of measuring, 167 ff.; correction 
of for attenuation by chance in- 



(^tortion 180 ff.; 

fidenla of, 182 ff. 
Cbxllb, a. L., 216, 229 
Curves fd frequency, 30 B. 

Deviation. Set Average Deviation, 
Mean Square Deviation, Median 
Deviation, and Variability. 

IKfferenccs, measures of, 127 ff.; va- 
rieties of, 127; in central tendency, 
128 f.: in variability, 132 [,; un- 
reliability of, 190 ff., 195 

Dilation, of correlations, ISO S. 

Discrete series of measurea, 21 f. 

Dispersion. See Variability. 

Distribution, of a variable fact, 28 S.; 
form of, 53 ff., 64 ff., 80 ff., 94 ff.; 
factors detcnnining, SOff.; ^ect of 
chance combination of causes, 80 B.; 
effect of interdependence of causes, 
86 f.; samples of^ 98 ff.; interpre- 
tation of, 102 ff.; m relation to mix- 
ture and selection, 104 S.; bs an aid 
in transmuting ranks, 109 ff.; re- 
construction <rf, 201 [.; tables of, 
67 ff., 197ff., 217ff. 

Distortion, of correlationa, 180 S. 

Divergence of obtained from true 
measures. See Unreliability. 

EnBtNaHAoa, H., 143 f. 

Eujorr, E. C, 216 

Equations of lines bounding surfaces <il 
frequency, 64 ff. 

Errors in measurements, 207 ff.; vari- 
able, 207 f.; constant, 208 f.; due to 
physical conditions, 210; to mental 
conditions, 210 f. 

Form of distribution. i8ee Distri- 
bution. 

Formulte for correlation, 162 S.; for 
unreliabilities, 188 ff. 

Frequency, surfaces of, 28 ff., 64 ff.; 
tables of, 67 ff,, 197 ff., 217 ft. 
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Groups, measurement c^ 61 ft.; form 
of djatribution in, 94 S.; liom<%eii&- 
oua anid mixed, l(^ff.; comparison 
of, 128 ff.; meaBUiement <A change 
in, 137 ff. 

EnxxoAS, M. B., 18 



1 measuies, influence of 

M of groups, 92ff,; on 

measures of correlation, 177 fiF. 

Individuals, combination of measures 
of to form measures of grouce, Bl &. 

Interdependence of factors innuencinK 
the amount of a variable fact, 86 1. 

Interval of the scale required to indude 
a ^ven percentage oi the casee, 202 f . 

Kbuxgur, F., 21E 

Mathematics and measuiementfl, 1 f. 

Mean. See Average. 

Mean Square Deviation, 39 f., 43; 

calculaUon of, 47 f., eSf., 59f.; 

unreUability of, 190, 195 
M^ Variation. See Average Devia- 

Median, 36 f., 38, 43; calculation of, 
48 f., SI &., M, £9 f.; unreliability of 
190, 195 

Median Deviation, 40, 44; calculation 
of, 49, 60 

MBTT.AN, G. L., 96 

Mode, 37 Ef., 43, 54, 60 

Multimodal distributions, 33 f ., 37, 39, 

40 f., 78, 86 ff. 



P»ARB0N, K, 96, 97, 133 
Percentile comparisons, 12f _. 
Percentile measures, 40, 43 f., 

51 S., 56 f., 59 f. 
Petbm, J., 216 
Probable error. See Median Derio- 



. 48 f., 



Q. See Senu-interquartile-range. 

Bank, measurement by. See Relative 

Position. 

Relation-linee, 151 

Relations, measurement of, 141 ft. 
See also Correlation. 

Relative position, measurement by, 
24 ff., 109 ff. See also Transmu- 
tation of measures. 

Reliability. See UnreUability. 



Resemblance, measurements of, 156 ff 
RiCT, J. M^ 5 
RoBXRis, C., 96 

Bampling, in relation to the calculation 
of central tendencies and variobihties, 
58 f.; unreliabihty due to, lS6ff. 

QtxXea, 7ff.; defects in, 7ff.; objectiv- 
ity, 13; definitenesB of imits, 13 Ef.; 
sero-points, 16 ff.; for English com- 
poaition, 19 ff.; derived from meas- 
ures by relative position, 122 ff. 

Sdection, and the form of distribution, 
106 f. 

Semi-iuterquartile-range, 40, 44; cal- 
culation of, 48 f., 59 I.; unreliability 
of, 190, 196 

Shzppard, W. F., 56 

Skewnees, 33 f., 38, 77; calculation of, 
60; as a product of the causes pto- 
ducing the variations in the trait, 85 

Spbahmjuj, C, 174, 179, 181, 215 

Standard Deviation. See Mean Square 
Deviation. 

SraAYBR, G. D., 215 

Subjectivity of mental measurements, 
7 ff., 15 

Surfaces of frequency, 23 ff., 64 ff. 
See also Distribution. 



Tables of frequeoi^, 28 S., 67 ff., 197 ff., 
217 ff. 

Thomas, W. 8.. 215 

Transmutation of measures bv relative 
pontion, 109 ff.; by knowledge of the 
form of distribution, 109 ff.: by 
knowledge of the equaliW ot the 
steps of difference, 121 f.; by knowl- 
edge of the amount of agreement in 
r^pect to the relative portions, 



Units of measurement, 4f., 7ff., 13 ff.; 
inequalities in when changes ore 
measured, 136 f. 

Unreliability of measures, 186 ff.; re- 
lation of to the number of cases, 
186 ff. ; relation of to the variability 
of the cases, 188; formuls for, 
18SS.; of central tendency, 188 ff.; 
of variabihty, 190; of difference, 
190 ff.; of correlation, 193 f.; use 
of formube for, 204 ff. 

Urban, F. M., 214 
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TfO&tioiu, 141 ff., 151 f. 
bility <rf meftBUTes o* 
Variable errore, 207 f. 



bility <rf meftBureB of, 190, 194 t. 
■ T>leei 



YnLB, G. U., 214 

..-^ , j,211f. 

Wells, F. L., 216 Zenvpmnts, 16 fi.; uid measumnenta 

Wilcox, W. F., 97 of change, 136; and measuiemenU 

*" "., 96, 138 of relations, 141 B. 
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